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It is shown that the multiplier for the ball is restricted weak type on radial
functions in LP(R") when p = 2n/(n + 1). Interpolation then yields a theorem of
Herz.

INTRODUCTION

We wish to examine here the weak behavior of a certain multiplier
operator. Let B = {£€ R", |£] < 1). Let ~ denote the Fourier transform. We
wish to study the operator TA¢E) = x,(&) f(£). A theorem of Herz [3] shows
that for L”(R") radial functions we have,

2n<<2n
n+1p

ITF 1l < € 11l —

In contrast a celebrated theorem of Fefferman (2] shows that for general
functions in LP(R"), the operator T is bounded if and only if p = 2. Recently
Kenig and Tomas [5] have shown that the operator T is not weak type on
LP(R") radial functions when p=2n/(n + 1). We prove here the following
theorem. ’

THEOREM, Let yg(x) be radial, then, for A > 0,
[{x € R [ Trp(x)] > A (/A Y EL n22.
The constant ¢ does not depend on E or A.

This means that the operator T is restricted weak type at the index
2n/(n 4 1). Using a well-known interpolation result due to Stein and Weiss
[6], we may use our theorem above and the trivial estimate | Tf ||, <c | £,
and by interpolation on the space ([ | f(r)|” r"~* dr)'/? obtain the resuit of
Herz. The method of proof parallels our earlier result on Legendre
polynomials {1].
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There is another motivation for our theorem and it comes from restriction
phenomena for the Fourier transform. For functions which are compactly
supported and for | x| large, one roughly has,

Jex/1x)

Tf(x)~c [ DY
Thus if £(x) is radial, f(x/[x|) is a constant and the question of weak type at
2n/(n + 1) is quickly seen to be connected with the estimate,

Hf”[,J(S" l)<CHfH2n’UH 1)

S§" ! being the surface of the sphere in # dimensions. It is easy to see that
the inequality above fails for arbitrary radial functions thus explaining the
result of [5], but does hold when f(x) = x,(x) and y.(x) radial.

Before we begin with the proofs we note that given a set £ < ™", such that
x,(x) is radial we may consider it to be a set E in (0, co) equipped with the
measure "~ 'dr, ie.,

El= [ et

With a slight abuse of notation we shall henceforth denote £ by E itself. We
also need the following basic estimate for the Bessel functions.

(D] <et ™'

Here ¢ depends only on the order m. This may be found in [6] or |7].
To prove the theorem we begin with the following lemma.

LEMMA. For any set £ < (0, o0),
(n+1):2n

.‘ " 2 () r" N dr L e (’J xr ! dr)
]

0
Proof. We rewrite the integral on the left as,
o

; xp(r)r= e gy,
Y0

Now we note that » ™"~ "2 € L(2n/(n — 1), o) with respect to the measure
r"~' dr. We may thus apply Theorem (4.5) of [4] to obtain the conclusion of
the lemma. Q.E.D.
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Proof of Theorem. Let s=(3"_, x?)"/%. Then from [5] or [7, p. 134] we
know that for any radial function f(r),

© (8] y_22 Rur)J,,(27s) a2 (278) T, (27r))
Tf(s) = o= 2V2J~ (n—2)/2 n( SZ_‘rZ( 2vz( ) /2

X f(r)r"'? dr. (1)

Let I, ={r:2¥<rg2%"). We decompose y,(r) as follows. Let

Fiu) =0 x(r <250, Lo ar) =xe(M) x(R¥ ' < r <2447, and £, (r) =
x(r) x(r > 2¥*?). Note now that,

xe(r) =S1dr) + 12,0) + 13 4()-
Now,
{s:Txs(s)] > At = U {s:| Tau(s)| > A} N, (2)

k

We further decompose (2) by noting that the right side above is contained in,

o

k

A
551 Th400) > 5 U

s:1T0,40001 > 5

o s:ITf3_k(s)l>-/31—€)ﬁIk. (3)

We now claim that,

(

A
st 1T k()] > ?é V)

IEI("+1)/2"
ST cAg.

st TH ()] > —';—é ) I,

[Supn e N

4)

To see this, we use (1). Thus for s € I,, we have s > 2r, if r is in the support
of f; «(r). Thus,

g 172

172 1/2
S +r
| T < o | ; xe(r) 1 dr
s>2r s

c _ _
Scomvom) ST 1 ()
s>2r

But because s > 2r, the last expression is bounded by,

4

(n-1)/2
s(n+1)/zj xe(r)r dr.
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By the lemma, the term above is bounded by,

/2 32
(n+1)/2n CIE{(,H‘ n

C oA .
ne
n+1)/2 (J xe(r)r dr) TR Ty
s 0 S

Thus, we have shown that,

\Ei('H 1)/2n

S(n*]),/l

5:1Tf, ()] > A3 A < s >C/1(. (5)

Now, for s € I,, we have 2s < r, for r in the support of f; ,(r). Thus.

1/2,,~-1:2 1724~ 172

c " s'r +r's "
‘Tf],k(s)! < -2 j ( 3 ) X[-‘(r) r2 dy.

§ Jas<r r ,
fe /2,172 1.2 172

c { sro rocs v =

<;;t7,/—z’)zsg ( . i );(F(r)rx dr.
pres )
< l xp(r) P02 g

= S(n+ 1)/2

Thus again by the lemma, the expression above is bounded by.
cs "2 E|(r+ D21 We have thus proved that,

(n+1)/2n
{511Tf3.k(5)|>'1/3}m1kc353%>d(' (6)

Thus (5) and (6) together prove (4) as claimed.
Now consider Tf, ,(s). We rewrite it as follows:

27 "oo (8J 2y 2ar)J, ,(2ns) — 1J, _2(278) J, ,(27r))

sz,k(s)zs(n_zwz_o s —r

1 ,
X (== ) ar

s+r
T (9 802 2r) 4, nQ27s) foulr) rY p
+ s(n~~2)/2 ( s —r r
Y0
T 1P ) (208) I, 0 (27r) [ 4(r) R dr
PR JO T

= A(s) + B,(s) + Cyls)-
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Now because /(s + r) — 3 = (r — 5)/2(r + 5),

xe(r)yr/® = dr.

J2k+7 (sl/2r41/2 +rl/2s—1/2)

c
A <
| k(s)\ \s(n_z)/z - r+s

Thus for s€ 1,
c © ) |E|n+ s ,
[4,8)] < WL x&(r) P02 gp e T )]

We now denote the Hilbert transform by H. Then,

nsJ, ,(2ns) /2 —
B,) =" (g, (1) P Ty a2

Cils)= lM;;‘,;f—;{?z(z”s-)H( Lrkr) P2 T 2rr))(s).

+ i s €1,: |4, (s)] > cAl|

k=—-w

Thus from (3), (4),

E (n+1)/2n
[{s: | Txg(s)| > A} < ’ gs:l——s%w> cA

+ f: [{s € I,.:|B,(s)| > cA}|

k=~

+ N HsEL:Cs)] > A}

k=—on

In view of (7) and because the [,’s are disjoint, the right side above is
bounded by,

IEI(n+l)/2n ')
l; PO > ch l+ k;: |{s € 12| By(s)| > cA}|
+ Y S EL:|Cus)| > chll. (8)
k=—co
But,
'E,(n+1)/2n JE[UnA-2/n+1) . C]El
lgs'w>w‘t <CJO N lds=m.
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Y HSEL:BU)> edl]

k= ~r
=, H N o227 )(S))] )
< v SSEEI;(Z' (foulr)r ("_])‘;,z_z;,z( Ns)l >cit<1
k-—,,vvj, } 5
N HsELHL ) r™m 0 T, 2 2re)s) > e28 N A
ko-—on
< ¢ \l; 24»1(::—«3).'“”1)(

nfin+1) !

X TH(fo () pth Jin «2»/2(2”"))(5)52""‘(” Ds" s

.
¢ \’

Krn=1-nln=2/n+ 1)) |
< l2n/(n*l) 2 ‘
/( v 5

g

XIHU ™ QRS ds

Using the M. Riesz inequality for the Hilbert transform the last term is
bounded by,

[

Y —nln- im0y | i BT .
’12”/“” = N 2k(n y—ntn IHGERS)) ‘ |le\(’.)[ nitan+ )y rmn yeln - 1) df.
k- ‘

T
But the expression above is bounded by,

c ) Inne ) ; clE|
;Zm’(nkl) }_. i ifi.k(r)‘ s r dr g AZn;‘(n BN
‘ k=—ox ¥

The last inequality follows because the supports of f, ,(r) have bounded
overlaps and lie in the sets {r: 2571 < r < 2K7 7Y

We now estimate > [ _, [{s€ 1, :{C (s} > ci}i in a similar fashion.
Now,

i‘ i€ 1 Cls)] > chl]

k- s

< N SELH 14 17 T, 20))(8)] > 28 N A
k= o
¢ 29
S TITn
A2 (rt+ 1} ot

2 -kn€n 1)/ ta+ 1) i
= o Ay

XH(fy 4 r) 172 Ty p2ur)) () 0 8™ ds
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c
< ,12n/(n+ D

[18

2k(n71—n(n—n/(n+l))J

|

k=—oc R

X H(f5 4(r) r? Jn/z(an))(s)‘ln/(nJr D ds.

Thus by the M. Riesz inequality the expression above is bounded by,

oG
C
—_— kin—1-—n(n=1)/(n+1) 2n/(n+1) nin—1)/(n+1)
FECLCERY Z 2 f | f2.4(r)] r dr
k=—o0 R
< — _C %O‘ 2n/(n+1) "‘ld
NI |2 r T
k=—w

By bounded overlaps again, the last term is bounded by, c|E|A~ """,
Thus all three terms in (8) may be bounded by c|E|4~*""**" This proves
the theorem. Q.E.D.
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