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¢ê��?L«

½Â1.1 �k ∈ N+, ak ∈ {0, 1, · · · , 9}, ¿�Ø+Nõ�,Ñ�3k > N¦�ak < 9.

�p ∈ Z. ¡PÒ

α := p + 0.a1a2a3 · · · · · · (1.1)

�¢ê. -αn = p + 0.a1 · · · an = p +
n∑

k=1

ak

10k
n ∈ N+. ¡'~ê�

α̃ := {αn}∞n=1 (1.2)

��¢êαé��IO�. ¢ê��NP�R.

51.1 r¢ê�ÙL«À��N, Ò��Ù�¢ê. ùÒ�r6¶´Ün�<�Ü

nÀ��N,�± /̀Ün´�®<0§
Ø7 /̀¶�Ün�<´�®<0.

®��'~ê(rational numbers),^(1.1)½(1.2)�/ªT�XÛL«? �X,ê0Ú

ê1T�¤�o�Q?

½Â1.2 ea��?k��êa = p + 0.a1 · · · am,Ù¥p��ê,aj ∈ {0, · · · , 9},@

oa��?L«�

a = p + 0.a1 · · · am0 · · · , (1.3)

§��ê:�l1m + 1 m©�´0,·�rù��ê��±0�Ì�!��ê.

½Â1.2�5½�·��~£��.Uìù�5½,·��±�

0 = 0 + 0.00 · · · , 1 = 1 + 0.00 · · · . (1.4)

@o§�ê0¤é��IO�´z�Ñ´0�~ê�§�ê1¤é��IO�´z�Ñ

´1�~ê�.Ø=Xd, z��?k��êa = p + 0.a1 · · · am¤é��IO���Ñ´

~ê�,dIO�l1m�m© �,z�Ñ´a��.

n)(1.1)¥�¢êα�'�3ur§w¤´(1.2)¥�§é��IO�α̃.�,§�L

5§?¿�½��/X(1.2)�IO�α̃,�Ò(½
�����§é��/X(1.1)�¢
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êα.y3,“¢ê”3·�Mfp,Ø=�^(1.1)�PÒL«,Ó���±^(1.2)�PÒL

«.PÒ(1.2)�­�^å´�^55½¢ê�m�oK$�:\!~!¦!Ø.l
R¤��

��âXÚ.

'~ê�m�\!~!¦!Ø$�{K´Ù��. g,/���±3/X(1.2)�I

O�α̃ := {αn}∞n=1Úβ̃ := {βn}∞n=1§éA��αnÚβn�m?1¤���$�, $�Ñ��

#�'~ê�. 3�õê�¹e§Ø´IO�.,
,��\~¦Ø$��(J,�,Ø7

2´IO�, �%jÎØ�IO����á5,=§�Ñ´Ä��.u´·�Ò�±Uì

ù�A5,r§�£8¤�IO�,¿��$���ª(J.

'~ê�Âñ�Vg ��½��'~ê�{an}∞n=1. XJØ+��êkõ�,Ñé�

��A���êN = N(k),¦���Òèm, n > N ,Òk|am − an| < k−1,@oÒ

`{an}∞n=1´Ä��.XJØ+��êkõ�,Ñé���A���êN = N(k),¦

���Òèn > N ,Òk|an| < k−1,@oÒ`{an}∞n=1Âñ�".XJk'~êa ¦

�'~ê�{an − a}∞n=1Âñ�",Ò`{an}∞n=1Âñ�aP� lim
n→∞

an = a,½{ü

/an → a (n →∞).

ù«Qãê�4���é,{¡�k−1 −N�ó,´·��~£5�ó.

é²w,�â½Â1.2, z�k��êÑ´§¤é��IO��4�.d5��´“¢ê

�L«”��5.�¡3½Â
¢êm�“ål”��, ·�ÒUy²d¯.

²w�´,Âñ�ê�7½´Ä��.�Ò´`,“Ä�”5,D´Âñ�7�á5. þ¡

½Â�ü�ê��“�\”!“�~”!“�¦”!“�Ø”Ã$��­�5�´,§��±Ä�

5.�Ò´`, ü�Ä��²LÃ�“�\”!“�~”!“�¦”!“�Ø(�N�^�)”¤¤�

ê�E,´Ä��. �
`�ù�¯,k5½�
PÒ.

�f̃ := {f(n)}∞n=1, g̃ =: {g(n)}∞n=1,´'~ê�(�BN��'~ê�).5½§��Ú

±9¦È©O�f̃ + g̃ := {f(n) + g(n)}∞n=1±9 f̃ g̃ := {f(n)g(n)}∞n=1. 5½f̃~�g̃��

�−f̃ := {−f(n)}∞n=1.
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XJéu��nÑkf(n)N+e0,@o5½(f̃)−1 := {
(
f(n)

)−1}∞n=1.XJ�3N ∈ N+

¦�f(N) = 0
�n > N�,f(n)N+e0,@o5½(f̃)−1 := {
(
f(n + N)

)−1}∞n=1.3ùü«�

¹e§5½g̃Ø±f̃�û�g̃(f̃)−1.

AT5¿§XJf̃´IO�§
f(n)Ø��"§@o7½�3��êkÚm,¦��

�n > mÒ7k|f(n)| > k−1. d¯3½Â¢ê��ê��^�.���SK�±y².

·�ke¡�½n.

½n1.1 ?�Ä��f̃ , g̃. @o

(a)Úf̃ + g̃ Èf̃ g̃,±9�−f̃Ñ´Ä��.

(b) XJ�3��êkÚm,¦��n > m�|f(n)| > k−1,@o(f̃)−1E´Ä��,l


ûg̃(f̃)−1�´Ä��.

ØÓ�ü�Ä��,XJÑÂñ�Ó��ê(3ïá¢ê�L«�c,�!'~ê),§

�k�o'XQ? §��“�”,=Å��~¤¤�ê�,7½Âñ�".ù´é­��.ù�

�e¡�Vg.

'~ê��d�Vg �{an}∞n=1Ú{bn}∞n=1´ü�'~ê�.XJê�{an− bn}∞n=1Â

ñ�",Ò`{an}∞n=1Ú{bn}∞n=1 �d.

XJ=XúuÂñ�(J�{,*d�d�Ä��¢3Ñ´Ó��ÀÜ.ù´“�

d”�S3ºÂ. eã½néu5½¢ê��â$�äkxù��^.

½n1.2 ?���'~ê�Ä��,�3����IO����d.

y3,/ÏuIO�,·�Ò�±°(/5½¢ê��â$�.

½Â1.3 (¢ê�oK$�) �α̃, β̃Ñ´IO�. 5½¢êα�¢êβ�Ú!�±9¦

È©O��α̃ + β̃!α̃ − β̃ ±9f̃ g̃�d�IO�¤é��¢ê§©OP�α + β,α − β ±
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9αβ. XJαN+e0(�Ò´`,(1.1)¥�anØ��"), @or�(α̃)−1�d�IO�¤é�

�¢êP�α−1,��α��ê. 5½α−1β�β�α�û,�P�
β

α
.

·�®²���'~ê��NQ´ù����âXÚ,Ù¥0Ú1´ü�AÏ��

�,?Ûê\þ0ÑØC,?Ûê¦±1�ØC, ?Ûê¦±0Ñ�0. oK$��÷v��

Æ!(ÜÆ!©�Æ;'u\{�/_��(Kê)0Vg§'u¦{�/_��(�"ê�

�ê)0�Vg§�Ñ´·�Ù��. 3�êÆ¥ù���âXÚ��“�”.

y3·�®²d½Â1.1 5½
¢ê�L«. ¿d½Â1.3?�Ú§5½
¢ê�o

K$�,l
R¤����Q����âXÚ. Ù¥,?Ûê\þ0 + 0.00 · · ·ÑØC,?Ûê

¦±1 + 0.00 · · ·�ØC, ?Ûê¦±0 + 0.00 · · ·Ñ�0 + 0.00 · · · .dd,l�â$���Ý

5w,½Â1.2´��T��. Ó�N´w�,éuk��ê��â$�, ½Â1.35½��

{�´�Ù���{�����.

½Â1.2¿vkéu�Ü'~ê5½�?L«.�¡3?ØØ±0�Ì�!�Ì��

ê�·�Ò¬r��'~êL«Ñ5,¿�`²½Â1.35½��{�Q¥�Ù���{

����.

½Â1.4 (¢ê���) �½¢êr = p+0.a1a2a3 · · · ,Ù¥p ∈ Z. XJp ≥ 0
p±9

ÃanØ�´",K¡r��ê,P�r > 0; XJp < 0,K¡r�Kê,P�r < 0.e¢êa, b÷

va− b > 0,K`a�ubP�a > b, ½`b�uaP�b < a.r/Ø�u0P�/≤0,/Ø�

u0P�/≥0.

½Â1.5 (¢ê�ýé�) �r�¢ê.-

|r| =

{
r, e r ≥ 0,

−r, e r < 0.

¡|r|�r�ýé�.ü�¢ê���ýé���§��m�ål.

~1.1 �¢ê

α = 0.a1a2a3 · · · , β = 0.b1b2b3 · · · .
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XJ�3��êk ∈ N+,¦�ak < bk,
�j < k�aj = bj.@oα < β.

~1.2 �â~1.1,XJ¢êα = 0.

n�︷ ︸︸ ︷
0 · · · 0 an+1an+2 · · · @o

0 ≤ α < 0.

n-1�︷ ︸︸ ︷
0 · · · 0 100 · · · = 10−n.

u´·�`,α�0�ål�u10−n.

½Â1.6 (¢ê��Âñ) �{an}∞n=1´��¢ê�, a´��¢ê. XJéu?�

�ε > 0,oé��N ∈ N+, ¦���n > N (n ∈ N+),Òk|an − a| < ε, =an�a�ål�

uε, @oÒ`ê�{an}∞n=1Âñ�a,P�

lim
n→∞

an = a.

3¢ê��S,��½Â,��ê�XJØÂñ,Ò��´uÑ�.

eã½n´­��,§`Ñ
¢ê�L«(½Â1.1)�¢�.

½n1.3 �α̃ = {αn}∞n=1´��IO�(�(1.2)). @o¢êα(�(1.1))´ù�ê��

4�,=

α = lim
n→∞

αn.

y Pδn = α− αn. �â½Â1.3,�n > 2�

δn = 0.0 · · · 0an+1an+2 · · · · · · .

u´�â~2, 0 ≤ δn ≤ 10−n. u´·�ä½ lim
n→∞

δn = 0, = lim
n→∞

αn = α. �

�¦^½n1.3,��SKy²:Ì��ê´'~ê(�L«),ØÌ��êØ´'~

ê.{¡�'~ê��'ê.

51.2 '~ê�=©�{´rational number,L���È¤“knê”,Øþ.�A/,

irrational number�È�“Ãnê”�Øþ.
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½n1.4 R´���,Ò´`,R¥�Ä���½Âñ.

y �{f(n)}∞n=1´R¥�Ä��.r¢êf(n)�¤�?�ê

f(n) = mn + 0.an
1a

n
2a

n
3 · · · , mn ∈ Z, an

k ∈ {0, 1 · · · , 9}, k ∈ N+.

-'~ê

g(n) = mn + 0.an
1a

n
2a

n
3 · · · an

n, n ∈ N+.

U½Â1.3Ú½Â1.4,

0 ≤ f(n)− g(n) < 10−n.

u´,'~ê�{g(n)}∞n=1 �ê�{f(n)}∞n=1�d.r�{g(n)}∞n=1�d�IO�P�h̃ =

{h(n)}∞n=1, r�h̃é��¢êP�h.�â½n1.3

lim
n→∞

h(n) = h.

l
,�h̃�d�¢ê�{f(n)}∞n=1Âñ�h ∈ R. �

�â½n1.4, ��ê�Âñ�¿©7�^��§´Ä��.ùÒ´3¢ê�¥ê�

Âñ�CauchyOK.


