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由于 snake model，即 
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且对 ( )xη 还有要求， 

'( ) '( ) 0a bη η= =  

下面采用分步积分法 

( )ab a b b a∂ = ⋅∂ + ⋅∂  

于是， 



, ( )
''( ) [ ]

' ' '

Fa b x
fF d F d Fx

f dx f dx f

η
η η η

∂
= =
∂∂ ∂ ∂

⋅ → ⋅ − ⋅ ⋅
∂ ∂ ∂

 

, '( )
''

2, ( )
''

2

2

2

''( ) [ ' ] '
'' '' ''

[ ' ] [ ( ) ]
'' '' ''

[ ' ]
'' '' ''

Fa b x
f

d Fa b x
dx f

F d F d Fx
f dx f dx f

d F d d F d F
dx f dx dx f dx f

d F d F d F
dx f dx f dx f

η

η

η η η

η η η

η η η

∂
= =
∂

∂
= ⋅ =

∂

∂ ∂ ∂
⋅ → ⋅ − ⋅ ⋅
∂ ∂ ∂

∂ ∂ ∂
→ ⋅ − ⋅ ⋅ − ⋅ ⋅

∂ ∂ ∂

∂ ∂ ∂
= ⋅ − ⋅ ⋅ + ⋅ ⋅

∂ ∂ ∂

 

于是， 

2

2(0 ) [ ( ) ( ) ( ) ]
' ''

[ ] | [ ' ] | 0
' '' ''

b

a

b b
a a

d F d F d Fx x x dx
d f dx f dx f

F F d F
f f dx f

ε η η η
ε

η η η

∂ ∂ ∂
= ⋅ − ⋅ ⋅ + ⋅ ⋅ +

∂ ∂ ∂
∂ ∂ ∂
⋅ + ⋅ − ⋅ ⋅ =
∂ ∂ ∂

∫
J

 

2

20 [ ] ( )
' ''

b

a

F d F d F x dx
f dx f dx f

η∂ ∂ ∂
≡ − ⋅ + ⋅ ⋅

∂ ∂ ∂∫  

而 ( ) 0xη ≠ ，so 

2

2 0
' ''

F d F d F
f dx f dx f

∂ ∂ ∂
− ⋅ + ⋅ =

∂ ∂ ∂
 

所以，对于目标函数 

2 21min [ ( ( ) '( ) ( ) ''( ) ) ( ( ))]
2

s C s s C s I C s d sα β= ⋅ + ⋅ +∫　 J  

此时， 

2 21[ ( ( ) '( ) ( ) ''( ) ) ( ( ))]
2

F s C s s C s I C sα β= ⋅ + ⋅ +  

, ( ), ' '( ), '' ''( )x s f C s f C s f C s= = = =  

于是， 

( ( )) ( ( ))ext
F F I C s E C s
f C

∂ ∂
= = ∇⋅ = ∇

∂ ∂
 

( ) '( )
' '

F F s C s
f C

α∂ ∂
= = ⋅

∂ ∂
 

( ) ''( )
'' ''

F F s C s
f C

β∂ ∂
= = ⋅

∂ ∂
 

( ) ( )( ( )) ( ) '( ) ' ( ) ''( ) ' 0extE C s s C s s C sα β⇒∇ − ⋅ + ⋅ =  得证。 


