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Sy TR B o ARPE @R I 02, RVRR I A2 25 0 XU e /ML SRS RSB, AR50 AU b i — AN 1R T4k

(regularizer) BUFE{ITH (penalty term).
— AR E, W ST AT DUE s /MU T TS H bR oR 4
w* = argmin,, Y; L(y;, f(x;;w)) + 1.2(w)

PLES 57 2) B R 7 i S B AT BN AN AMBERRL, T BBk, R 73 o Ak il A AR 3 Y AN T 17 2 o
X T 25— Loss BRI, WIRJE Square loss, HSHiE /N —3f; WIER/E Hinge loss, HBAMLEE K SYM; U
R exp-loss, APt /24-IE ) Boosting; U1 /Z log-loss, i /& logistic regression | o —4¥ loss function ]
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Ex1. “gold standard”,”0-1" loss: Lgq

_(0ifm=0
btm =] (<o

Ex2. “hinge loss”: Lyjnge for soft margin SVM
Jw) = [Iwll? + £;max(0,1 — yiwtx?)
= > Iwli2 + Zymax(0,1 = my(w))
=R,(W) + X; Lpinge(my)
Ex3. “log loss”: equivalent to the cross entropy loss function used to train a logistic regression model:
Jw) = Alwll* + Xy log gy, (x) + (1 — ¥*) (log(1 — g(x'))), ¥ € (0,1)

; 1
g(x') = Lre—fw@D

fw(xi) — WTxi
because :
P 1
1—-9g(xt)=1—-— —
g( ) 1+e—fw(xl)
e—fw@h
T 1te-fw@d
_ 1
- 1+efw(xi)
So:

Jw) = Awll? + Eilog(1 + e~ ORG)
Lipg(m) =log(1+e™™)
m! = yzi)fw(xi)
. -1 ifyi =0
y(l)_{ 1ifyi=1

Ex4. “Linear Regression”: use L, describe the squared loss term



Ly = (fw() = y)? = (m — 1)?
Ex5. “exponential loss term” for boosting

JW) = AR(W) + X exp(=y' iy (x*))
Lexp (m;) = exp(—mi(w))
Figurel: Loss function.

In fig(1)we show the curves of these five functions, the blue line is for 0-1 loss function,

Regularization

L{m)

0
Figure 14.1. loss functions

the black line is for squared loss function,the red line is for Hinge loss, the yellow line is for
logistic loss and the green line is for boosting loss. We can learn the following four points
from analysis of these five loss terms.
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Figure 14.2. Plots of the function R,(w) corresponding to p = {2,1,.3} for a one-dimensional w.
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Figure 14.3. Iso-contour lines for the function R,(w) corresponding to p = {2, 1, .3,0} for a two-dimensional
w
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1) 4F{iEi%FE (Feature Selection)
MR AL ) SR E F R A R SEIUARFAE I H i B — R &, xi B e (W2 RefE) #6
ML yi G RREE AN RMETE R, 7Em/Mb B AR R E IR L8 xi X LLE4 M RAE,
BARTT LASAS BN iR 22, (BAE TG IREAKS , X 46 FH 05 B s 24 % ek 25, A+
PR IER yi BT FREIMLE - RIGIN, ATRAHT BBk, UL (E BRHE, 5L
U X LR AUEE E N 0.
2) AJfEREE (Interpretability)
MBI 5 — ML R RS A 25 D ke . NS 2% 2], JEAS 1000 NERER) WACH 5 DMEE )
wi, AR R LA AR B85 B (R RFAEAE 73 i B TRIR (R EAE B BRI, PRIV

L2 Y55

L2 J58, A— AN H R TaE, AN ERR: — 0% A H(Ridge Regression), e BU{H 3k

(Weight decay). )55 KIS0 E SCENLAR 22 I I — N EE 8. G . GIME: EEidr, e
MAREE /IR, SEPRMHRE /IR Z ). #lan R B FTR (GRE Ng ] machine learning course):



Example: Linear regression (housing prices)

= £ £ r_\
Size Size Size‘ )
e Iqu + 01.’!.' - ﬂ‘u + le.’ -+ 32,"{'2 2y + thx -+-. 09.:!'} + 9_';.‘?."1' + ﬂ:l_l
A M Me' i dght’ 0wl MGl i’

MR 5 5N R$E Cunderfiiting, High-bias fif), A& 4l& IS Coverfitting, high variance
(CE=DR
T Bias Al Variance f141-44:
1. RTiRZE: WREEIESN: Train set, cross validation set, testing set =38, A HIRE
Train error:
Jerain(0) = 5= X (ho (x1) — y1)?

Cross validation error:
1 . .
Jev(8) = mz:':f(he (xcvl) - ycvl)z

Test error:

1 es [ [
]test(e) = estz:ztl t(he (xtestl) - ytestl)z

2m,

BET, FRATAT A TR R ¥k, ST d A model B, 73 HITE training set ESRAFEIL training error /NG 1)
2, 153 d N0 RE XX d 4> model 715, 7E cross validation set _Lit%/,,, B cv set error H/INE—4> model {E 4 hypothsis.
2. HIRAER o rqin, BFEAET bias F1 variance HIMES::
Bias: J(train) K, J(cv) K, J(train)=J(cv), bias ;=4 T & %% (degree of polynomial d)/)>, underfit [/ Bt
Variance: J(train)/)y, J(cv) K, J(train)<<J(cv), variance P42 T H 4 (d) K, overfit fir B
Diagnosing bias vs. variance

Suppose your learning algorithm is performing less well than
you were hoping. (Jeu (0) or Jiest(0) is high.) Is it a bias

problem or a variance problem?

p

Fraiynom
degree of polynomial d

T4 H bias A variance F)HISREAEAR B X -
XF45 e RS D, X FIX e di e L RO LA index THISFIIE GHED t(x) = E(y|x), MFRAT]

ﬁ mean square error:

(0) Bias (underfit):
c‘.;:.vssvalidation —ﬁj'\'sd.\ (°\ (ad“ \L "'3)\

rror)

Variance (overfit):
Jl(qiu(g) l
(training error) - I‘h“-\ D) \,.-u Ve lew

Teul® 3> S (=

MSE = %Z(f(x) — t(x)?

Decomposing generalization error into bias and variance:

(fG; D) — t(x))” = [f(x; D) — Ep(f(x; D)) + Ep(f (x; D)) — £(x)]?
= (f(; D) — Ep(f(; D))" + (Ep(f (x; D)) — £(x))? + 2(f (x; D) — Ep(f (x; D)) (Ep (£ (x; D)) — £(x))

Ep {(f(x; D) = t(0))*} = Ep {(f (s D) = Ep (£ (; D))} + {En (f (x: D)) — t()}”

B ' y
L, A TR A label, BOREI RS, Fii% Variance s e
fiiit A B Iy 2 B 09 LR AS B0 9 L8

2. EwMARM A, SRBM MR, XHENRGERE R, K5E o
EVE[EE el ) NP



— LS R
1.bias KU —F &R EAR ST RIVESE, AUE; variance R —Fi2z L5 RE G, Afa
2 AR AL, bias 4P RGLRZE, variance 4F LR Z
3. Bias-variance 7R HLAR S S — P E B M EOR . 2558 5 2] HAR A ZREE IR, BT LAE — R ) AR 2 iR
ZEORAEA AR IR A, BIAF RS . bias M1 variance.
A UM AT AT 22 S SEAE 2 o) B bs BRI R ER N A (RN E#E e IRA T R %)
bias [ | FA2E ) Bk KT R PTREI > B HRREL: (HOLTFINSREEAKARE, 21 1 VGRS A HER A
JE: —A w2 R — SR LS D
variance Ui T EETEN FAUBRINRRIGRER, 2 FIERMETERRAERINRE. A TRMHEARIRE,
ZNE T — A SR HETYE AR E I — DT ZE A — A 59 LD
Boosting BII AL B 45 5, i Boosting £ B2 [#(X bias ([FI A K variance FITER], (HLLRK bias NE) ;
1M Bagging MIAEANIFES 2S5 (BAFRZ), W bagging B & F#IK variance.
4.Everyone in machine learning knows about overfitting, but it comes in many forms that are not immediately obvious. One way
to understand overfitting is by decomposing generalization error into bias and variance. Bias is a learner’s tendency to consistently
learn the same wrong thing. Variance is the tendency to learn random things irrespective of the real signal. Figure 1 illustrates this

by an analogy with throwing darts at a board.

High Bias Low Bias
Low Variance High Variance

- -

Prediction Error

/

Training Sample

fiw High
Model Complexity

Mgk Variance AEMTFA G BT ZE, bias A& G TT 1 HAEEFIRE AR B0 A B A5 2 00 (5] U BRI TR B ZE )
KRk, X T IR I A
a. A, d K->overfit (flexible) ->

ST [ N 2B R DL 25 SR B4R K->variance K

Bias S fili THIAMEL AN S B HTER 1 4R Z2->bias /)N

NE, ZEDSAET 20 skt A BRIy 20 SRl ERIIAEE, Gea e SRR B PR ML A il 2k .

b. AKX, d/M->underfit (stable) ->
T AN E] I 2R B0 S L6 45 SR Bl sh st /N->variance /)y
Bias s&fli T B A SEPRIHE IR ZE, A EIRIT 15317 [F1 )= ->bias K;




c. FNHEANA, bias,variance, errorZ [A][{] 5 5

0.15
(hizh'):
0.12 variance
(him\')2 + variance
0.09 test error
0.06
- %
0
-3 -2 -1 0 1 2

X} 5t & —A variance Fll bias 2 [A]f¥] tradeoff ] @ T .
LM ALA] bias/variance
B, FATE E—39AY bias A variance B T regularization H. iX B[] regularization /& A4 T B Ik overfit i #E cost
function 5| NJ—A o0, HAPARKKSE underfit, ARK/NFE overfit.

Linear regression with regularization

Model: |hg(x) = O]+ 61z + 9_21'2 + 0322 4 G4zt &

] m ’ . A m
JO) =5 Y (ho(2@) — y)? + o 2 |

2m 4
=
X x X
- 8 3
& | x D‘: o' E
X | X
Size Size Size
Large \ < Intermediate \ €~ - Small \
== High bias (underfit) “Just right” High variance (overfit)
>A =10000. 03 = 0.0 =0Q.... SATO

hg(l‘) ~ 0(;

[FIRE, BERUAIESE, HAEE A cost function T4 J(6)f /K6, SRIGHUH I3 Jev(B) /NI — 4L AL i 2 A

Bias/variance as a function of the regularization parameter \

</

1 ( ’
=J(0) = 5> (ho(z?) = y©)?
= =1

"

> Jirain(8) = 5= D (ho(zt?) — y1?)?

a,‘:].-, (())‘* #

=1
o,
(ho(2®) = )2
=1

S';\‘“J A s

AXNEHoverfit , PEvariance , J(train)<<J(cv)
AKEHunderfit , 74bias , J(train) = J(cv)




4. At ARHESE I ZRREA A A R IE ?

. he(x) = Oy + 0,2 + Ooa®
Learning curves gll= et liv

= Joain@) = 5= D (@) - e 5| A /"g
—— pr mz N M= 2
(V) = 5 Z(/m(l'“h ylily?
= \
=3 M=
T

error

&“(63
Svaa(®)
_‘//T
2~ s

—> M (training set size)

N T A ] A BRAT T T SR AN 0 B3 FH 0 PR SR AR AR, IR B /D Can i R — AN, J(train)illk/N, J(ev)lK;
m R, (train)ili K (RN perfectly JUAD, J(ev)iliZN CERNBORSERE D« 43 73k High Bias I High Variance SR E &
Bah0 training set N Bl m, 2EHE L.

High bias: (Underfit ] high variance:#E — & ¥ 5 30 m THF T3
hg(x) =tp + b1 &

|

High bias
g Y Sele) N L
o 'S-h-:.(.a) a

i
size

m (tralnmg set’size)

If a learning algorithm is suffering <
from high bias, getting more

training data will not (by itself)
help much. Sre

price

High variance: (Overfit ] high variance:34 Il m 115 J(train)Fl J(cv) Z [ gap W/, A BT HERERED

» & /lH(.l') = (}ll =+ 0| T+t U](;[].l'l(m
High variance (and small \)

& ©) ( D.’Suv\kﬂ

«] |J
/T‘G-/ size

7

If a learning algorithm is suffering
from high variance, getting more

trainmgdataistikely to help. <—

error
price

M (training set size)

price

Example: Logistic regression

Xy

ho(r)—f}(90+315-—‘1 + Paxa) J(90+91L‘1+92J—2 g(#o _;_91_;-14_{}22;;% =
(g = sigmoid function) +O5w] + 94‘/2 = +9‘iéi§ + 91—“’—.';52
£ 4051 a2) +@5xix5 + OgriTe + .. .)

RO MR T v
2. (na 8 o



W4, 12 J9tt A mT LABG i U aWe ? L2 YU 45 M & & o R - 5 MR T i AT RAL 12 Y65
PRI || W || By, AT RAMEAS W RS TR # AR /N, #R#EIE T 0, HAN L1 YUsA R A1k E5E T o,
T2 AT T 0.8/ Z B W ASE A el ] B, ] B B A GRS 28 i W e JEd L2 5, FRATATBASEIL
PR A3 B PR BRI, AT AE — e R bl i 0065

L2 Yu oAb
1) ER ML L2 YaBO] DAB IE I L5, R a1z A e
2 MR AR, L2 ECE B T 402 condition number AN G775 1, T R B2 K 3 PRI 2 £ i) 8t
%F condition number: LB A PANAED: — R H/ME, 52 ill-condition JE A F . (R IBRATE AN JTFE Ax=b, 10 E A
b A, X RS K AR R, B4 X AT 2= ill-conditioned [, [k ZiX A& well-conditioned.

W', 721442 ill-conditioned ] & 45, 171442 well-conditioned ] &% :

equations solution equations solution
12 A [ < [2 : me ’-‘"z'z}
12 3.999]| ]| |7.999 v Tl 12 3]|»v] |7 Ll
[1 2 [«]_[4s01 . 3,999 | 2]{1‘}:[4.001} x| _ 1.999}
12 3.999 J.-__ 7.998 [1j| [4000} 12 3]|y] L7.001 Lv] [1.001
[1.001 2.001[x] [ 4 Tx] [ 3994 | [Lo00l 2001 x _(4 [x7] _[2.003
[2.001 3.998][ ]| 7.999 Lv| " |o.0o1388| [2.0013.001] ]| |7] 1 |»] [0997

T f¥) Condition number it & F K7 & ill-condition Z 4t 7] 15 & ) . Condition number & 172 % A\ &
AN IS, a2 R AR 2 KIARAL . e RGN il INE UK FE . Condition number ZMFTELZ
well-conditioned, K # i /2 ill-conditioned.

WERTTFE A ZIET 71, A A ) condition number i iE SN :

K@) = ANNA
WAk 2 FEFE A B norm 3R LAY ) norm, HAKIIME, BT norm (R $. Jott A EEHR? JaEUMAH
TR R R R R /N B ) B A R X]L? Ax=b, FATH UL T 4518
m Ax |Ab Ax |a4
el el el

F—%)iER 4, #ijg condition number J&—MERE (BEE Ml TR 2 RS0 (F8E M EURE Y
T, R FER condition number 75 1 i, A4t 2 well-conditioned, W # i KT 1, HSAmi 2
ill-conditioned.

B 2 56 —A)1E, MFEFEECE BUETHE A R, 12 5ECE BT 4L 2 condition number A UKL R
FE R SR I R HME ) 1) . DR H FR BB B SR ORI, X T2 IR,  ARsEhs R A MATIER, KFIF
2 FHEET TS 2 B

W = (XTX)"1XTy
SR ﬁuﬁi?ﬂiﬂ‘]ﬁ/ﬁiixx (450 B EEAREAMEAS IR 48 B BN I, 6 PEX T XA A 2 2 Rk 1Y, a2 X T X
AFAAI, XAEWRE R INE BT E R, BE WA LT 2 A O RN UM T R AN D .. B2,
PATEAE T -
EanFn L2 MO, SRR T N X ARG O, A BRI 1.
@ = (XTX + )" XTy

PAVAE I B R BRI, i R R R 7 2 (B BnE e SRk 25 BRI A AU T I,
R A=0 ITEHL, WIRHFEXTXH condition number fROKHIE, MRLM: 7 AR S ESUE FAH S AR, WX A1) 5
AN LA condition number. 5341, 0S8 SRS, condition number K AAISA S SEM S : B Hal8IE M)
WSO B, TR T AR R FE SR, SEbr Rk H AR R ECE B A-stronglyconvex (A ™) T

FO) 2 FOH< TF@,y = x > +3lly =l

Hrr, 2N = 021B[F FFE convex BEIE X (S>FRAHED.



Lt S T
fO) = fO)+<Vf(x),y —x > +o(lly — xll)
BRI, convex MR TE MBI TiZ S mMYIZk, WL MHiEelz b, 1 strongly convex NIHE— 52K A T1Z%
ARIR A R AR B, R SR O I 2 ARE S — @ 1 R st . Tk AU, w2 convex il BURIE
PR AT — A T — B 28 8 s 4z b, 1M strongly convex TIT BARAIE B BUEAT & — B e — N ER IR IR R
F quadratic lower bound. &% F&:

4 fw) A Fw)

wt w* w

WATATLAE B, /e FEILE S AR M BT IO, SEAT BRI BEA, R BEFRATT AT LAZEBD A ARV A A Bllw o T AT P 7
RARMT AR P, i BHRIE.
BETHZIW, X ETA— bound, XA~ bound HJIFIRHEERT strongly convex 5T B4 « BRI B BIX B
AHIE K F WA T A . IR BT strongly convex A fi? e fal B A Ak & I\ — T : g”W"z
SR b, FERRRE IR AR, H bR ek B S 2 B SEPR E A REX T XY condition number 5%, XTX
] condition number /)N, SN, SO FE A R .
gr b, L2 AMERTLAFT IS, T EL AT RL S IRA T DAk SR AR AR 15 A e AP .
3. L1 AT L2
1) R L1 *l] L2 (IR RUUAG I 77 ERA T BUE S H A L1 803 12 1977 O8I oe B 3 i
%, REHA 2 X B MEIX ERUE S 2 XN S/ MEUE — D IR, LA m
ZERFRAE T 1XA “iﬂi” I B, L1 S4B “3” N, 12 2% IR
B “3” TR, BTLASERRTE 0 Bfil, L1 FRRERELL L2 1 FRRRIER 2 .

+

L1 {Lasso) 12 Ridge

' 1 T T T
08r
06F
04r
02f

075 1 0-1 05 0 05 1

2) AL [E] AR ) -
Sefr b, T LA L2 SR AR R O U, FRAT AT P R
Lasso:minW%Hy—lelz, s.t.w|ly £C

1
Ridge: miny, —lly = Xwll*,  s.t.lwll, < C



Wl A AT TPE AR AL 22 [ BRI ZE w ) —A L1-ball o AETRIAAL, FRATHEE —4E50, 76
(w1,w2) - 1i L H AR BB S i 2k, 2R AF O I 242N € B9—4 norm ball. 254k
norm ball & A AE I 307 B A B A e

NS\

2

(a) £1-ball meets quadratic function. (b) £7-ball meets quadratic function.
{1-ball has corners. It’s very likely that £>-ball has no corner. It is very unlikely
the meet-point is at one of the corners. that the meet-point is on any of axes.”

A LLER], Li-ball 5 L2-ball FIAFEIELET L1 fEFEEAREREARAZ I #E “A 7 BB, W H AR
B I A PR AR EIEAS AR T I, KER o AR 2 7 M O 7 AHAE o v R BIAE A AT Bk 2 7 A MR i e
bR 72 m LA, AR 200 5 R BEA AR K MEZ e 3 — A [ T, X A MR
T, L2 WHRXFERER . FOYBA M, B —OOHAS B 7 I BoA s e 7 B a2
AR AEH D o
Rt —f) i L1 o T A/ R, AR REAS 0; 1 L2 i #R IR 2 RHIE, X SRR
21T 0.Lasso FERFEIEFEREIE R A A, 1 Ridge mt R & — AL T .
4. I
M| wl| AT 5D E AR, FC4 N Nuclear Normo AHXTT L1 A1 L2 15, RIREALEFAA:. i
FIERE 28 29K Low-Rank({KAK). 1 anve et AR E
Xy —X;+x3=5
X1 +tx, +x3=7
2x1 +2x, +2x3 = 14
FIORBRIE,  FRA T I 56 PRI S5 AR 4 A (OB BRI RE RS, F M BRAE R r DNEEERAT, WA AT
Pk rank(A)REE T ro MBS VR, 0 R RR B2 5 PRk A2 0 MEAT B0 TR IR DR 1 o SRR R 1) 547 B &% 211
Z IR R TC R, IS AHBER AR . OK, REARFK AT LLFE SAH G, T B B A DG PR S b B3 1
FEFEMZ5 MG S o WA 2 (A 5AT B AH OGP g, A 371X N FE B S BR AT AR 52 21 AR 26 B i 2k
), WEERAJIAER AT DS RRE T, M (S . Saithih, Bl SRR 2 g tEr
58, BB, HP-HEERES, AN ERESAT Z BRSBTS ANHE At 2 AR 1Y
AR X A m AT n FUREEFERE, rank(X)/2 X BIFK, (A0 rank(X)iZ /5 m Al n, JUIRATHR X J9fRpk
FERE o AICRRAE MERRAT SRR ET AT LA HA AT B AR, T A& RERITRGEE . MHZXMIIRER,
A DO R AR ATV, ] DO O AT RS2
SRTT, rank() 2B, FEARAG IR B BARMESR A, B4t E T I RORIEAVE . S, rank(X)
BT 2 AZTE L w . -
— G SRR
1) FEPEIEFE(Matrix Completion)
FRBIBHRMEIRER G WAERGE — P a8 b 7 B0 sl sk 48 F 2 o Bl ndRAI7E R — i Hsk
B, R EWE, MSHEITANS, B3 BE. RIERS, Bl Netflix 55504 Mgl o iz Lddl, 520K
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RERRR T (KM IR AE BRI 2 ORI N, BUCERENTHE, ARG 40 R A SR LB (K 5 . (AT — AN ]
A FARE B AR 2, ATARE 2087, AR A EES WA R, AR RLE R
MRS E VR BBERATH A “HP -8 7 AR AR L, Bl K, fTRER, SARZEANM
Jio ARIZ L I ITAF AL, FATRARMERS XA HEFEREAT AT, FrCAE AT 2 B, — R S gt AT 4 4ty
FEFEIHTE

HHHE H
B [x x e
AR
' e * | %

W E AL HAEAR? G AT 5 B R EH S EHAM SHIEEZ FR? MR, BRI kg ?
Yeah, Xt RARFRA Rt 7 o X ICRRHE BE A A R, A AT DUR R R B SRR . B & — A48 1 m*n FEFE A,
RIS T R DU R R B R T, BRATRE SR AR AT RN e, KX T R E KRR ? 4R, R BT
Fofh 46, AR R RE ST . (ISR IRATE S A IR rank(A)<<m H. rank(A)<<n, IR A FATH] LUBIEHEFE&AT (F1)) 2
RN R BB B RPITTESG . TR MR R bR PR+ G20, tan— N X3 v o 2 HAR A X
TR YA o BT DRARR F A R AT 7 55 AN i ARSI ) B I R B, AT SE B PR R 7
& PCA
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Two competing notational conventions split the field of matrix calculus into two separate

groups. The two groups can be distinguished by whether they write the derivative of a scalar with
respect to a vector as a column vector or a row vector. Serious mistakes can result when combining
results from different authors without carefully verifying that compatible notations are used.
Therefore great care should be taken to ensure notational consistency. And a number of authors
mix and match their layout choices in various ways. Serious mistakes can result from carelessly
combining formulas written in different layouts, and converting from one layout to another requires
care to avoid errors.
Derivatives with vectors:
1. Vector-by-scalar: avectory = [yq, V5, ..., ¥m] Tand a scalar x , then we have

o _[21,D:  om]r

ox ox ' ax ' ox
2. Scalar-by-vector: ascalar y and a vector X = [xq, X, ..., X ] T then we have

o [0y Oy o7

ox Loxy’ox,” " axy,

3. Vector-by-vector: avectory = [y, Vs, ..., ¥m] | avector X = [xq, X5, ..., X,] T

91 .. 1
ay _ [63.61 ) a’f"]
N @ﬂJ

0xq 0xn

Derivatives with matrices:
1. Matrix-by-scalar: a matrix function Y and a scalar x

0y11 0Y1n
v a-x ) 6.x
a - . .
X 0Ym1 . OYmn

ax 0x



2. Matrix-by-scalar: a scalar y and a matrix X

dy ay

dx dx
ay 11 ?1
ax l dy dy J

0x1q Oxpq

Other matrix derivatives:

1
- OF
aF 395.11
axX oF
L0X1m
2. Given
- d0
ax
a0 }1
axX oF
[ 0xp1

matrix derivative of a matrix function F(X) that maps from nxm matrices to pxq matrices:

OF
8xn1

a:F
axnmJ

09
0%x1q |

aFJ
O0xngq

@, a differentiable function ofan  nxm matrix X = (x; ;):

3. Given F = (f; j), a differentiable mxn functionofan nxm matrixX:

0f11 f1p

aFx) _ | %X 9x
aX - . .

0fma afm.p

[1):¢ X
Result of differentiating various kinds of aggregates with other kinds of aggregates
Scalar y Yector y (size =) Hatrix Y (size &Xn)
Notation Type Notation Type Hotation Type

Scalar x

%
0z

scalar

dy
0z

(denominator layout) size—m row vector

(mmerator layout) size—m column vector aY

Bz

{mumerator layout) mXan matrix

Vector x (size n)

dy

ax

(numerator layout) size—n row vector

{denominator layout) size-n column vector

(mmerator layout) mXn matrix

(denominator layout) nXnm matrix

5Y
ox

Natrix X (size

%
0X

»Xg)

(mumerator layout) ¢Xp matrix

(denominator layout) pX ¢ matrix

=l

aY
0X

Numerator-layout-notation

dy [ By dy
ax Oy Oxs
[ Sy
f=
2
Ay _ ax
dx :
Payen
O
- Sy Sy
Fx1 Bxa
) Oy Sy
Yy Sxq Hra
Ix : :
Gy Gy
B )
Fx11  dxm1
Sy Sy
Dy _ | =z P2
IX : :
Sy Sy
driq dx2q

. dy
Dy, |

The results of operations will be transposed when switching between numerator-layout and denominator-layout notation.

Denominator-layout notation

- oy
dry
dy — | &=
o :
Sy
Lilrp
Iy _ |919y2  Oym
dxr | dx Ox or
row Sy yam
dry  dx a1
) 1 Sy i
Y _ | 9z2 922 dzxa
Ix : : :
Sy Sy Him
Lax, dxp dxp
dx11 dx12 dx1q
a Oy Oy _Oy
y dx31  Bxan dxag
aX : :
. .
Hxp1 Bxpo Bxpg




Identities:

Condition

g iz not a function of x

# 1z not a function of x,

u= ulx)
u= ulg), v= rix)
u= ulg), v= rix)
u= ulx)
u= ulx)

u = ulx), v= vz,

A iz not a function of x

By

Identities: vector—by wector -

Denominator
Condition Ezpression e layout, 1.e. by
i.e. by ¥ and xT yT ]
a iz not a function of d_a _ 0
x o -
ox
= = I
Ix
A iz not a function of dAX o A T
x ox A
A iz not a function of dXTA
: = (0 A
x % A
& 1z not a function of 8[1-].1 8]_1
X, —_— = a—
u = uix) dx ox
5 e dau du  da du 0da o
5= alz), u = ulx —_— = a— u— a— —u
ox ox ox dx = Odx
A iz not a function of OlAll B Adu 8UAT
u = :.l(x) ox - dx dx
u=ulx), v=vwix) M: (:}_u_i_‘ﬁ
ox ox = Ox
e dg(u) _ dg(u) Ou dudg(u)
_Ox _ | __Ou Ox | _Ox bu_
I of(g(u)) _ 9f(g) Ig(u) du du dg(u) If(g)
ox dg du dx dx du Jg
Identities: scalar—by wector d_y — ny
5 A Humerator layout, Denominator layout,
pression i.e. by xT; result iz row vector i.e. by x; result iz column wector
% = U'T‘ [4] 0 [4]
dau du
e = L
ox 3
dutv) v
ox dx = dx
v ol N du
—_— = U— V—
0x L
Og(u) _ dg(u) du
ox __Ou Ox
df(g(w) _ 0f(g) Og(u) O
ox dg Ou Ox
WO, i ou, v
du-v) ou'v U TV x _ ok _
aX aX & azgumes mmerator layout of d_l.l @ & azgunes denominator layout of _l.l ﬁ
dx’ dx Ox’ Ox
. OV o ndu du av
Typ" TATY ™ ey TUAT
du-Av) Ou'Av u AE)X tVA ox 3XAV+ axA u .
8)( ('}X e azzumes numerator layout of O]_l.l‘ @ e azzunez denominator layout of — ﬁ
ox’ Ox Ox’ Ox




a iz not a function of =

A iz not a function of =

b iz not a function of =

A iz not a function of =

A iz not a function of =

A iz symmetric

A iz not a function of =

A iz not a function of =

A iz gymmetric

a iz not a function of =,

u = ulz)

a, b are not functions of

A, b, C, D, & are not

functions of x

a iz not a function of =

_ Ox"a
===
ObTAx
ox
xTAx
ox
OxTAx
o =
FPxTAx
==
PxTAx B
=
Ax-x)  Ox"x
ox  ax

%._

da-u)

e

dau
ek
daTxx"h

dx
0 (Ax + b)TC(DX+ e)

dx
o x—all _
dx

Identities: wector—by scalar

Condition

a ig not a function of x

g 15 not a function of
Xy
u = uix

A iz not a function of

Xy
u = ulx)
u = ulx)
u=ulx), v=vix
u=ulx), v=vix

u = ulx)

u = ulx)

a a
bTA A"b
xT(A+AT) (A+AT)x
2xTA 2Ax
A+ AT
2A
2xT 2x
a’ d_u @ a

ox ax

du
® azsumes mumerator layout of

XT(abT + baT)

(Dx+¢e)"CTA + (Ax + b)"CD

(x—a)"

I — all

dy

Oz

Humerator lavout,

. du
® azsumes denominator layout of

(abT + baT)x

D'C"(Ax+b) + ATC(Dx +e)
X—a

[l — all

Denominator

ie. b layout, i.e. by
Sl IESU;.‘t- isyc:;.u.ln FT’
result is row
vector e
da _ [4]
dr 0
o] 0
dr ‘oz
0Au Ju dua ¢
dr AZ?_I 3_IA
ot _ ou"
dx ox
uv) _ oo
or dr = Ox
dluxv) v ou
gr o T o Y
B dg(u) du du dg(u)
og(u) du Oz 9z du
a:r - bzzsumes consistent matriz layout; see
below.
of(g) dg(u) du | du dg(u) Ji(g)

8f(g(u)}: dg Odu 9z | dr Su Og

dr

below.

Azzumes consiztent matrix lawout; see
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Identities: scalar—-by matrix _y

X
Condition Exzpression Humerator layout, i.e. by xT Denominator layout, i.e. by E
& iz not a function of X E = OT [5] 0 [5]
oX :
. . dau du
& iz not a function of X, o= ulX) —_— = ad—=
X X
u= ulE), v= (X M: d—u+£
X ax " 9x
duv v du
u= ulX), vr= v —_— = Ur + Vs
oX oxX ' oX
- g(u) _ 9g9(u) Ou
X du 90X
o o af(g(w)) _ 01 (g) dg(w) du
% dg_ du 0X
.. (29(0) 9U //dg[U \
90 0X,, ‘ k 7 dX,-j
U = ] m 99)
dXJ- Both forms Essume numerstor layout for AT
AT
i.e. mixed layout if denominator layout for X is being used.
otr(X) i
ax
U=0(X, ¥=¥% M = dt-{r(U) dt.‘.r(V)
(). ax IX
& iz not a function of X, dtf(ﬂU} _ dtf(U)
U= Ux) ax - a X
g(¥) iz any polynomial with scalar coefficients, or
any matrix function defined by an infinite polynomisl
series (e.g. ex, zin(X), coz(X), 1n(X), etc. using a atr(g(x)) I I T
Taylor series); glx) iz the equivalent scalar (‘_)X = g (X} (g (X))

function, g” (x) iz its derivative, and gf (X) is the

corresponding matrix function

[71 dtf(AX} _ dtr[XA} _

A iz not a function of X

9X X A A
[e]
A iz not a function of X dtr(AXT) otr XTA) AT A
(0,4 X
- T
A iz not a function of X el w = XT{A —+ AT} {A + AT}X
oA
atr(X-1A) P .
A iz not a function of X (6] Pl —— (X 1 TA X 4T Wl ATy —1
7% (X)) A(XT) X 'ATX
dtr(AXB)  dtr(BAX) e
A, B are not functions of X = = = = TRT
ax ax BA A'B
dtr(AXBXTC : R Gt o .
A, B, C are not functions of X (d—X) = BX'CA + B'X'ATCT ATC™XBT + CAXB
dtr(X™) o
it 1z a pogitive integer tel _— = n—1 Xn lyar
P g X nX n( )
‘ n—1 n—1
A iz not a function of X, 8] dt-r(AX“) i n—i—1 il n—i—1yT
iz a positive integer H X = Z X AX Z(X AX )
d i=0) i=0
w1 Otr(eX) _ 2 (X)T
X c
dtr(sin(X , .,
el o‘r{:i;{}} = cos(X) (cos(X))T
X . , , .
) % = cofactor( X)T = | X| X! cofactor(X) = |X|(X~HT
O1n |aX]| o
= 1z not a function of X el A :[g] -1 T
t it ax X (X7)
9|AXB| _ - -
A, B are not functions of X (6] L [T
+ funct X |AXB|X AXB|(X )
7 is a positive integer el d(!_)XX | = n‘xn'x—l R|Xn|(X_l)T
- T
(see pseudo—inverse) el w = + (Xt &
» — 2X (X7)
. [6] ol |XTX| .
(see pseudo—inverse) dT = —2X —2XT
A is not a function of X, ("}|XT‘AX| T —1 ar rwr— 13T
X iz =square and invertible (‘.)]X = 2|X A'X|X Q‘X AX“X )
A i= not a function of E, . T
X is non-square, M = 2|XTAX|(XTATX)_LXTAT 2|XTAX|AX(XTAX)—1
A iz symmetric dX
B e R XTAX| _ XTAX|((XTAX)"'X"A | [XTAX|(AX(XTAX)™

i normemane, X +(XTATX)_1XTAT) +A-TX(X-TATX)—L)
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ay

Identities: matriz—by scalar

Jx
Condition Expression Humerator layout, i.e. by Y
daU au
U= Ul = a—
dx dx
A, B are nnt_fu.nc‘tlnns of x, BAUB _ Aa_UB
U= Ui dx or
AU + V) U oV
U="0ix), V=¥ _ —L ——
" " dx oz 1 oz
d(UV) av  gu
U=00), V=¥ = U——++V
dx dr  Ox
) A% U
T=Ulx, ¥T=7Vix M: U®8—+a—®v
dx dr ' Ix
8(Us V) vV au
U=Ul), V=V = Uo oV
; : dx ar " @
—1
U= Ul JU = _U‘Qﬂzu‘l
B " — dx
d*U—t au Ju  9*'U  agu au
U= Ulx 5 ——= vtl—ut—— y —yut—u?
dxdhy oz dy Odxdy  dy oz
A iz not a function of x g(E) iz any polynomial with scalar coefficients, or
any matrix function defined by an infinite polynomial series (e.g. e¥, sin(X), ag(IA) P 0
cos(X), Ln(X), etc.); glx) iz the equivalent scalar function, g) (x) iz its aI = Ag [IA) - {IA)A
derivative, and gj (X¥) is the corresponding matriz function
aEzA
A is not a function of x a = AE':BA = E‘EAA
XL

Identities: scalar—by scalar, with wectors

involved

Any layout

{assumes dot
Condition Expression product ignores
Tow ¥s. column

layout)

u u 1

.=l og(w) _ | 9g(w) Ou

dx du Oz

d(u-v) dv  Ou

u=uly), v=wix) ~— * — 11 - — + — v
oz dr = Ox

VU .Matlab 4w fs

L2 Al Fro Juk: ~FI7 MR 5
[LEER

lA]l, => norm(A,’ fro’)"2

53 Wyl = B\ = 2 x trace(F™(D — W)F)=>#i# H: 23,3, Wy||F; — F||* = trace(F"(D - W)F)

YillF; = Y||? = trace((F = Y)"(F - Y))
.22 R
Web: http://en.wikipedia.org/wiki/Matrix_calculus
http://blog.csdn.net/zouxy09/article/details/24971995
http://blog.csdn.net/abcjennifer/article/details/7797502
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