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1�Ù Linear Equations

1.1 Fields

1.2 Systems of Linear Equations

½Â1.2.1 �½�F ,·�¡ 
A11x1 + · · ·+A1nx1 = y1

· · ·

Am1x1 + · · ·+Amnxn = ym

��5�§|§Ù¥Aij¡�Xê§yi ¡�~ê�.

·��ïÄ´Ä�3)±9)´Ä��.�±ò�5�§|w¤óä£?Ø�5�m�5��óä¤

~X3Fm¥�
eZ��þα1 = (A11, · · · , A1n), · · · , αn = ((A11, · · · , Ann) �½β = (y1, · · · , ym)´

Ä∈ span{α1, · · · , αn} = {(
n∑
i=1

xiA1i, · · · ,
n∑
i=1

xiAmi)} ==z�þã�§|.

e¡XÚ/?Øù��§�)�¯K.

½Â1.2.2 ·�ò÷v�§|�)(x1, · · · , xn)¡�).

½Â1.2.3 XJy1 = · · · = ym = 0§K¡�àg�§|.ÄK¡��àg�§|.·�ò)(0, · · · , 0)¡�²

�)

�ÄN�T : F → F ,T (x1, · · · , xm) = (
n∑
i=1

xiA1i, · · · ,
n∑
i=1

xiAmi)

d�T´�5N�,=T (α + β) = T (α) + T (β), T (cα) = cT (α) d�§éuγ = (y1, · · · , ym)��§|

�z�¦N����8T−1(γ)

�§|Ã)¿©7�^�=γ´Ä3T��8p¡.àg�§|�)=��:���.�0 ∈ T−1(0).à

g�5�§|�)�m�½��5f�m§�àg�§|)8Ø�¤�5f�m§¡���f�m.·�

=ïÄàg�§|)�m�(�§Ï��àg�§|�)�m�±w¤àg�5�§|)�m���²

£(N´wÑ).ùÒ´l�5�m��Ý5w�5�§|

e¡��l�§|\Ã5)�§§¡�Guass��{.

½Â1.2.4 ·�¡ü��§|�d§XJ2¥z��§Ñ´1¥�z��§��5|Ü§Ó�2¥�z��

§�´1¥�z��§��5|Ü.

1.3 Matrices and Elementary Row Operation

w,§�d��§|Ó)§=k�Ó�)�m.Guass��{=^�d��§|��O��§|§l

¦þò�§|z�¿©/{ü. =z��§�k��xi�Xê�0§��"�Xê�1.ù�§·�Ò@��

§�)Ñ5
.

�^�§|��óØ
�B§u´Ú\Ý
.

3



1�Ù LINEAR EQUATIONS 4

½Â1.3.1 �½�F ,dF¥����¤
m1n��êL,K¡�Fþm× n�Ý
.

A =


A11 · · · A1n

...
...

Am1 · · · Amn


Aij��ij�.(¯¢þ§eî�§�±òÝ
w¤��N�)

@oÝ


A =


A11 · · · A1n

...
...

Am1 · · · Amn


���§|1�XêÝ
.

��1�þ�±w¤��1× n�Ý
§����þ�±w¤��m× 1�Ý
. P

X =


x1

...

xn

 , Y =


y1

...

Am


·�òù��§P�AX = Y ,P

A′ = (A, Y ) =


A11 · · · A1n y1

...
...

...

Am1 · · · Amn ym


�ù��§|�O2Ý
. ��òO2Ý
U1�þü�

X =


α1

...

αm


·��Äù
1�þ�5|Ü

m∑
i=1

ciαi§=�fâ½Â��§��5|Ü�Xê.

=ò�§��5|Üz�ù
�þ��5|Ü£§�¹k�Ó�&E¤§�§�¤¢��5|Ü=�

ù
1�þý���5|Ü.

�d�§|^Ý
��ó5`§=�w¤òþãαi�k ��5|Ü
m∑
i=1

ci1αi

...
m∑
i=1

cikαi


k×(n+1)

�
U�B�ä�_�{'§·��Ä�
AÏ��5|Ü§¡�Ð�1C�.

½Â1.3.2 ��Ý
Am×n�Ð�1C��±en«C�

(1)^,�c ∈ F − {0}¦A�,1§Ù§1ØC.P�[i] 7→ [ci]

(2)r,1c(c ∈ F )�\�,�1þ§P�[i] 7→ [i] + c[j]

(3)p�Ý
�ü1, P�[i]↔ [j]

·��±rÝ
�Ð�1C�w¤��N�.

PFm×nw¤¤km × n�Ý
�¤�8Ü§ù�§Ð�1C��±w¤N�e : Fm×n → Fm×n(w

,). ·�kXe·K§l�±�ÑÐ�1C�����§|´��§|��d�§|



1�Ù LINEAR EQUATIONS 5

·K1.3.1 N�e�_§�e�_�´Ð�1C�

y²:���y=�

éu(1),ke−1 = [i] 7→ c−1[i],éu(2),e−1 = [i] 7→ [i]− c[j], éu(3)§e−1 = [i]↔ [j]

��`¤ò���§|�O2Ý
�Ð�1C��´,���§|�O2Ý
§�ü��§|Ó)§

u´Gauss��{Ò´ò�§||^Ð�1C�C¤{ü�Ý
§ù��Ý
¡�1{zÝ
§=�«{

ü��§|�O2Ý
.

éuü�Ý
AÚB§XJB�z�1Ñ´A�z�1��5|Ü§�±y²B�dA�Ð�1C��

�.

½Â1.3.3 XJA,B ∈ Fm×n¡AÚB1�d§XJ�3k��Ð�1C�e1, e2, · · · , ek§¦�e1 · · · · ·
ek(A) = B

N´�y§Ý
�m�1�d´�«�d'X.

dd`²§^Ý
��ó5)�5�§|(¢1�Ï§1�Ï´�o¿gQº�^eã·KL«

·K1.3.2 �A,B ∈ Fm×n, Y, Z ∈ Fm×1XJ(A, Y ) �(B,Z)1�d§Kùü��§|AX = Y,BX =

ZÓ), AO/§XJAÚB,Kùü�Ý
¤éA�àg�5�§|Ó)

y²´w,�.

1.4 Row reduced Echelon Matrices

@o§�.�o´¿©{ü�Ý
§=1{zÝ
Qº

½Â1.4.1 ·�¡��Ý
´1{zÝ
§XJ

(1)z��"1�1���"�(¡�Ì�)´1.

(2)z�Ì�¤3��Ù{�Ý
¤3��Ù¦�Ý
�þ�0.

~X§

In =



1 0 0 · · · 0 0

0 1 0 · · · 0 0

0 0 1 · · · 0 0
...

...
...

...
...

0 0 0 · · · 1 0

0 0 0 · · · 0 1


Ò´1{zÝ
§��n�ü Ý
§·���ÿeIn�±Ø�.÷vIij = δij δij�KroneckerÎÒ

1{zÝ
k�o^Qº¯¢þ§eB´1{zÝ
.K�§|BX = Z�)�±N´�Ñ.

e�����O2Ý
(B,Z),e,�1�����"Ù¦��"§Kù��§|w,Ã)§,

�1�"Ù¦���"§Kù�1vkJøk¿Â�&E. duz�Ì�¤3��Ù{�Ý
¤3��

Ù¦�Ý
�þ�0§K��u)Ñ
Ì�¤éA�@��§|(z�Ì��Ñy
�g).

·�kXe·K.

·K1.4.1 z�Ý
Ñ�du,�1{zÝ
.

y²µXJ1�1´"1§KØ^�Ä§ÄK1�1´�"1§�Ø��ù��"�c¡�z��

þ�0§ÄK��ü1=�.é1���"�§z�1þ¦§�_�§C�1§,�òù���"�êÏL

1�«Ð�1C�C�0§,�aq?1gö�=�.

e¡2ò�§|z��{ü�:(é)�§|Ù¢vk{z)

½Â1.4.2 A¡�1{z�FÝ
§XJe¡A^¤á
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(1)A´1{zÝ
.

(2)"1Ñ3�e�.

(3)�"1��"1Ì����I�X1�I�O�O�.

N´wÑz�1{zÝ
�±?�Úz¤1{z�FÝ
(Øä��1� �=�,kò"1N��e

�§2ò�"1UìÌ�^S�gü�=�).u´kXe·K.

·K1.4.2 z�Ý
Ñ�du,�1{z�FÝ
.

éu�§|AX = Y (A�m× n�Ý
),|^Ð�1C�§ò(A, Y )→ (R,Z),Ù¥R ´1{z�FÝ


.lAX = Y�RX = ZÓ).�Rkr��"1,w,r ≤ m§duÌ�¤3��pØ�Ó§�r ≤ n§

�cr¥�1i1(1 ≤ i ≤ r)�Ì�31ki�.lkk1 < k2 < · · · < kr.�J = {1, · · · , n} − k1, · · · , kr
lRX = Z� 

xk1 +
∑
j∈J

cijxj = z1

...

xkr +
∑
j∈J

crjxj = zr

0 = zr+1

...

0 = zm

�âù��§|·��±N´�Ñ��§�)µ

em > r,�zr+1, · · · , zmØ��"§K��§|Ã).

ÄK§"1�±�Ñ§K�kc¡r��§|.

en = rKJ = ∅, ki = iK`²��Ý
��"Ü©´��§=R = In2e>Vþ�
"1,�§|k

��)(x1, x2, · · · , xn) = (xk1 , · · · , xkn) = (z1, · · · , zr)
en > r§|J | > 0,)� 

xk1 = z1 −
∑
j∈J

cijxj

...

xkr = zr −
∑
j∈J

crjxj

Ù¥§éj ∈ J, xj ∈ F�?¿��.d�§)�½Ø��.

dd§·��±�Ñ�§|��
5�.

·K1.4.3 em < n,Ù¥m�L�§��ê§n�L��þ��ê§Kàg�§|AX = Y (A�m× n�
Ý
)�½k�²�).

y²µw,§c¡ü«�¹ÑØ¬Ñy.¤±�U´n > r��¹.

¯¢þ§þã·K�du½n2.3.1.�k

·K1.4.4 �F ⊂ F ′§eAX = Y3F ′k)§K3F¥k)§Ù¥A ∈ Fm×n, Y ∈ Fn×1

'X§��¢Xê��5�§|kEê)§K�½�k¢ê).

y²µ·�é(A, Y )?1Ð�1C�,Ù¥¦�XêÑ3F¥§¤±�����{z�F/Ý
�êÑ

3F¥.

,��¡§þãÐ�1C���±w¤3F ′¥�Ð�1C�§����
�Ó�{z�F.Ý
.

k)�duzr+1, · · · , znþ�0,ù3F ¥�´���§l��§3F¥k).

ù�·K�²���Ï´�é�5�§|¤á§~Xx2 + y2 + 1 = 0òØé.
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·K1.4.5 �A ∈ Fn×n����
§KTFAE:(the followings are equivalent)

(1)AX = 0�k²�)

(2)é?¿Y ∈ Fn×1, AX = Yk��)

(3)AÚIn1�d.

y²µ·�y²(1) → (2) → (3) → (1):

(2) → (1) w,.

(3) → (2) ÷vþã¥n = r��/§��y.

(1) → (3) ·�ò(A, 0)ÏLÐ�1C�z�(R, 0),�R{z�F.Ý
.lþã¥��Un = r��

/.lm = n = r§��UR = In lA�In1�d.

e¡?Øàg�5�§|)�m�ÄÚ�ê.

en = r§Kàg�§|�k").Ä��8,�ê�0.

en > rK�§|�)=� 

xk1 = −
∑
j∈J

cijxj

...

xkr = −
∑
j∈J

crjxj

lxj?¿�§Ò)Ñ
(xk1 , · · · , xkn).��)��´(x1, · · · , xn)

éjn ∈ J ,3Ï)¥-xj0 = 1,Ù{xj = 0����)α0 ∈ Fn, ÷vxki = −cij0
òJ¥�z��Iþ���gj0§·�y²

·K1.4.6 {αj0 |j ∈ J}´T−1(0)�Ä.ldimT−1(0) = |J | = n− r

y²µ·�¡xj(j ∈ J)�gdCþ,�k|J |�gdCþ.

·�ky²§��5Ã'§XJ
∑
j∈J

cjαj = 0.kαj0�À�=�cj = 0.

3y²span = T−1(0) w,span ⊂ T−1(0)

?�α ∈ T−1(0) = (a1, · · · , an).3Ï)¥§�xj = aj(j ∈ J) ��
�|).�\=N´y²

1.5 Matrix Multiplication

�½�F ,éuA, b ∈ Fm×n·�½ÂA+B÷v(A+B)ij = Aij +Bij ,éc ∈ F ,½Â(cA)ij = cAij ©O

��Ý
�\{ÚXþ¦{

3ù��½Âe§Fm×n´F�5�m.¿�F 1×n = Fn(1�þ),Fm×1Ó�uFm ¿�kdimFn =

n,IOÄ�δ1 · · · δn, δi = (0, · · · , 0, 1, 0, · · · , 0)Ù¥§131i� �.

aq�§w,kdimFm×n = mn§Ä�{Ers|1 ≤ r ≤ m, 1 ≤ s ≤ n} ÷v

(Ers)ij =

 1, (i, j) = (r, s)

0,Ù¦

éuA ∈ Fn×n÷vAij = Aji,N´�y{A ∈ Fn×n|Aé¡} ⊂ Fm×n ´f�m. N´�yÙ�ê

� (n+1)n
2

aq�½Â�é¡Ý
§=Aij = −Aji§�echarF Ø�2§K�ê� (n−1)n
2
§ÄK�ê� (n+1)n

2
§d

d��±wÑ��A��23k
�ÿ¬��ØÓ�(Ø

eF = C,¡��Ý
F�HermiteÝ
½g�Ý
§(Hermitian matrix)÷vAij = Āji¤kHermiteÝ


Ø�¤Cþ�f�m§duA´Hermite§KiA��Ø´Hermite,�ec ∈ R,cA�Hermite.¤±§·�¡

�¤��¢f�m.
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e¡£�Ý
�¦{§Ý
�¦{¢�þ´N��EÜ

½Â1.5.1 �A ∈ Fm×n, B ∈ Fn×p,½ÂAB÷vAB ∈ Fm×p§¿�

(AB)ij =
n∑
r=1

AirBrj , 1 ≤ i ≤ m, 1 ≤ j ≤ p

��5`§ABÚBAØ��§eAB = BA,·�¡AB���.

k
Ý
�¦{�½Â��§�§|�PÒAX = YÒk¢S�¿Â
.

éun�Ý
A§e�3A−1,÷vAȦ−1 = In, ·�¡A��_Ý
§�A−1¡�A�_Ý
. l)�

§|AX = Y ,3ü>Ó��¦A−1��§C¤X = A−1YK)Ñ
�5�§|§l§·��±uy§)

�§|�¯K��±z�Ý
¦{�¯K.Ò�Ý
Ø�_§Ù¢Ð�1C���±w¤3éuÝ
�

�>¦���_Ý
.��¦��3P , ¦�PA�{z�FÝ
. lAX = Y§z�(PA)X = PY .

·K1.5.1 �k½Â�§k

(1)A(BC) = (AB)C

(2)(A+B)C = AB +AC

A(B + C) = AB +AC

(3)éu∀d ∈ F, d(AB) = (dA)B = A(dB)

(4)A ∈ Fm×n,KImA = A,AIn = A

(5)A ∈ Fm×n,K0k,mA = 0k,m, A0n,p = 0m,p

y²µ

(1)

(A(BC))ij =
∑
r

Air(BC)ij =
∑
r

Air(
∑
s

BrsCsj)

((AB)C)ij =
∑
s

(AB)isCsj =
∑
s

(
∑
r

AirBrs)Csj

þ¡ü�ªfw,��

(2)(3)(4)(5)|^½Â�����y

dþ¡�(1¤N´��ÎÒABC´k¿Â�(duÚ^SÃ'),��/§3k¿Â��¹e§Î

ÒA1A2 · · ·An�´k¿Â�.(�´ØU��^S)

éuA ∈ Fn× n,An�´k¿Â�.§=L«A ·A · · · · ·A
éuA ∈ Fm×n, B ∈ Fn×p§PB = (B1, B2, · · · , Bp)�BUì��þÐm§lkAB = (AB1, · · · , ABn)

aq/§�

A =


α1

...

αn

 ,KAB =


α1B

...

αnB


,��¡

B =


β1

...

βn

 ,K, AB =


γ1

...

γm


÷vγi =

n∑
r=1

Airβr´β1, · · · , βn��5|Ü.

Ïd§ù�UL«Ñ?¿�βi?¿��5|Ü§u´B�?¿1C�(ÃØÐ��´ØÐ�)§Ñ�±

w¤3�>¦
��Ý
. AO/§éuB�z��Ð�1C�§Ñ�±w¤3B��>¦
��Ý
5

¢y§ù��Ý
·���Ð�Ý
.u´§·�kXe½Â
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½Â1.5.2 E ∈ Fm×m¡�Ð�Ý
§XJ�3��Ð�1C�e : Fm×m → Fm×m,¦�E = e(Im). (1)

e = ([i]→ c[i])(c)Ø�0.K

E =



1 0 0 · · · · · · · · · 0

0 1 0 · · · · · · · · · 0

0 0
. . .

. . . · · · · · · · · ·
...

...
. . . c

. . . · · · · · ·
...

... · · · . . . 1 0 0
...

... · · · · · · 0 0 0

0 0 · · · · · · 0 0 1


n×n

(2)e = ([i]→ [i] + c[j])

E =



1 0 0 · · · · · · · · · 0

0 1 0 · · · · · · · · · 0

0 0 1
. . . c · · · · · ·

...
...

. . . 1
. . . · · · · · ·

...
... · · · . . . 1 0 0

...
... · · · · · · 0 0 0

0 0 · · · · · · 0 0 1


n×n

(3)e = ([i]↔ [j])

E =



1 0 0 · · · · · · · · · 0

0 1 0 · · · · · · · · · 0

0 0 0
. . . 1 · · · · · ·

...
...

. . . 1
. . . · · · · · ·

...
... 1

. . . 0 0 0
...

... · · · · · · 0 0 0

0 0 · · · · · · 0 0 1


n×n

·�`²§z�Ð�1C�(¢þ�w¤¦��Ð�Ý
.

PFm×N = ∪∞n=1F
m×n,Ke´Fm×N�g��N�

·K1.5.2 �e : Fm×N → Fm×N�Ð�1C�§eE = e(Im),Ke(A) = EA,∀A ∈ Fm×N

y²:�3P ∈ Fm×m¦�e(A) = PA,∀A ∈ Fm×N,�P�AÃ'§�A = Im,lP = E,ù�§·�

���

e(A) = e(Im)A

íØ1.5.1 �A,B ∈ Fm×n,KA�B1�d�du�3k��Ð�Ý
�¦ÈP = E1 · · ·Ek ¦�B = PA

y²µ eAÚB1�d§�3k��Ð�1C�e1, · · · , ek,¦�e1 ◦ · · · ◦ ek(A) = B

PEi = ei(Im),KE1 · · ·EkA = B,PP = E1 · · ·Ek=÷v^�.

1.6 Invertible Matrices

½Â1.6.1 �A ∈ Fm×n,e�3B ∈ Fn×n§¦�AB = BA = In§K¡A�_§B¡�A�_Ý
§½{

¡_.
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Ún1.6.1 eAB = CA = I�±íÑB = C

y²µ

InB = (CA)B = CAB = C(AB) = CIn = c

dd�±��

íØ1.6.1 �_Ý
�_�½´���

l·�ò���_Ý
P�A−1.,	§·�k

·K1.6.1 eA�_§KA−1��_§�(A−1)−1 = A

¿�k

·K1.6.2 eA,B�_§KAB��_§�AB−1 = B−1A−1

�\���y=�

dd��±��k���_Ý
�¦È��_§¿�N´�y(A1 · · ·Ak)−1 = A−1
k · · ·A

−1
1

·��k

·K1.6.3 Ð�Ý
�½�_

y²µéue : Fm×N → Fm×N§·�y²(e(In))−1 = e−1(In)

¯¢þ§de(A) = e(I)A,e(e−1(I)) = I,le(I)e−1(I) = I,Óne−1(I)e(I) = I =�.

·K1.6.4 �A ∈ Fn×n,TFAE:

(1)A�_

(2)A�In1�d

(3)A�Ð�Ý
�¦È.

Ñy: (2)→(3),(3)→(1)þ�w,§e¡(1)→(2)§�Ieã·Kµ�_�n×n1{z�FÝ
�In,¯

¢þ§·�keRØ�In,K���1�½�01.dÝ
¦{�dÝ
Ø�_.

íØ1.6.2 �A,B ∈ Fn×n§KAÚB�d�¿©7�^�´�3�_Ý
P ,¦�B = PA

íØ1.6.3 �A ∈ Fn×n�_§Ð�C�e1, · · · , ek, ÷ve1 ◦ · · · ◦ ek(A) = In,Ke1 ◦ · · · ◦ ek(In) = A−1

y²µPEi = ei(In),Ké?¿B, ei(B) = EiB,PP = E1 · · ·Ek,Ke1 · · · ek(B) = E1 · · ·EkB = PB l

PA = In,Ó�m¦A−1,�P = A−1. e1 · · · ek(In) = P ,l�y

l§�
�B§·��±Ó�ö�AÚI,���½��A�_Ý
.=

íØ1.6.4 �A ∈ Fn×n,�Än × 2n�Ý
(A, In),÷v(P,B)÷vu(A, In)1�d§¿�R�1{z�F

Ý
§K

(1)eR = In,KA�_§¿�A−1 = B

(2)eR 6= In,KAØ�_

ù�íØ�Ñ
���ä=¦_Ý
�ö��{§y²´w,�§dc¡�(Ø�±íÑ.

�k:�AÚR1�d§e�3J1, J2 ⊂ {1, 2, · · · , n}, |J1| + |J2| = n + 1 ¦�Rij = 0,∀i ∈ J1, j ∈
J2,KA�InØ1�d.

5µ�3k����ÿ�±dAB = IníÑAB = BA = In. e¡y²ù�(Øµ

·K1.6.5 �A ∈ Fn×n§KTFAE:

(1)A�_

(2)àg�§|AX = O�k²�)

(3)éu?¿Y ∈ Fn×1,�§|AX = Yk).

N´y²(1)(2),(1)(3)�d.

íØ1.6.5 �A,B ∈ Fn×n,eAB = In§KA,B�_�p�_Ý
.
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y²µ ·��yBX = 0�k²�)§¯¢þX = ABX = A(BX) = 0 lB�_§lA =

A(BB−1) = (AB)B−1 = B−1

íØ1.6.6 �A = A1 · · ·Ak, Ai ∈ Fn×n§KA�_�duz�Ai�_

y²¶ k�>w,§,�>^�y{=�

·K1.6.6 �A ∈ Fn×n (1)�A = (A1, · · · , An), Ai ∈ F ,KA�_�duA1, · · · , An´Fn×1��|Ä.

(2)�

A =


α1

...

αn


KA�_�duα1, · · · , αn´Fn��|Ä

ù�·K�±d±e·KíÑ:

·K1.6.7 �V´Fþ�k���5�m§�ê�n.S = {α1, · · · , αn} ⊂ V KS�5Ã'�duspanS =

V (=íÑS´�5�mV��|Ä)

y²µ

”⇒ ”µPW = spanS,KS´W�Ä⇒ dimW = n⇒W = V

” ⇐ ”µ|^�y{§=�3Ø��0�ci ∈ F¦�
∑
ciαi = 0§�ci0 6= 0 Kαi0 = −c−1

i0

∑
i 6=i0

ciαi ∈

span{S − {αi}} ⇒ S ⊂ span{S − {αi}} ⇒ spanS ⊂ span{S − {αi}} ⇒ span{S − {αi}} = V.

gñ�

e£��·K�y²

y²µ (1) A�_⇔ AX = 0�k²�).�

X =


x1

...

xn


KAX =

n∑
i=1

xiAi

ùp^�
¤¢�©¬Ý
¦{µ

©¬Ý
¦{µ��Ý
¦{AB�§òA©¤
eZ¬§B©¤
eZ¬.K3k¿Â��¹e?1

�¦���Ó�(J.

lAX = 0�k²�)§=
n∑
i=1

xiAiU
íÑxi = 0. ⇔ A1, · · · , An�5Ã'.l�y.

(2)�éAT¦^(1)=�.edØÓ��{y(2)

duA�_⇔ ∃B ∈ Fn×n÷vBA = In òA©¬¤n× 1�Ý


A =


α1

...

αn


�

BA =


n∑
r=1

B1rαr

...
n∑
r=1

Bnrαr





1�Ù LINEAR EQUATIONS 12

l�·K�du�3Bij ∈ F¦�
n∑
j=1

Bijαj = εi ⇔ {εi} ⊂ span{α1, · · · , αn} ⇔ Fn ⊂ {α1, · · · , αn} ⇔

span{α1, · · · , αn} = Fn. l{α1, · · · , αn} =y.



1�Ù Vector Spaces

2.1 Vector Spaces

2.2 Subspaces

2.3 Bases and Dimension

½n2.3.1 �S, T ⊂ V ,spanS = V .T�5Ã'§e|S| <∞,K|T | <∞,�|T | ≤ |S|

dd�±íÑ

íØ2.3.1 k��V?¿ü|Äk�Ó����ê(dimV )

íØ2.3.2 dimV = max
S⊂VÃ'

|S| = min
spanT=V

|T |

½n2.3.2 �dimV < ∞,W ⊂ V´f�m§S0 ⊂ W�5Ã',K|S0| ≤ dimV (< ∞) ��3W�ÄS,¦

�S0 ⊂ S

y²:éd·�ky²�eÚnµ

Ún2.3.1 �S ⊂ V�5Ã'§β ∈ V, β /∈ spanS,KS ∪ {β}��5Ã'.

Ún�y²µ�Iyé?¿k�f8T ⊂ S ∪ {β},
n∑
i=1

ciγi = 0íÑci = 0 ©a?Ø=�.w,¤á

e¡£��½n§c��w,§e¡y²�3W�ÄS,¦�S0 ⊂ S.=S0U
*¿¤f�m��|Ä

duspanS0 ⊂W ,espanS0 = W§K(Ø®²¤á. ÄK§�3β1 ∈W − spanS0,dÚn§S0 ∪ {β1}�5
Ã'. espanS0 ∪ {β1} = W ,K�3β2,��§E±þL§.

du§±þL§´@¬(å(�õö�dimVg),������|Ä§�·K�y.

�
íØµ

íØ2.3.3 k���5�m�f�m�½�3Ä§�f�m��êØ�L��m��ê.(�S0 = ∅)

íØ2.3.4 k���m�ýf�m§Kýf�m��ê�½î��u��m��ê.

y²:�S´W�Ä§|S| = dimW dÚn§�3β ∈ V −W ,¦�S∪{β}�5Ã'K1+dimW = dimV

dd§��±��dimW = dimVíÑW = V

íØ2.3.5 S0 ⊂ V�5Ã'§KS0�±*¿¤V�Ä.

½n2.3.3 �W1,W2 ⊂ V´k��f�m§KW1 +W2�´k��§�

dimW1 + dimW2 = dim(W1 +W2) + dim(W1 ∩W2)

ù�½n�ÚN½�näk�Ó�(�.

y²:w,dim(W1∩W2) <∞�W1∩W2�Ä{α1, α2, · · · , αk},¿*¿�W1�Ä{α1, α2, · · · , αk, β1, · · · , βm},
ÚW2�Ä{α1, α2, · · · , αk, γ1, · · · , γn}

13



1�Ù VECTOR SPACES 14

äó:A = {α1, α2, · · · , αk, β1, · · · , βm, γ1, · · · , γn} ´f�m�Ú��|Ä.ù���íÑ�y²�(

Ø.

k�yspanA = W1 +W2.ù´ü�8Ü§�
ü�8Ü���I�y�ªüàp��¹'X.ù´N

´�y�

2�yA�5Ã',�
∑

xiαi +
∑

yjβj +
∑

zrγr = 0

ducü�Ú3W1¥.���Ú3W2¥§�����±w¤cü�Ú���ê§¤±�3W1¥§

l����3W1∩W2 ¥§��αi ��5|Ü§lzr = 0.2d�e��5Ã'=��Ñxi = 0, yj = 0

2.4 Coordinates

½Â2.4.1 �dimV <∞,S�(α1, α2, · · · , αn)¡�V�kSÄ§XJα1, · · · , αnpØ�Ó§�{α1, · · · , αn}´
�|Ä.

ÃÜÂ�§¡B = {α1, · · · , αn}�kSÄ.kSÄ�¿gÒ´�
��Ä��ü
��^S§;�3

À��I���Ó�Ä�´�IØ�Ó.

·K2.4.1 �dimV < ∞,B = {α1, · · · , αn}´kSÄ§Ké?¿α ∈ VL�{α1, · · · , αn}��5|Ü�
�ª´���,α =

n∑
i=1

xiαi.

y²´w,�.�âd·Kk

½Â2.4.2 ¡xi¡�αi3kSÄe�1i��I§(x1, · · · , xn) ∈ Fn��3{α1, · · · , αn}��I§xi ��
1i �©þ.

u´§ù¢y
V�Fn���éA.P�

ΓB(α) = (x1, · · · , xn), α =

n∑
i=1

xiαi

ù�N����IN�.dÄ�½Â§N´�yù�N�Q´ü�q´÷�.

N´�yΓB(α+ β) = ΓB(α) + ΓB(β),ΓB(cα) = cΓB(α)(5¿ü�\{�¿ÂØÓ)

·�ò÷vþ¡ü�ªf�N����5Ó�N�§XJü��5�m�mk�5Ó�N�§·�

Ò¡ùü��5�mÓ�

u´§l�5�m¿Âe§l�I�±��VÚFnÓ�.u´§·���?¿k��5�mþÚ,

�FnÓ�.�·���oØ��ïÄFnQºÏ�§XJ�½
FnKk
,«AÏ5§»�
é¡5.¿

�V�Ø�6uÄ�À��5�§â´����5�.��S%5�.ù��5�â�\�§XJ�½


FnK»�
ù
5�.

(lda\1.2,±eSN�ù�1.2-1.6��£�2.4�Ü©)

��5`§�dimV = n,B = {α1, · · · , αn}´�|Ä·�^��þ5L��I.P�

[α]B =


x1

...

xn


(du��5`Ý
´��N�§N���f(x)Ø´(x)f ,éu�5N�T1, T25`§e��1�þ§

KkT1(α) = αA1, T2(α) = αA2, T1 ◦ T2(α) = αA1A2.ØÎÜaquN��L�.)
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l§·�Ú\�«/ªÝ
¦{§=

α = x1α1 + · · ·+ xnαn = (α1, · · · , αn)


x1

...

xn

 = (α1, · · · , αn)[α]B

N´�y§ù«¦{�÷v¦{(ÜÆ.Ú\ù«/ªÝ
¦{�´�
�B.·�ò[α]B¡��IÝ


½�I�þ.

þã�ΓB��8�w¤��þ.

e�
,�|kSÄ,B′ = {α′1, · · · , α′n},[α]B′Ú[α]B′k�o'XQ?

�Pj = [α′j ]B ∈ Fn×1, P = (P1, · · · , Pn) ∈ Fn×n

�α′j = (α1, · · · , αn)[α′j ]B = (α1, · · · , αn)Pj

l(α′1, · · · , α′n) = ((α1, · · · , αn)P1, · · · , (α1, · · · , αn)Pn) = (α1, · · · , αn)P Ù¥�����ªd©¬

Ý
�5����.

lk'Xª(α′1, · · · , α′n) = (α1, · · · , αn)P

·K2.4.2 e(α′1, · · · , α′n) = (α1, · · · , αn)P§KP�½�_§¿�

[α]B = P [α]B′

½

[α]B′ = P−1[α]B

y²µ

(α1, · · · , αn)[α]B = α = (α′1, · · · , α′n)[α]B′ = (α1, · · · , αn) · P [α]B′ duαi�5Ã'§l[α]B =

P [α]B′

qα′j�5Ã'§lPj´n��5Ã'��þ§lP�_.òþªÓ��¦P−1��[α]B′ = P−1[α]B

·K2.4.3 �B = {α1, · · · , αn}´kSÄ,P ∈ Fn×n�(α1, · · · , αn)P = (α′1, · · · , α′n), K{α′1, · · · , α′n}´
Ä⇔ P �_.

y²µ�Iy²�5Ã'=�.=(α′1, · · · , α′n)X = 0 ⇒ X = 0 ⇔ (α1, · · · , αn)PX = 0 ⇔ ”PX =

0⇒ X = 0” lP�_.

·K2.4.4 B = {α1, · · · , αn}´kSÄ,P ∈ Fn×n�_.K�3����|kSÄB′ = {α′1, · · · , α′n}¦
�[α]B = P [α]B′Ú[α]B′ = P−1[α]B é∀α¤á.

y²µ

�35dcã´y§�Iy��5. �α = α′j=�.

2.5 Summery of Row-Equivalence

½Â2.5.1 �A ∈ Fm×n,e

A =


α1

...

αn


αi ∈ Fn¡�A�1�þ.row(A) := span{α1, · · · , αm} ⊂ Fn§¡�A�1�m.

��mÓn½Â§P�columnA

½ÂA�Ø�ker(A) := {X ∈ Fn×1|AX = 0}´Fn×1�f�m

·K2.5.1 dim row(A) + dim ker(A) = n
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Ù¥,dim row(A)��A�1�.P�row-rank(A)

¯¢þ§�±òdim row(A)w¤�§|AX = 0�å^���ê§dim ker(A) = n=´)�m��

ê§�VAT�n− �å^���ê§¤±oÑ/wù�·KAT¤á.

e¡5y²þã·K§éd·�kÚ\eã·K

·K2.5.2 A,B1�d⇔ row(A) = row(B)

y²µ

”⇒” A ∼ B ⇒ �3P�_§B = PA. ⇒ βi =
∑
j

pijαj ⇒ row(B) ⊂ row(A) Ón��row(B) ⊂

row(A)

,	�>��2y.

duz�Ý
þ�du��1{z�FÝ
§¤±·��IïÄ1{z�FÝ
���5�µ

·K2.5.3 �R ∈ Fm×n´��1{z�FÝ
§KR��"�1�þ�¤rowR��|Ä.

y²µ �

R =



ρ1

...

ρr

0
...

0


�Iyρi�5Ã'§¯¢þe

∑
ciρi = 0 ,�Ä1ki�©þ§´ci,�ci = 0

�·K¤á

£��·K§�A ∼ R,R�1{z�FÝ
§K®yrow(A) = row(R) qw,ker(A) = ker(R),2

(Üdim row(R) = r��"1�ê§dim ker(R)c¡®y�gdCþ§=vkÌ�����ê= n− r
l

dim row(A) + dim ker(A) = dim row(R) + dim ker(R) = r + (n− r) = n

e¡£�þ¡·K�⇐.¯¢þ§·�k

·K2.5.4 �½m ≤ n§�W ⊂ Fn´f�m,dimW ≤ m§K�3���1{z�FÝ
R ∈ Fm×n¦
�row(R) = W

y²µ

ky�35§�α1, · · · , αm ∈ W¦�span{α1, · · · , αm} = W ,ùo´�±���§�±k�Ä2W"

�þ.

�

A =


α1

...

αm


�1{z�FÝ
R ∼ A,Krow(R) = row(A) = W ,lR�3

2y��5µ�R ∈ Fm×n÷vrow(R) = W ,�R¥Ì�¤3��k1, · · · , kr(r ≤ m),·�äóµ

{k1, · · · , kr} U
lù�f�m¥£OÑ5§÷v{k1, · · · , kr} = {1 ≤ k ≤ n|∃(a1, · · · , an) ∈ W,¦�ak =

1, aj = 0(j < k)}. ù�äó|^½Â´w,�§N´y²ü>��¹'X.
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XJkü�R,R′þ÷vrow(R) = row(R′),Kdþã·KÌ�¤3��Ó.�

R =



ρ1

...

ρr

0
...

0


, R′ =



ρ′1
...

ρ′r

0
...

0


�ρ′i′ =

r∑
i=1

ciρi,�Äρ
′
i′�1ki�©þ÷v=�i = i′��ÿ�1§ÄK�0. 

r∑
i=1

ciρi�1ki�©þ�ci. l

�i = i′�ci = 1ÄK�0§lρ′i = ρi,���5¤á.

lkXeíØ

íØ2.5.1 ?Û��A ∈ Fm×n§�3���1{z�FÝ
R ∼ A

y²µ�353k'�§|�(Ø¥®²y²§eR,R′ ∼ A,Krow(R) = row(A) = row(R′),dþ

ã½n�R = R′

2£�⇐
y²µ

�A ∼ R,B ∼ R′, R,R′�1{z�FÝ
.�row(R) = row(A) = row(B) = row(R′) �R = R′,l

A ∼ R ∼ B,lA ∼ B

2.6 Computation Concerning Subspaces

�α1, · · · , αn ∈ Fn,k�
¯Kµ´Ä�5Ã'º)¤f�m�êº���þβ´Ä3)¤�f�m

¥º

�

A =


α1

...

αm

 ∈ Fm×n
Kαi = (Ai1, · · · , Ain)

�{α1, · · · , αn}�5Ã'⇔ ”
∑
xiαi = 0⇒ xi = 0”⇔

At


x1

...

xm

 = 0

�k²�).

lz��§|¯K.

PW = span{α1, · · · , αn},lβ ∈W ⇔

At


x1

...

xm

 = βt

k).

�A ∼ R�1{z�FÝ
.K{α1, · · · , αm}�5Ã'⇔ RÃ"1.
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¯¢þ§{α1, · · · , αm}�5Ã'⇔ dimW = m,dþ!�,Ä�R�¤k�"1§��duRÃ"1.

�

R =



ρ1

...

ρr

0
...

0


, ρi 6= 0

Kρ1, · · · , ρr�R�Ä§�ρi¥Ì�31ki�,k1 < · · · < kr,Kβ = (b1, · · · , bn) ∈ W ⇔ ∃c1, c2, · · · cr ∈ F¦
�β =

r∑
i=1

ciρi ⇔ ∃c1, c2, · · · cr ∈ F¦�bj =
r∑
i=1

ciRij ,∀j = 1, 2, · · · , n�j = ki�bki = ci ⇒ bj =
r∑
i=1

bkirij

�∀j ∈ {1, · · · , n} − {k1, · · · , kn}
�ebki = ci ⇒ bj =

r∑
i=1

bkirij�∀j ∈ {1, · · · , n} − {k1, · · · , kn}§Kβ = (b1, · · · , bn) ∈ W d1{

z�FÝ
�5��
r∑
i=1

bkirij =
∑

1≤i≤r
bkirij

�β ∈ W�§XÛ¦xi¦�β =
n∑
i=1

xiαi? dþ¡��β =
r∑
i=1

bkiρi = (bk1 , · · · , bkr , 0, · · · , 0)R =

(bk1 , · · · , bkr , 0, · · · , 0)PA ��xi¦�(x1, · · · , xn) = (bk1 , · · · , bkr , 0, · · · , 0)P ,Kβ =
∑
xiαi Ù¥xj =∑

bkiPijù�ÒØ^=�Ò�±é�.

��·�5?ØXÛ3eP�&E.=XÛéP ,¦�R = PA,¯¢þ§·���^¦_Ý
�Ó

��{§=e(A, I) = (R,P )KR = PA ¯¢þ(A, I) = (R,P )K�3Q�_§¦�Q(A, I) = (R,P )§

=(QA,Q) = (R,P ).



1nÙ Linear Transformations

3.1 Linear Transformations

½Â3.1.1 �V,W´F�5�m§T : V → W´��N�,¡��5N�(���5C�)§XJT (cα +

β) = cT (α) + T (β),∀α, β ∈ V, c ∈ F=T (α)�5�6uα.

d½Â·�U��T (0V ) = 0W (�c = 1, α = β = 0 =�)

�T�5⇔ T (α+ β) = T (α) + T (β), T (cα) = cT (α) l��T (
∑
ciαi) =

∑
ciT (αi)

~fµ�V = W = F, T : F → F÷vT (x) = ax, a ∈ F��5.eT (x) = x+ 1KØ´�5.

~fµ�V = W,T = idV��5N�§½T (α) = 0þ��5N�

~fµV = Fm×n,W = F p×qÀ½A ∈ F p×m, B ∈ Fn×q½ÂT (C) = ACB���5N�

þ¡�~fdü�AÏ��¹.

~fµA ∈ Fm×n, T : Fn×1 → Fm×1T (X) = AX±9A ∈ Fm×n, U : Fm → FnU(α) = αA

�L5·��k

·K3.1.1 (1)�T : Fn×1 → Fm×1,K�3��A ∈ Fm×n¦�T (X) = AX (2)éu1�þd�Ó�(Ø

y²µ (1)�35.PAi = T (εi),PA = (A1, A2, · · · , An) e¡`²A÷v�¦.

Ké

X =


X1

...

Xn


kT (X) = T (

n∑
i=1

xiεi) =
n∑
i=1

xiAi = AX

lþ¡�y²�¥��±wÑ��5§duA�U�(A1, · · · , An)

·K3.1.2 �V,W´F�5�m§�dimV < ∞,{α1, · · · , αn}´V�kSÄ§?�β1, · · · , βn ∈ W ,K�

3����5N�T : V →W¦�T (αi) = βi

=�5N��±3Äþ?¿��§�´�Äþ�½���§Ù¦�����A/(½.

y²µ �35µé∀α ∈ VL«�α =
n∑
i=1

xiαi��ª��§½ÂT (α) =
n∑
i=1

xiβi KT : V → W´û½

�.

�
�yT´�5N�§�I�yT (cα+ α′) = cT (α) + T (α′)§�\½Â�ªf´w,�.

��5µe�3U : V →W�÷vU(αi) = βi,K

U(
∑
i

(xiαi)) =
∑
i

xiU(αi) =
∑
i

xiβi

lU = T��.

½Â3.1.2 ½Âker(T ) := T−1(0) = {α ∈ V |T (α) = 0}�T�Ø(kernel),��"�m(null-space)

½ÂIm(T ) := {Tα|α ∈ V } ⊂W��T��(image,range)

19
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·K3.1.3 ker(T ) ⊂ V´V�f�m§Im(T ) ⊂W´W�f�m.

y²: du0 ∈ kerT ,�T��§é∀α1, α2 ∈ ker(T ) → T (αi) = 0 �8w,��§¿�∀β1, β2 ∈
Im(T )§K�3α1, α2 ∈ V ,¦�T (αi) = βi Kcβ1 + β2 = T (cα1 + α2).

Pnullity(T ) := dim ker(T ), rank(T ) = dim Im(T )©O��"ÝÚ�

½n3.1.1 edimV <∞,Knullity(T ) + rank(T ) = dimV

3y²�ckw��(Ø

·K3.1.4 T´ü�⇔ker(T ) = {0}
T´÷�⇔Im(T ) = W

T = 0⇔ Im = {0} ⇔ V

y²´w,�.

e¡£�½n�y²

y²µ�ker(T )��|Äα1, · · · , αk,òÙ*¿�V�Äα1, · · · , αn
l�Iy²rank(T ) = n−k§éd·�äó{T (αk+1), · · · , T (αn)}´�8�Ä¯¢þ§duIm(T ) =

{T (
n∑
i=1

ciαi)|ci ∈ F} = {
n∑

i=k+1

ciT (αi)|ci ∈ F} = span{T (αk+1, · · · , αn)} w,{T (αk+1), · · · , T (αn)}�

5Ã'(ÄKòíÑα1, · · · , αn�5�').l�y.

ù�½n^?é�

½n3.1.2 �A ∈ Fm×n§Krow rank(A) = column rank(A),¡�A��(rank),Ú�P�rank(A)

y²µ

dudim ker(A) + dim row(A) = n§e¡·�`²dim ker(A) + dim column(A) = n �T : Fn×1 →
Fm×1, T (x) = AX,Kker(T ) = ker(A) 

Im(T ) =

A

x1

...

xn

∣∣∣xi ∈ F
 =

{
n∑
i=1

xiAi
∣∣xi ∈ F} = span{A1, · · · , An} = column(A)

3.2 The Algebra of Linear Transformations

PL(V,W ) = {T |T : V →W´�5N�}§¯¢þ§�´���5�m.

é∀T,U ∈ L(V,W ),½Â(T + U)(α) = T (α) + U(α),∀α ∈ V, (cT )(α) := cT (α)

N´�y¤k�5�.

�dimV = m, dimW = n·�kdimL(V,W ) = mn.

�T : V →W,U : W → Z½ÂU · T (α) = (U(T (α))).=U ◦ T ∈ L(V,Z)

�±w¤L(V,W ) × L(W,Z)�L(V,Z)�N�.(T,U) → T × U ù�N�´��V�5�N�§=
éT,UÑ´�5N�.

eV = W = Z,½ÂL(V ) := L(V, V ),d�§����5�f.éuT ∈ L(V ),½ÂTn = T × T · · · × T
¿½ÂT 0 = IV�ðÓN�.

N´�y÷vµ

(1) IT = TI = T

(2)U(T1 + T2) = UT1 + UT2, (T1 + T2)U = T1U + T2U, c(UT ) = (cU)T = U(CT )

ù�§·�òL(V )��F-�ê§=3���þ�m¥§zü��þÑ�±½Â¦{§¿�÷v,


5���þ�m.

'XFn×n��±w¤��F−�ê
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3.3 Isomorphism

e¡?Ø�_��5C�

eT ∈ L(V,W )�_§KT−1�´�5N�§d�§¡T´Ó�(Isomorphism)§e�3T ∈ L(V,W )´

Ó�§K¡V,W´Ó��(Isomorphic).

y²µé?¿β1, β2 ∈W, c ∈ F ,KT−1(cβ1+β2) = T−1(cT (T−1(cβ1)))+T (T−1(β2)) = T−1(T (cT−1(β1)+

T−1(β2)))

w,Ó�´���d'X,=V ∼= V, V ∼= W ⇒W ∼= V, V ∼= W,W ∼= Z ⇒ V ∼= Z

'XdimV = n,B = {α1, · · · , αn}´kSÄ.

ΓB : α =
n∑
i=1

xiαi →


x1

...

xn


Ò´��Ó�N�

½n3.3.1 �V,W´��k���F−�5�m§KV ∼= W ⇔ dimV = dimW

y²µ �dimV = n, dimW = m,KV ∼= Fn×1,W ∼= Fm×1

�⇐Kw,§éu⇒��y².

~µéA ∈ Fm×n,½ÂLA ∈ L(Fm×1, Fn×1)�LA(X) = AX

lkFm×n ∼= L(Fm×1, Fn×1)

·K3.3.1 �dimV,dimW <∞, T ∈ L(V,W ),KTFAE:

(1) T �_.

(2) é?¿V�ÄS, T (S)´W�Ä§�|T (S)| = |S|
(3) �3V�ÄS, T (S)´W�Ä§�|T (S)| = |S| ´ü�

dd·K�±íÑþ¡½n�⇒,éd§·�ky²±eü�Ún

Ún3.3.1 TFAE:

(1)T´ü�

(2)é?¿�5Ã'S ⊂ V, T (S) ⊂W��5Ã'§�|T (S)| = |S|
(3)�3ÄS ⊂ V, T (S) ⊂W��5Ã'§�|T (S)| = |S|

Ún3.3.2 TFAE:

(1)T´÷�

(2)é?¿S ⊂ V, span(S) = V, T (S) ⊂W)¤��m
(3)�3S ⊂ V, span(S) = V, T (S) ⊂W )¤��m

3b�Ún��¹e§ky�·K

(1) ⇒ (2):duTQ´ü�q´÷�§dÚn§KT (S)�5Ã'�)¤��m

(2) ⇒ (3):w,

(3) ⇒ (1):dü�Ún�(3)§KTQüq÷§��y

ky1��Ún

y²µ

(1) ⇒ (2),�S = {α1, · · · , αk,e
∑
ciT (αi) = 0⇒ ci = 0

(2) ⇒ (3),?��|Ä=�

(3) ⇒ (1),�S = {α1, · · · , αn}´Ä§÷vT (α1), · · · , T (αn)�5Ã'§��Iyker(T ) = 0 ?�α ∈
ker(T ),�α =

∑
ciαi, �0 = T (α) = T (

∑
ciαi) =

∑
ciT (αi)du|T (S)| = |S|�§�pØ�Ó§l

ci = 0, α = 0
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2y1��Ún

y²µ

(1) ⇒ (2),∀β ∈ W ,e¡y²βU�¤T (S)¥k���5|Ü. du∃α ∈ V¦�T (α) = β �α =∑
ciαi, αi ∈ S,lβ = T (α) =

∑
ciT (αi) ∈ span(T (S))

(2) ⇒ (3),w,

(3) ⇒ (1),S ⊂ V ,lT (S) ⊂ T (V ) = Im(T ),u´spanT (S) ⊂ Im(T ) qduspan(S) = V ,l

Im = W ,lT´÷�

·K3.3.2 �dimV = dimW <∞§KTFAE:(1)Tü§(2) T÷§(3)T�_

y²µ�V�Ä{α1, · · · , αn}lTü⇔ {T (α1), · · · , T{αn} = W ⇔ T÷

,yµdudim ker(T ) + dim Im(T ) = n l§T´ü�⇔ dim ker(T ) = 0⇔ Im(T ) = n⇔ T ´÷�

½ÂGL(V ) := {T ∈ L(V )|T}�_§du�_N��\{Ø�½�_§¤±Ø´�5�m§�U
`GL(V )3N��EÜ$�e�¤��+§��Vþ¡����5+(general linear group).

½Â3.3.1 �8ÜGþ�½
$�G×G→ G, (x, y)→ xy(¦{)÷vµ

(1) (xy)z = x(yz)

(2) �3��e ∈ G,¦�ex = xe = x∀x ∈ G
(3)∀x ∈ G�3��x−1 ∈ G¦�xx−1 = x−1x = e

·�¡G�¤��+

~X§¤k�_Ý
�¤��+§��Ý
����5+§±��±^��þ5�xT´Ä�_§

Ò´T�1�ªdet(T )

�F´���§·���ÄF¥�\{§·�r�¥�\{¡�+p¡�¦{§¤±���3��\

{þ¡�¤��+(\{+)

¦{÷v��Æ�+¡���+§��Abel +,3J��\{+§�Ò´��+§Ï�y3êÆ�

¥¤k¡�\{�$�Ñ´÷v��Æ�.

,��¡§�ÄF −{0}éu¦{��¤����+.éu�þ��5�m¥�þ�\{��¤��+.

3.4 Representation of Transformations by Matrices

�dimV = n,B = {α1, · · · , αn}´kSÄ.Kk���5Ó�N�µ

ΓB : α =

n∑
i=1

xiαi →


x1

...

xn


�dimW = m,B′ = {β1, · · · , βn}�k�5Ó���IN�

u´kΓ′B ◦ T ◦ Γ−1
B §¡�A'uB,B

′�Ý


kdu�3���A ∈ Fm×n¦�L(A) = AX,=LA = Γ′B ◦ T ◦ Γ−1
B òA��T'uBÚB′�Ý
,P

�[T ]B,B′ .

LA = Γ′B ◦ T ◦ Γ−1
B ⇔ LA ◦ ΓB = Γ′B ◦ T ⇔ LA(ΓB(α)) = Γ′B(T (α)) ⇔ A[α]B = [T (α)]′B �Ä

N�L(V,W ) → Fm×n : T 7→ TB,B′ �A = [T ]B,B′ , B = [U ]B,B′ �Γ′B(CT + U) = cΓ ◦ T + Γ′B ◦ U =

cLA ◦ ΓB + LB ◦ ΓB = (cLA + LB) ◦ ΓB = LCA+B ◦ ΓB

2y´ü�:ker = 0,eT 7→ 0 K[Tα]′B = 0 ⇒ Tα = 0,∀α ⇒ T = 0 Ón�±y²´÷�§l

dimL(V,W ) = mn§�

[Tα]′B = A[α]B

l�±lÝ
�Ä��T��|Ä
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|^ãL©Û'�/�§��N��ãL´����

lk

�ÄN�L(V,W )→ Fn×n, T 7→ [T ]B,B′

e�U = W,B = B′§u´k[Tα]B = [T ]B[α]B

~fµV = Fn×1 = W,B,B′�IOÄ§wN�ãL§lü��IN�Ò´ðÓN�§lT =

LA,¿�X[LA]B,B′ = A.

~fµV = W = F 2, T (x1, x2) = (ax1 + bx2, cx1 + dx2)§Ù¥a, b, c, d ∈ F �B = {ε1, ε2}K

[T ]B =

(
a b

c d

)

leα = (x1, x2), [α]B = (x1, x2)t,lk(
ax1 + bx2

cx1 + dx2 =

)(
a b

c d

)(
x1

x2

)

e¡�ÄN�EÜ�Ý
§kn��mU,W,Zü��5N�TV → W,U : W → Z�kS

ÄB,B′, B′′,éd·�k

[U ◦ T ]B,B′′ = [U ]B′,B′′ [T ]B,B′

¯¢þ§PA = [T ]B,B′ , B = [U ]B′,B′′ ,E,lN�ãL5w,�I�[U ◦ T ]B,B′′ = LB ◦ LA=�
dÝ
¦{(ÜÆ§LB ◦ LA = LBA§l�y.

��±dþãªf5½ÂÝ
�¦{§l§duL(AB)C = LA(BC)(N��(ÜÆ)§l��±

����Ý
¦{�(ÜÆ(AB)C = A(BC), �`²
Ý
�¦{¢SþéAXN��EÜ.

£��Ä�k���m��¹.

eT,U ∈ L(V ) ⇒ [U ◦ T ]B = [U ]B[T ]B§du�5N��mÚ�
�mþ�F−�ê§��±n)�
�F−�êÚÝ
¦{���5§�Ò´`ùü��m´F-�ê�Ó�µ[T ] 7→ [T ]B(=\þN��m�¦

{�´�£¯§k'�5N��¤kÀÜÑ�±w¤Ý
þ¡�$�§�Ò´`Ý
£ãÑ
�5N�

�¤kÀÜ§���
Ä§Ò�±ò�5N�w¤Ó�)

'uF−�ê�Ó�§��±��id 7→ In,��±��T�_⇔ [T ]B�_§�[T−1]B = [T ]−1
B

�´duÝ
�6uÄ�À�§éT ∈ L(V ),�ü�kSÄB,B′§K[T ]B, [T ]′B�Ø´ØÓ�Ý
§

�´·�d[T ]BÚ[T ]′B�q

E,lN�ãL�±wÑ�3�����Ý
P ∈ GLn(F ) ¦�N�ãL�±��§���Ý
ã

L§��e¡������§l¿�X

L[T ]′B
◦ LP = LP ◦ L[T ]B′ ⇒ L[T ]BP=LP [T ]

B′
⇒ [T ]BP = P [T ]B′

l[T ]B′ = P−1[T ]BP

e¡`²¯¢þPÒ´�IC��LÞÝ
§¯¢þ§dun�/�N�ãL���.�B =

{α1, · · · , αn}, B′ = {α′1, · · · , α′n lk((α′1, · · · , α′n) = (α1, · · · , αn)P )

½Â3.4.1 ¡A,B ∈ Fn×n�q§XJ�3P ∈ GLn(F ) ¦�B = P−1AP ,P�A ∼ B

N´�y�q´�«�d'X§�ÄA��q�da:= {B ∈ Fn×n|b∼A

�3þ¡J��N�¥�H¤kkSÄ�§e¡`²¤k�Ý
�¤���q�da.

¯¢þ§d½Â§w,z�Ý
Ñ�q§�L5§éuz�C ∼ [T ]B,e¡y²�3B′¦�TB′ = C

¯¢þ§òB′��C¤éA�Ý
P=�.u´·���

{[T ]B|B´V�kSÄ}
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´���q�da.

�5�ê�¿ÂÒ3uXJw�5N�ØN´wÑ5�§�·��±��|Ä¦�Ý
¿©�{

ü§�Ò´`k?���kSÄB,����Ý
[T ]B,¤±ù�¯K=z¤
é���[T ]B�q�Ý
k

õ{ü.

2£�ü��m��¹,TU →W ,V�ÄB = {α1, · · · , αn}, B′ = {β1, · · · , βm} lk[Tα]′B = A[α]B

α = (α1, · · · , αn)[α]B, [Tα] = (β1, · · · , βm) = [Tα]′B = (β1, · · · , βm)A[α]B

qTα = (Tα1, · · · , Tαn)[α]B Ïdé?¿α, (Tα1, · · · , Tαn)[α]B = (β1, · · · , βm)A[α]B �(Tα1, · · · , Tαn) =

(β1, · · · , βm)A§=Tαj =
∑
Aijβi1 ≤ j ≤ n

3.5 Linear Function

���5N���´L(V,W )§eW = F ,K¡��5¼ê.PV ∗ = L(V, F )�¤k�5¼ê�8Ü.

edimV <∞,ddimF = 1�dimV ∗ = dimV ,edimV =∞§KdimV ∗ > dimV

~f:�Ä8Ü{x1, x2, · · · )|xi�kk�� 6= 0 KdimV = |N|,PW = {(y1, y2, · · · )}§KdimW = |R|
½Âéα ∈W½Âfα(x1, · · · , xn) :=

∑∞
i=1 xiyi

�ÄW → V ∗´��ü�§�|V ∗ | ≥ |W | > |V |
�B = {α1, · · · , αn}´V�kSÄ§K�3��fi ∈ V ∗¦�fi(αj) = δij§N´�yf1, · · · , fn´V ∗�

Ä§¡�B�éóÄ.

íØ3.5.1 é∀f ∈ V ∗,�3c1, · · · , cn ∈ F¦�f =
n∑
i=1

cifi

e¡¦ÑíØ¥�ci,=`²f =
n∑
i=1

f(αi)fi,¯¢þ�Äf(αi)=�.u´§é?¿α =
∑
fi(α)αi§¿�

k

[α]B =


f1(α)

...

fn(α)


~f:V = Fn, B = {ε1, · · · , εn}, fi÷vfi(x1, · · · , xn) = xi é?¿f ∈ V ∗�ai =

∑
f(εi)§Kf =∑

aifi =f(x1, · · · , xn) =
∑
aixi

���¹µα =
∑
xiαi ⇒ fi(α) = xi,é∀f ∈ V ∗,�ai = f(αi) Kf =

∑
aifi ⇒ f(α =

∑
aixi)

~f:V = Fn×n½Âtr ∈ (Fn×n)∗�tr(A) =
n∑
i=1

Aii ¡�,(trace)

~f:?�8ÜS,½ÂV = FS = {f : S → F},és ∈ S,½ÂLs(f) := f(s),∀f ∈ V�s:?���¼ê.

d�êúª�±����§ef ∈ V ∗ − {0}§Kdim(f) = n− 1.

eW ⊂ V,dimW = dimV − 1§K¡W�V¥��²¡(hyperplane)§·�¡dimV − dimW�{

�ê§�Ò´`XJ{�ê�1§K��²¡.

½Â3.5.1 �S ⊂ V, S0 := {f ∈ V ∗|f(α = 0, α ∈ S} ⊂ V ∗)¡�S3V ∗¥�"zf�m(annihilator),k

�P�S⊥

d½ÂS0 = {f ∈ V ∗|S ⊂ ker(f)} = {f ∈ V ∗|f(S) = {0}}
e¡y²§éu?¿8ÜS,ÑkS◦´f�m§¯¢þ§duS 6= ∅�f, g ∈ S0 ⇒ cf + g ∈ S0

eS = {0} ⇒ S0 = V ∗,d?Ø�½S0(∅),eS = V ,KS◦ = {0},�eS1 ⊂ S2 ⊂ V ⇒ S0
2 ⊂ S0

1

d�5N��½ÂN´��S0 = (spanS)0

½n3.5.1 dimV <∞´�5�m,W ⊂ V´f�m§KdimW + dimW 0 = dimV

y²µ
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�W�Ä{α1, · · · , αk},¿*¿�V�Ä§B = {α1, · · · , αn},�B∗ = {f1, · · · , fn} ⊂ V ∗äóµ{fk+1, · · · , fn}´W0�

Ä.

ky²i ≥ k + 1�,fi ∈W 0§¯¢þ§d�kfi(α1) = · · · = fi(αk) = 0lfi ∈ {α1, · · · , αk}0 = W 0

§�w,�5Ã'§e¡y²span = W 0,¯¢þf =
n∑
i=1

f(αi)fi =
n∑

i=k+1

f(αi)fi ∈ spandd=y

�A ∈ Fn×n§±ckLy²dim row(A) + dim ker(A) = n,±c|^Ý
�Ð�1C�y²L

ù�(Ø§¯¢þ§�V = F ∗, KFn×1 ∼= V ∗:∀x ∈ Fn×1§½ÂfX ∈ V ∗�fX(α) = αX e¡y

²Fn×1 → (Fn)∗, x 7→ fX´Ó�N�.

éX ∈ Fn×1, X ∈ ker(A)⇔ α1X = · · ·αmX = 0⇔ fX(αi) = 0(1 ≤ i ≤ n)⇔ fX = {α1, · · · , αm}0 =

row(A)0

AO/§dim kerA = dim row(A)0 = n − dim row(A),u´·�Ø^Ð�1C�Òy²
Ý
�1�

�u��§ù«y²´�«conceptual proof.

íØ3.5.2 �W ∈ V´f�m§dimV = n, dimW = kK�3f1, · · · , fn−k ∈ V ∗¦�

W =
n⋂
i=1

ker(fi)

AO/§eW´�²¡§K�3f ∈ V − {0}¦�W ∈ ker(f)

y²:e¡y²

W =

n⋂
i=k+1

ker(fi)

Ù¥fi�þã½ny²�¥�½Â�Ó.ù´w,�.

íØ3.5.3 �W1,W2 ⊂ V´ü�f�m§XJW 0
1 = W 0

2§KW1 = W2

�Ò´`§ÏL�"zf�mvk���5f�m�&E§U
l"zf�m¥£OÑ�5�f�

m

y²µ�y{§XJ�3α,¦�α ∈ W2, α 6∈ W1 dc¡�íØ§�3f1, · · · , fn−k¦�W =
n−k⋂
i=1

ker(fi) ⇒ fi ∈ W 0
1lfi(W ) = 0 �α 6∈ W1 ⇒ ∃i0¦�fi0(α) 6= 0 ⇒ fi0 6∈ W2,lW 0

1 6= W 0
2

l��gñ�

3.6 The Double Dual

ù!·�5ïÄ(V ∗)∗,=(V ∗)∗ ∼= V

e¡é��V → (V ∗)∗�Ó�N�µéα ∈ V§½ÂLα ∈ V ∗∗�Lα(f) = f(α)�3α?���¼ê.

·K3.6.1 edimV <∞§Kù´���5Ó�N�

y²µ

�5Lcα+β = cLα + Lβ§¯¢þ§é?¿f ,Lcα+β := f(cα+ β) = cf(α) + f(β) = (cLα + Lβ)(f)

ü�µ�Lα = 0§=Lα(f) = 0,∀f ∈ V ∗ ⇒ α = 0(eα 6= 0,K�3Ä{α1, · · · , αn}¦�α1 = α§�é

óÄ§�f1(α) 6= 0,gñ)

¯¢þ§þ¡�y²Ø�6k��.

��±|^�3fi¦�{0} =
⋃
i=1

ker(fi)

÷�:du�m´k��§KdimV ∗∗ = dimV ∗ = dimV , �qdu�ü�§l�÷�.

íØ3.6.1 é?¿�V ∗�Äf1, · · · , fn�3���V�Ä§¦�fi(αj) = δij§�Ò´`V
∗�?¿ÄÑ´

éóÄ
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y²µ

�{f1, · · · , fn}3V ∗∗¥�éóÄ{L1, · · · , Ln}÷vLi(fj) = δij �3αi ∈ V¦�Li = Lαi ,lLi(fj) =

Lαi(fj) = fj(αi) ��53uLi�αiþ��

éd§α1, · · · , αn�´f1, · · · , fn3V¥�éóÄ.

éS ∈ V, S0 ∈ V ∗§PE1 ⊂ V ∗,KE0
1 = {L ∈ V ∗∗|L(f) = 0,∀f ∈ E} þª�{Lα ∈ V ∗∗|Lα(f) =

f(α) = 0,∀f ∈ E ∼= {α ∈ V |f(α) = 0,∀ ∈ E ∼=
⋂
f∈E

ker f ,

dd§Kk(S0)0 = spanS(î�5`AT�∼=), AO/,eS´f�m§Kk(S0)0 = S

½n3.6.1 dimV <∞, S ⊂ V ,K(S0)0 = spanS

y²µ

AO/§eW ⊂ V´f�m§K(W 0)0 = (∼=)W

éu��Ý
A, kerA�AX = 0�)�m§erow(A1) = row(A2)§Kker(A1) = ker(A2),e¡y

²eker(A1) = ker(A2)§Krow(A1) = row(A2).

¯¢þ§�V = Fn, V ∗ ∼= Fn×1§ù��¿Âe§Kker(A) = row(A)0,l§duker(A1) =

row(A1)0, ker(A2) = row(A2)0,lrow(A1) = row(A2)

�V1, V2´ü�k����þ�m§����¼êφ : V1 × V2 → F ,¡�V�5¼ê(bilinear

function)§XJ�½��Cþ�,��Cþ´�5�.

~X§�Äϕ : V × V ∗ → F : ϕ(α, f) 7→ f(α),½öϕ : Fn × Fn×1 → F : ϕ(α,X) 7→ αX

·�`§ùü�~f÷v,«�òz�5�§=é∀α 6= 0 ∈ V1,∃β ∈ V2¦�ϕ(α, β) 6= 0, é

uβ 6= 0 ∈ V2�kaq�5�.

·�¡�òz�V�5¼ê�V1, V2�m����é(pairing)§edimV1,dimV2 < ∞§äóµXJ
�3�òz�V1ÚV2��é§KdimV1 = dimV2

y²µ

�Äσ : V1 → V ∗2 : σ(α)(β) = ϕ(α, β).du∀α 6= 0 ∈ V1,∃β ∈ V2,�σ�ü�§ldimV1 ≤ dimV2.

aq/§kN�τ ,ldimV2 ≤ dimV1,u´dimV1 = dimV2

�L5��σ, τÑ´�5Ó�§u´ÏLù��5Ó�V1
∼= V ∗2�w¤�£¯§,	��Ón§u

´§lù��¡��wÑV, V ∗∗ �´�£¯.éu�é§·���±P〈α, β〉 = ϕ(α, β)§u´f(α)��±

�¤〈f, α〉, 〈α, f〉
e¡?Ø�
Ã����/§Äk§·�Ú\û�m.

½Â3.6.1 éu���5�mV,W ⊂ V´f�m§½ÂV/W := {α+W |α ∈ V },Ù¥α+W := {α+β|β ∈
W . z�α+W��V �����f�m§�����W��8.

duα1 +W = α2 +W ⇔ α1−α2§�ØÓ��8Ø��§u´§½Âα1 ≡ α2(modW )⇔ α1−α2´

���d'X§¿�z��daTÐ´���8§u´V/W , ��±w¤���da�8Ü.

·�3ù
�8þ½Â�þ\{ÚXþ¦{µ½Â(α + W ) + (β + W ) = (α + β) + W ,c(α + W ) =

cα + W .Äk§I��y§ù«½Â´û½�.ù�d�þ�m�½Â´w,�.¯¢þ§XJα1 + W =

α+W,β1 +W = β +W ,@o§N´��(α1 + β1) +W = (α+ β) +W

u´§ù�ù
�da��¤���5�m§¡�û�m.ù��mS�"�þ�WgC.l§·�

kN�Q : V → V/W§´���5N�.¡�ûN�.´���5N�§¿�´÷�.ker(Q) = W

u´§��

dim(V/W ) = dimV − dimW

·K3.6.2 �f ∈ L(V,Z),W ⊂ V´f�m§b�W ⊂ ker(T ),K�3����5N�T ′ ∈ L(V/W,Z),¦

�ãL���.=T ′ ◦Q = T

��§XJ�3T ′¦§���§K7LkW ⊂ ker(T )§ù�·K=`²�L5�¤á.
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y²µky��5,XJ�3T ′¦�T ′ ◦Q = T ⇒ T ′(α+W ) = T (α)α ∈ V ,l§XJ�3§w,�

�.

2y²�35µe¡y²µdT ′(α + W ) = T (α)(¢÷v^�.�Iy²û½.ØÓ�α�±½Â�Ó

�α+W ,��k3d�T (α)��Óâ�±½Â§duW ⊂ ker(T )§l¤á.

éuþã·K§d�ker(T ′) = ker(T )/W, Im(T ′) = Im(T ),AO/§eW = ker(T )�T´÷�§l

T ′´Ó�N�§�Ò`²
e´÷�§Kk

V/ ker(T ) ∼= Z

��5`§k

V/ ker(T ) ∼= Im(T )

y²µ

α+W ∈ ker(T )⇔ T ′(α+W ) = 0⇔ α ∈ ker(T )⇔ α+W ∈ ker(T )/W ,	��Ón.

e¡£�'uÃ���5�m�?Ø§éN ⊂ V ,e¡ü�Qã�dµ

(1) N´V�4�ýf�m(N´ýf�m§¿�éf�mW ⊂ V ,eN ⊂W ,KW = N½V )

(2) dimV/W = 1

XJùü^¤á§·�¡N´V��²¡. XJVk��§(2) Ò´�²¡�½Â

y²µ �ÄN�{V�¤k��¹V�f�m} → {V/Nf�m : W 7→ W/N ·�`ù´����é

A.

Äk`²´ü�µeN ⊂W1,W2,W1/N = W2/Ne¡y²W1 = W2

é∀α ∈ W1, α + N ∈ W1/N = W2/N ⇒ ∃β ∈ W2¦�α + N = β + N ⇒ α − β ∈ N ⊂ W2 ⇒ α =

(α− β) + β ∈W2,lW1 ⊂W2,ÓnW2 ⊂W1,lW1 = W2 ´ü�.

e¡`²´÷�§é∀U ⊂ V/N ,�ÄûN�V → V/N§e¡`²Q−1(U) := {α ∈ V |Q(α) ∈
U}´V��¹W�f�m§¿�Q−1(U) 7→ U ,ù´w,�.

£��·K§duùü��mk��éA§�V/NTkü���.�dim(V/N) = 1.l�·K�y.

·K3.6.3 (1)�0 6= f ∈ V ∗Kker(f)´�²¡

(2)eN´�²¡§K�3f ∈ V ∗¦�N = ker(f)

y²µ (1) f 6= 0⇒ Im(f) = F ⇒ V/ ker(f) ∼= F ⇒ V/ ker(F ) = dimF = 1

(2)dimV/N = 1 ∼= V/N =∼= F§=�3Ó�i : V/N → F ,qV�V/NkûN�Q,�f = i ◦
Q,�ker(f) = ker(Q) = N

�N,W ⊂ V ∗,�dimW,N <∞,´ÄkW 0 ⊂ N0 ⇒ N ⊂W ,Ù¥§ùpW 0�
⋂
f∈W

ker(f)º

·K3.6.4 �V,W ⊂ V ∗´k��f�m§KN ⊂W ⇔
⋂
f∈W

ker(f) ⊂
⋂
f∈N

ker(f)

y²µ�Iy”⇐”�W�Ä{f1, · · · , fr}§�±íÑù�·KÚe¡�·K´���

·K3.6.5 �g, f1, · · · , fr ∈ V ∗Kg ∈ span{f1, · · · , fn} ⇐ ∩ ker(fi) ⊂ ker(g)

�Iy⇐.2we¡·K

·K3.6.6 �dimV <∞, E ⊂ V ∗´f8§e
⋂
f∈E ker(E) = {0},KspanE = V ∗

y²µ

duspan(E) = (E0)0 ⊂ V ∗∗ = {0}0 = V

£�þã·K§PW = ∩ ker(fi),�Äû�mV/W ,äóµdimV/W <∞
�ÄN�T : V → F r,½ÂT (α) = (f1(α), · · · , fr(α))§w,´�5N�.ker(T ) = W ⇒�3T ′´ü

�§÷vIm(T ′) = Im(T )÷vT ′´ü�.V/W =∼= Im(T )�k��.£ì¡¤
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�3G,F1, · · · , Fr ∈ (V/W )∗¦�g = G ◦ Q, fi = Fi ◦ Q§Ù¥Q : V → V/W�ûN�(ù
G,FiÒ

´T ′).äóµ
r⋂
i=1

ker(Fi) = {0}({0} = {W})

�α + W ∈
⋂r
i=1 ker(Fi),�Fi(α + W ) = 0 = Fi(Q(α)) = fi(α)§�α ∈

⋂
ker(fi) = W§�α ∈ W ,l

α+W = W .l¤á

31n�·K�¥§�E = {F1, · · · , Fr},líÑspan{F1, · · · , Fr} = (V/W )∗,AO/,G =
∑
ciFi

�G ◦Q = (
∑
ciFi) ◦Ql��(Ø

3.7 The Transpose of a Linear Transformation

�T ∈ L(V,W ),K�3T t ∈ L(W ∗, V ∗),÷vT t(g) = g ◦ T, T t(g)(α) = g(Tα)

Äk,T t´�5N�.=T t(cg1 + g2) = cT t(g1) + T t(g2)§T t(cg1 + g2) = (cg1 + g2)(Tα) = cg1(Tα) +

g2(α) = cT t(g1)(α) + T t(g2)(α) = (cT t(g1) + T t(g2))(α)

ù«N�¡�T�=�N�½��C�.

�T : V →W,U : W → Z§KkU t : Z∗ →W ∗, T t : W ∗ → V ∗,K(U ◦T )t = g◦(U ◦T ) = (g◦U)◦T =

U t(g) ◦ T = T t(U t(g)) = (T t ◦ U t)(g)§l(U ◦ T )t = T t ◦ U t

·K3.7.1 ��mk��§T ∈ L(V,W ),B,B′©O�V,W�ü|Ä§B∗, B′∗�éóÄ§K

[T t]B∗,B′∗ = [T ]tB,B′

y²µP[T t]B∗,B′∗ = B, [T ]tB,B′ = A�B = {α1, · · · , αn}.B′ = {β1, · · · , βm}, B∗ = {f1, · · · , fn}, B∗ =

{g1, · · · , gm} u´k(Tα1, · · · , Tαn) = (β1, · · · , βm)A Ó�§k(T tg1, · · · , T tgm) = (f1, · · · , fn)B �=�§

k 
T tg1

...

T tgm =

 = Bt


f1

...

fm


,�«¿Â�/ªÝ
¦{:

f1

...

fp

 (α1, · · · , αq) =


f1(α1) · · · f1(α1)

...
...

...

fp(α1) · · · fp(αq)


u´ 

T tg1

...

T tgm

 (α1, · · · , αn) = Bt




f1

...

fn

 (α1, · · · , αn)

 = BtIn = Bt
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,��¡ 
T tg1

...

T tgm

 (α1, · · · , αn) =


T tg1(α1) · · · T tg1(αn)

...
...

...

T tgm(α1) · · · T tgm(αn)


=


g1(Tα1) · · · g1(Tαn)

...
...

...

gm(Tαn) · · · gm(Tαn)

 =


g1

...

gm

( Tα1 · · · Tαn

)

=


g1

...

gm

( β1 · · · βm

)
A = ImA = A

lBt = A.éu�
5`,A,Atkéõ�Ó�5�.

·K3.7.2 (1) ker(T t) = Im(T )0 (2) edimW <∞,KIm(T t) = ker(T )0

y²µ (1)ker(T t) = {g ∈W ∗|g ◦ T = 0} = {g ∈W ∗|Im(T ) ⊂ ker(g)} = Im(g)0

u´��T t´ü�⇔ T´÷�(k��¤á§Ã��I�^�ÀJún)

(2)Im(T t) = {g ◦ T |g ∈W ∗} ker(T )0 = {f ∈ V ∗| ker(T ) ⊂ ker(f)

”⊂”w,¤á§�Ä,��¡§I�y²éf ∈ V ∗XJker(T ) ⊂ ker(f)§K�3��g ∈ W ∗§¦

�f = g ◦ T k½Âg0 ∈ Im(T )∗�g0(Tα) = f(α)(well-defined) Ïd§ég0÷v^�§Ù{*¿=�(Ï�

��6uT��8þ�5�)

�I�y²g0U
�5*¿�Wþ. dimW < ∞ ⇒��Im(T )�Ä{β1, · · · , βk}¿*¿�W�
Ä{β1, · · · .βm}½Âg(

∑
ciβi) = g(

∑
ciβi)

dd�±�ÑT t´÷�⇔ T´ü�.

·K3.7.3 eU, V´k��§Krank(T t) = rank(T )

y²µrank(T ) + dim ker(T t) = dimW ∗ qdurank(T ) + dim Im(T )0 = dimV l¤á.

,yµ rank(T ) + dim ker(T ) = dimV (Üdim ker(T )0 + dim ker(T ) = dimV
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4.1 Algebra

½Â4.1.1 �F´���§A´��F−�5�m§¡A´���ê(algebra).XJAþ�¦{$�A ×
A→ A : (α, β) 7→ αβ.¦�

(1)(αβ)γ = α(βγ)

(2)α(β + γ) = αβ + αγ, (α+ β)γ = αγ + βγ

(3)c(αβ) = (cα)β = α(cβ)∀c ∈ F, α, β ∈ A

Ý
�¦{ÚL(V )Ò´�ê,,	�ü��F ⊂ F ′�±Fw¤F ′�ê.

�A = ⊗(V ∗) = ⊕∞r=0(V ∗)⊗r �´F�ê§=Üþ�ê§éA/§|^	È*¿¤��ê§=	�

ê.edimV = n, Kdim ... = 2n

½Â4.1.2 �A,A′´F−�ê§òN�Φ : A→ A′§¡�´F−�ê�Ó�(homomorphism)§XJΦ�

5§�Φ(αβ) = Φ(α)Φ(β).�_�Ó�¡�Ó�(isomorphism).

eΦ�_§KΦ−1�´Ó�§d��Ó�.XJü��ê�m�3Ó�N�§K¡ùü�F−�êÓ
�.~XL(V ) ∼= Fn×n. ��|ÄB½ÂΦ : L(V )→ Fn×n : T → [T ]B

���êA¡�kü ��§XJ�3��1 ∈ A§¦�1α = α1 = α.ekü �§N´�y��5.

¡A´����§XJαβ = βα∀α, β ∈ V
5¿lF−�ê�Ó��½Â§�Ø�Φ(1A) = 1A′

½ÂA = F [[x]] := {(a0, a1, · · · ), an ∈ F ef = (a0, a1, · · · ), g = (b0, b1, · · · )½Âfg = (c0, c1, · · · ),÷
vcn =

n∑
i=0

aibn−i.N´�y¦{÷v��ÆÚ(ÜÆ§�kü �(1, 0, 0, · · · ),¡�Fþ�/ª�?ê�ê.

Px = (1, 0, 0, · · · )§Kxn = (0, · · · , 0, 1, 0, · · · , )�1n��0.�½x0 = 1 P(a0, a1, · · · ) :=
∞∑
i=0

aix
i,ù

�´��PÒØ´�ª.Ï��êÆp¡vk�ê�ê�\{.

dù�PÒ§·�k

(
∞∑
n=0

(anx
n))(

∞∑
n=0

(bnx
n)) =

∞∑
n=0

(
n∑
i=0

aibn−i)x
n

�±ò�����¤(Ø´)
∑
i,j

aibjx
i+j

4.2 The Algebra of Polynomials

5¿{x0, x1, · · · }Ø´Ä.�±�y§��5Ã'§�Ø)¤��m§'X(1, 1, · · · ) /∈ span{x0, x1, · · · }
N´wÑ(a0, a1, · · · ) ∈ span{x0, x1, · · · }�¿©7�^�´ai�kk���".

PF [x] := span{x0, x1, · · · }=�kk���"�Ú
N´�yf, g ∈ F [x]⇒ fg ∈ F [x],lF [x]�´���ê§��F�õ�ª�ê

l{x0, x1, · · · }´õ�ª�ê��|Ä.���§kü �.

30
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3õ�ª�ê�¥§þ¡�¦ÚÒk¿Â
.ÎÒ
n∑
k=0

akx
kÒ´��PÒ§��akk'§x

k�´��

/�Þ0.

±�òF [x]¥�������±F�Xê�õ�ª.òF¥���cw¤õ�ª(c, 0, · · · )§��Xþõ
�ª.ù��õ�ª¦{ÚXþ¦{´�(J´���.XJf ∈ F [x] 6= 0§ò¦�ak 6= 0����kP

�f�gê(degree),P�deg f .d�§f��±L«¤

f =
n∑
k=0

akx
k(an 6= 0)

�½deg 0 = −∞§ù�−∞�´���½�PÒ§÷v�
·�N´�É�5�§=a > −∞(∀a ∈
R), a+−∞ = −∞, (−∞) + (−∞) = −∞.

édeg f = n ≥ 0§¡an�f�Ä�Xê.XJan = 1§¡�f�Ä��(monic)

·K4.2.1 �f, g ∈ F [x]

(1)ef, g 6= 0,Kfg 6= 0(õ�ª�êÃ"Ïf),�deg(fg) = deg f + deg g

(2)ef, g´Ä��§Kfg�´Ä��

(3)fg´�"�Xþõ�ª⇔ f, g�´�"�Xþõ�ª

(4) deg(f + g) ≤ max{deg(f),deg(g)}

y²µw,.

íØ4.2.1 õ�ª¦{¥k��Æ:ef 6= 0, f, g, h ∈ F [x]÷vfg = fh,Kg = h

½Â4.2.1 �A´kü ��F−�ê§f ∈ F [x]§ef =
n∑
k=0

akx
k,éα ∈ A,½Âf(α) =

n∑
k=0

akα
k ∈ A§

¡�f3α?���.

eA = F§ÒC¤
±c'uõ�ª�n)§=õ�ª¼ê.d�f�±n)¤��A�gC���N

�.

�A = L(V ), Fn×n, F [x]�þC¤
aq�$�.ég ∈ F [x]§df(g) =
n∑
k−0

akg
k§e�g = x =

(1, 0, · · · )§Kf(x) =
n∑
k=0

akx
k§§Ò´��f .�¿Âu)
���UC§�ö�L
��p�Ñ�N�.

·K4.2.2 �½α ∈ A,KN�Φ : F [x]→ A : f 7→ f(α).´��F−�ê�Ó�§w¤��3α?���N
�.

4.3 Polynomials Ideals

½Â4.3.1 F [x]���f�mM¡�F [x]�n�(ideal),XJ∀f ∈ F [x],∀g ∈ M,fg ∈ M . =MØ=é¦

{µ4§¿�����áuM ,§��¦ÈÒ3M¥§�±{ü/P�F [x]M = M

'X§�½d ∈ F [x]§�Ä{df |f ∈ F [x]}´��n�.P�(d)

�d1, · · · , dn ∈ F [x]§��±�Äd§�)¤�n�(d1, · · · , dn) := {
∑

i difi|fi ∈ F [x]}
�'X�Ä

∑
k akx

2ké¦{�µ4§�ÒØ´n�.

d��õ�ª)¤�n���Ìn�(main ideal).·�ke¡�½n

½n4.3.1 F [x]�n�Ñ´Ìn�§¯¢þ§é?¿��"n�M ⊂ F [x]§�3����Ä��d ∈
F [x]§¦�M = (d)

éd§·�ky²µõ�ªU
��{Ø{§=

½n4.3.2 �f, d ∈ F [x], d 6= 0§K�3���q, r ∈ F [x]§Ù¥deg r < deg d¦�f = dq + r

y²µ
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�35:^8B{§édeg f ∈ {−∞, 0, 1, · · · }�8B.

edeg(f) ∈ deg(d)§K�q = 0, r = f

e¡�deg f = m ≥ deg d§d8B{§��égê< m�f¤á§e¡�Äm��/,�

f =
m∑
k=0

akx
k, d =

n∑
k=0

bkx
k, am, bn 6= 0,m ≥ n

-f ′ = f − d(
am
bn
xn−m)§Kdeg(f ′) < m§d8Bb�§�3q′, r′,deg(r′) < deg d¦�f ′ = dq′ + r′

�\f�ªf=��35

��5µ�f = dq + r = dq′ + r′,�d(q − q′) = r′ − rü>�gê§�

deg(d) + deg(q − q′) = deg(r′ − r) ≤ max{deg(r),deg(r′)} < deg(d)

��Udeg(q − q′) = −∞,�q = q′,lr = r′

e¡£���½n�y²µ

y²µ

�35µ�M¥gê���õ�ªÄ�õ�ªd§e¡y²M = (d) w,§é∀df ∈ (d),qd ∈
M ,�(d) ⊂M

,��¡§�?¿f ∈ M ,d�{Ø{½n§�3q, r¦�f = dq + r, deg(r) < deg(d)§qdq ∈ M ⇒
r ∈M ,qdeg(d)��Ur = 0.lf = dq ∈ (d)§lM = (d)

��5µ�(d) = (d′)§Kd ∈ (d′)§Kd = d′f§Ónd′ = dg,ld = dfg§qd 6= 0§lfg = 1§

�f, g´Xþõ�ª§qdÄ�§��Ud = 1

½Â4.3.2 �p1, · · · , pn´n�õ�ª§Ø��0§�Än�(p1, · · · , pn)�Ä�)¤�d¡�p1, · · · , pn��
�úÏª(greatest common divisor)§P�d = gcd(p1, · · · , pn),XJgcd(p1, · · · , pn) = 1§K¡p1, · · · , pnp
�(coprime),d�(p1, · · · , pn) = F [x]§=�3f1, · · · , fn ∈ F [x],¦�

∑
pifi = 1

½Â4.3.3 �f = dq + r,er = 0§KP�d|f§��d�Øf ,f�d�Ø§d��f�Ïf(factor).

·K4.3.1 �p1, · · · , pn, d ∈ F [x]§dÄ�§Ke¡ü^�d

(1)(p1, · · · , pn) = d

(2)d|pi§�é?¿�f§ef |pi�¤á§KU
íÑf |d

(1)⇒(2)§w,d ∈ pi,�pi = fgiqd ∈ (p1, · · · , pn)⇒ d =
∑
pifi = fgifi ⇒ f |d

(2)⇒(1),�(p1, · · · , pn) = (d0)§Kd0 =
∑
pigi§qd|pi ⇒ pi = dfi ⇒ di =

∑
dfigi ⇒ d|d0

qpi ∈ (d0)⇒ d0|pi ⇒ d|d0§ld = d0

¦��úÏª�L§��Î=�Ø{:X(d) = (p1, · · · , pn) = (p1) + · · · + (p4) = (p1) + (p2) + (p3) +

(p4) = ...

e¡�Ñ¦��úÏª�,���{

½Â4.3.4 (1) f ∈ F [x]3Fþ��§XJ�3ü�õ�ªg, h, deg(g),deg(h) ≥ 1§¦�f = gh,ÄK

¡fØ��. dd½Â§XJdeg f ≤ 1§Kf�½Ø��§AO$Xþõ�ªØ��.

(2)�Xþ�Ø��õ�ª��Fþ��õ�ª.(y3ù���®²'��
),�±��deg = 1K�½

´�õ�ª§XJ���÷v�õ�ª�U´�g�§KF¡��ê4�.Eê�=´�ê4�.

�â½Âf 6= 0Ø��§XJd|f§K�od´~ê,�od = cf, c ∈ F

·K4.3.2 �f, g, p÷vp´�õ�ª§b�p|fg§Kp|f½p|g(ù�â´ý��/�0�½Â)

y²µØ��pÄ�.ØK�^�Ú(Ø§b�p 6 |f ,e¡y²p|g.

�d = (f, p)§Kd|p�d = 1½d = p.qd|f, p 6 |f§K�Ukd = 1

l�3f0, p0§¦�f0f + p0p = 1§Ïdf0fg + p0pg = g,lp|g
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íØ4.3.1 p´�õ�ª§�p|f1 · · · fn,Kp|fié,�i¤á.

½n4.3.3 (õ�ª���Ïf©)½n) ∀f ∈ F [x] − F´Ä�õ�ª§Kf�©)�f = p1 · · · pn§Ù
¥pi´�õ�ª§¿�3ØOpigS�¿Âe´���.

y²µ

�35µén = deg(f)?18B§�n = 1�(Øw,.

éu���¹§Xf´�õ�ª§K¤á§ÄKfØ´�õ�ª§KfU
�¤g, h§Ù¥deg(g),deg(h) <

deg(f)§ég, h|^8Bb�=�.

��5µ

�f = p1 · · · pn = q1 · · · qm§¿�pi, qj�§Ä�§òE��3�å§P�
f = pn1

1 · · · pnrr = qm1
1 · · · qmss §�pi, qjpØ�Ó.

?���pi§�pi|qm1
1 · · · qmss ,�pi|qjé,�j¤á.lpi = qj

lz�piÑ´,�qj§l{p1, · · · , pr} ⊂ {q1, · · · , qs§Ónk����¹'X§l{p1, · · · , pr} =

{q1, · · · , qs.ü�§Ø��pi = qi§2w,((¢w,...)z�õ�ª��g��.

|^ù���Ïf©)½n�±^5¦��úÏª.

·K4.3.3 �f1, · · · , fn ∈ F [x]− F ,dþã½n§�±ò§���

f1 = pk111 · · · pk1mm , · · · , fn = pkn1
1 · · · pknmm

Ù¥p1, · · · , pm�¤kõ�ª�¤k�Ïf§�ê#Nk0§Pai = min{k1i, · · · , kni},Kgcd(f1, · · · , fn) =

pa11 · · · pamm
y²µ

Pd = pa11 · · · pamm �Iyd|fi,¿�XJg|fi ⇒ g|d.w,d|fi
,�g|fi,�g = cpr11 · · · prmm qs11 · · · qstt .Ù¥#N,��ê�0§¦�z�piþÑy.¿�¦z�pi, qjþÄ

�

e,�sj > 0§Kqj |g§g|fi ⇒ qj |fi(∀i)⇒ qj |f1 ⇒ qj |pi ⇒ qj = pi

aq/§XJ,�ri > ai��±y²gñ.

½Â4.3.5 XJf(c) = 0§K¡c´f��(root)§��":

·K4.3.4 �f ∈ F [x], c ∈ F ,Kc´f�⇔ (x− c)|f

y²µ �3q, r ∈ F [x],¦�f = (x− c)q + r, deg(r) ≤ 0=r ∈ F
e¡`²þ¡�ªf¥·��±òc”�?�”§ù�Ò���Ñ
(Ø.¯¢þ§|^F−�ê�Ó

�F [x]→ A : f 7→ f(A)¥òA��F=�.

·K4.3.5 éu�Fe¡ü�·K�d:

(1)?Ûf ∈ F [x]− Fok�
(2)�õ�ª�gê�½´1

XJF÷vþ¡ü«5����§K¡�F��ê4�.'XCÒ´�ê4�§,	�Ä¤k�êê�
8Ü§§�´���ê4�§§´knê���ê4�.

y²µ

(1)⇒(2):�p´�õ�ª§d(1),pk�§�p(c) = 0§lx − c|p§qp´�õ�ª§lp = a(x −
c)(a ∈ F )§ldeg(p) = 1

(2)⇒(1)�F = F [x] − F§d��©)½n§�f = p1 · · · pk§qz�pi�gê�Ñ´1§lp1 =

x− c,lc´p1��§l�´f ��.

½n4.3.4 �f ∈ F [x]− {0},deg f = n§Kf�õkn��
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y²µ

én^êÆ8B{§�n = 0w,.b�< n¤á§�n�

efÃ�K¤á§ÄK§XJgk�§Krx− cØ��^8B{=�

½Â4.3.6 N�φ : F → F¡�õ�ª¼ê§XJ�3f ∈ F [x],¦�φ(t) = f(t),∀t ∈ F ,d�Pφ = f

XJFkÃ¡õ���§K�±íÑf��§ÄK§eF = Fp,Kxp = x§Ø��

·��Ä¤kFN�gC�õ�ª¼ê�8ÜA§N´wÑ§�´��F�ê.�ÄF [x]→ A : f 7→ f§

´��f�ê�Ó�§dõ�ª¼ê�½Â�´÷N�§§´ü��¿©7�^�´Fp¡kÃ¡õ�

��§¤±XJF´Ã��§ùÒ´��F�ê�Ó�.

½Â4.3.7 �c ∈ F´F��§Kc��f���ê:= maxr{r ≥ 1|(x− c)r|f}

ïÄõ�ªê���k�óä´f�/ª�ê§P�Df½f ′,éuf =
∑n

k=0 akx
k,KDf :=∑n

k=1 kakx
k−1

U
y²§XJcharF = 0§Kc�ê= min{k ≥ 0|(Dkf)(c) 6= 0}
XJê≥ 2§K¡c´f��§XJê�1§K��f�ü�.

N´��c´�⇔ c´Df��

íØ4.3.2 (1)egcd(f, f ′) = 1,KfÃ�

(2)eF´�ê4�§Kþã·K�_·K�¤á

y²´w,�

4.4 Lagrange Interpolation

½n4.4.1 �t1, · · · , tn ∈ FpØ�Ó§Ké?¿c1, · · · , cn ∈ F ,K�3����gê≤ n�õ�ªf ∈
F [x]§¦�f(ti) = ci

f =

n∑
i=0

ci
∏
j 6=i

x− tj
ti − tj

�35�\y²=�§��5|^ng�§�õkn��=�.

PV = {f ∈ F [x]|deg(f) ≤ n}§KdimV = n+ 1,Ä�{1, x, · · · , xn+1}
½ÂLi ∈ V ∗�Li(f) = f(ti), i = 0, · · · , n
K{L1, · · · , Ln}´V ∗�ÄU
íÑti�¤�VandermondeÝ
�_.

¯¢þ§�{p1, · · · , pn}´L0, · · · , Ln�éóÄ§Ké∀f ∈ V ,f =
∑
Li(f)pi =

∑
f(ti)pi

�f = xj ⇒ xj =
∑
tjpi.l

(1, x, · · · , xn) = (p0, · · · , pn)A

A´VandermondeÝ
.�L5��±y²¤á
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18Ù Elementary Canonical Forms

6.1 Introduction

é�Fþ�k���þ�mV ,éT ∈ L(V ),·��5�xT

�V��|ÄB,KTk��Ý
L«A = [T ]B,=

(Tα1, · · · , Tαn) = (α1, · · · , αn)A

|^Ý
5�Ä¯KKòC�äN�éõ.

~X,�äT´Ä�_,K�¦A�1�ª=�,2X¦dim KerT , ��±òÝ
?1·��Ð�1C�

=�¦.

Ïd,·�F"é�|Ä,¦�T�Ý
[T ]B¦þ{ü.AO/,·�k

½Â6.1.1 ���5C�T¡��é�z�,XJ�3�|ÄB,¦�[T ]B�é�Ý
.

XJ�é�z,@o�@£ù�Ý
TÒé{ü
.e¡·�Ò5ïÄ�é�z��
5�±9�ä�.

·�®²��,éuT ∈ L(V ),k

{[T ]B|B´kSÄ}

´���q�da.

u´¯K8(�,I�3���q�dap¡é��¦þ{ü�Ý
.

½Â6.1.2 ¡Ý
A�é�z,XJ�3�A�q�é�Ý


éd,·�Ú\e¡�Vg

6.2 Characteristic Values

½Â6.2.1 �T ∈ L(V ),éc ∈ F ,P

Vc = Ker(cidV − T ) = {α ∈ V |Tα = cα}

éuý�õêc,cidV − T�_,d�Vc = {0},XJVc 6= {0},K¡c´T�A��,¡Vc´'uA��c �A

�f�m.Vc¥��"�þ¡�'uA��c�A��þ.T�A��8Ü¡�T�Ì8,P�σ(T ) = {c ∈
F |Vc 6= 0}

·K6.2.1 �T ∈ L(V ),B´kSÄ,K[T ]B´é�Ý
⇔B¥��þÑ´T�A��þ

u´,T�é�z⇔�3dA��þ�¤�Ä⇔ T�A��þ)¤��m

y² �B = {α1, · · · , αn}, A = [T ]B,KTαj =

n∑
i=1

Aijαi

u´Aé�⇔éz�j,�3cj ∈ F¦�Tαj = cjαj ⇔z�αj´A��þ

e¡�ÄÝ
��/

36
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½Â6.2.2 �A ∈ Fn×n,éc ∈ F ,P

Ker(cIn −A) = Ker(cidFn×1 − LA) = {X ∈ Fn×1|AX = cX}

éuý�õêc,cIn − A�_,d�Ker(cIn − A) = {0},XJVc 6= {0},K¡c´A�A��,¡Ker(cIn − A)´

'uA��c �A�f�m.Vc¥��"�þ¡�'uA��c�A��þ.A�A��8Ü¡�A�Ì8,P

�σ(A) = {c ∈ F |Vc 6= 0}

l,A�é�z⇔�3dA�A��þ�¤�Fn×1�Ä.

e¡5¦A��

Ún6.2.1 (1) σ(T ) = {c ∈ F |det(cidV − T ) = 0)

(2) σ(A) = {c ∈ F |det(cIn −A) = 0)

dudet(cIn −A)´��'uc�ngõ�ª¼ê.�XJ�´k��§õ�ª¼ê�L�ªØ��§Ï

d·�Ø=�ò§w¤õ�ª¼ê§ATw¤��õ�ª.

e¡·�òù�`{î�zµ

½Â6.2.3 �Ä8ÜX := F [x]× (F [x]−{0}) = {(f, g)|f, g ∈ F [x], g 6= 0}þ�'X: (f1, g1) ∼ (f2, g2)⇔
f1g2 = f2g1´�d'X

PF (x) = X/ ∼�X¥��da�8Ü,P(f, g)¤3��da�
f

g

u´,·���
f1

g1

=
f2

g2

⇔ f1g2 = f2g1

2½Â
f1

g1

+
f2

g2

:=
f1g2 + f2g1

g1g2

,
f1

g1

· f2

g2

=
f1f2

g1g2

N´�y´û½�,¿�3ù�½Â�\{Ú¦{

e,F [x]�¤���,¡�F þ�kn¼ê�.�ù�´�«�{,Ù¥���Ù¢Ø´��¼ê."��

´
0

1
,1��´

1

1
,−f

g
=
−f
g

,��f�"�

(
f

g

)−1

=
g

f
3ù��î�½Âe,�êØ´knê§Ï�knê´�êé��da.u´§·�ATr�êÚ�

ê¤3��da�Óå5.aq/,·�òõ�ªf(x),Úkn¼ê
f(x)

1
�Óå5,3ù�¿Âe,F ⊂ F [x] ⊂

F (x),¿�3ù���Óe,\{Ú¦{´�±�.

½Â6.2.4 �A ∈ Fn×n,�ÄxIn − A ∈ F (x)n×n ¡f(A) = det(xIn − A) ∈ F [x]�A�A�õ�ª.

�T ∈ L(V ),B´kSÄ,fT := f[T ]B¡�T�A�õ�ª.

k
ù�½Â��,·���A��Ò´A�õ�ª��.

U
��l�5N����5½ÂA�õ�ªQºÙ¢´�±�,�ÄV ⊗ (x)È=�,§�±w

¤F (x)��5�m.d�,�Ädet(idV ⊗ x− T ⊗ idF (x)),äNSNÑ�.

lσ(A) = {c ∈ F |det(cIn −A)} = 0,'uA�õ�ª,k

• fAÄ�,deg fA = n,~ê�= (−1)n det(A),xn−1�Xê= − trAdungõ�ª�õkn��,AO

/,·���Ì8o´��k�8.

• A ∼ B ⇒ fA = fB

• fT Ä�,�deg fT = dimV

• σ(T ) = {fT��} ⇒ |σ(T )| ≤ dimV

• eTé�z,[T ]B = diag(c1, · · · , cn), KfT = (x− c1) · · · (x− cn).u´,Ø�Uu)T3ØÓ�kSÄL

«e���é�Ý
¤éA�é��Ø�Ó. ⇒ [T ]B�é��3���ü��¿Âe�Tû½.

(e¡=�6.6!)

éuT ∈ L(V ),W ⊂ V´T−ØCf�m(invariant subspace),�T (W ) ⊂W
w,KerT, ImTþ�T−ØCf�m.
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·K6.2.2 T�é�z⇐⇒ V�©)���ØCf�m��Ú

y² duT�é�z⇒ �3A��þ�¤�Ä.5¿�`²α´A��þFα := span{α}´T− ØC
f�m. �A��þ

d?Ö)P

éf(x) ∈ F [x],Pm(c, f)�c��f���ê.=fU�¤(f − g)mg, g(c) 6= 0,ec > 1,¡c´�.

·K6.2.3 1 ≤ dim(Vc) ≤ m(c, fT ) ,AO/,ecØ´�,KA�f�m´1��.

y² �Vc�kSÄ{α1, · · · , αd},*¿���m��|ÄB = {α1, cd, αn} �1 ≤ g ≤ d�,Tαj = cαjl

T3HBe�Ý
/X (
cId Bd×(n−d)

0 D(n−d)×(n−d)

)
u´

fT = f[T ]B = det

(
xIn −

(
cId B

0 D

))
= det

(
(x− c)Id −B

0 xIn−d −D

)
= (x− c)dfD

lm(c, f) ≥ d

·�¡m(c, f)��êê,dimVc¡�A���AÛê.lþã(Ø�AÛêØ�L�êê.

½n6.2.1 �T ∈ L(V ),K±eA^�d:

(1) T�é�z

(2) V =
⊕
c∈σ(T )

Vc

(3) dimV =
∑

c∈σ(T )

dimVc

(4) fT =
∏

c∈σ(T )

(x− c)dimVc

(5) fT�©)�F [x]¥�gÏª�¦È,�∀c ∈ σ(T )��êê= AÛê

y² (1)⇐⇒ (2): ¯¢þ,(1)⇐⇒ ∃A��þ�¤�|Ä⇐⇒ (2)

(2)⇐⇒ (3): (2)⇒ (3)w,. (3)⇒ (2) dim⊕cVc =
∑

c dimVc = dimV ⇒ (2)

(2) =⇒ (4): �σ(T ) = {c1, · · · , ck}, di = dimVci ,�Bi = {αi1 , · · · , αidi´Vc�kSÄ,K

B = {α11, · · · , α1d1 , · · · , αk1, · · · , αkdk ´V�kSÄ.

qduTαij = ciαij ,�ÄT3Be�Ý
L«[T ]B =


c1Id1

· · ·
ckIdk

⇒ fT =

k∏
i=1

(x− ci)di

(4)⇒ (3) dimV = deg fT =
∑

c∈σ(T )

dimVc

(4)Ú(5)�´Ó��¯¢�ØÓ£ã.lþã5�·K�d.

þ¡�½nÒ�Ñ
�ä���5C�´Ä�é�z�nØ.XJA�õ�ª3F [x]¥ØU©)��

gÏª�¦È,KT�½Ø�é�z.,��¡,3�ä��ÿ§�I�ä�êê�u1�A��´Ä÷v

�êê�uAÛê,�I�ä�u1�@
.��A�õ�ªÃ��VÇ�1,l��5`Ñ�±é

�z.
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• |σ(T )| = dimV ⇒ T�é�z.

|^Ý
��ó,·��±��

íØ6.2.1 (1) �A ∈ Fn×n,KA�é�z=⇒ fA �F [x]¥�gª�¦È,�?¿��êê�u1�A

��c��ê�uc�AÛêdim Ker(cIn −A) ∈ Fn×1.

(2) eA�é�z,�3P ∈ GLn(F ),¦�P−1AP�é�Ý
.d�,e{αi1, · · · , αidi}´Ker(ciIn − A)�k

SÄ,KP = [α1, · · · , α1d1 , · · · , αk1, · · · , αkdk ]n×n�_,�§Ò´þ¡¤ã�P ,¿�

P−1AP =


c1Id1

· · ·
ckIdk

 , fA = (x− c1)d1 · · · (x− ck)dk

y² e¡�Ñ(2)�y²Aαij = ciαij ⇒ AP = [Aα11, · · · , · · · , · · · , Aαkdk ] = [c1α11, · · · , · · · , · · · , ckαkdk ] =

P ·þãé�Ý
.

��Ý
Ø�é�zkü��Ï,��´FØ´�ê4�,,��´AÛê�u�êê.��«�

Ï´���,c�«�Ï�±ÏL�*Ü5)û.

6.3 Annihilating Polynomial

e¡0�Xe½n

½n6.3.1 (Cayley-Hamilton) (1) �T ∈ L(V ),KfT (T ) = 0

(2) �A ∈ Fn×nKfA(A) = 0

ÏL�Ä,·���þ¡ü^´�d�.�,,���\�y²´�Ø�.�
�Ñ���\ZÀ�y

²,·�Ú\�þ���Vg.

½Â6.3.1 �8ÜRþkü�$�,©O�\{Ú¦{,©Oéx, y ∈ R,�Ñ
#���,·�P�x+yÚx ·
y

(1) Ré\{�¤��+

(2) Ré¦{�¤���+(∀x, y, z ∈ R, (xy)z = x(yz))

(3) \{Ú¦{k�N5,x(y + z) = xy + xz, (x+ y)z = xz + yz

K¡R(ëÏùü�$�)´�

?�Ú/,XJ¦{���,·�¡R´�����.?�Ú,XJR�k1��,·�¡R´����N�.

~6.3.1 ��F−�êX(Fn×n, L(V ), F [x])ëÓ�þ¦{Ú�þ\{�¤���.)Ò¥�n�~fÑ

´N�,¿�F [x]�´����N�.é��ên,Z/nZ�´N�

3��N��½Â�¥,·�vk�¦1 6= 0,ù´du·�²~?ØRû��n�.�
r���û

��n����,Ò�
ù���½.Ø
ù�«O±	,��N�Ú��«OÒ3u�"��´Ä�_.

�R´����N�,·���±½ÂÝ
Rm×n,��½ÂÚ�¥�½Â�Ó.e¡�Ñ��½Â

½Â6.3.2 �R´����N�,é8ÜV ,k$�

• \{µV × V → V, (α1, α2) 7→ α1 + α2,¦V¤��+
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• Xþ¦{µR× V → V, (c, α) 7→ cα,÷v

(c1 + c2)α = c1α+ c2α, c(α1 + α2) = cα1 + cα2, (c1c2)α = c1(c2α)

¿�,·���¦1α = α

K¡VëÓùü�$�¡�R−�.

~6.3.2 ?Û��Abel+�±w¤Z�§¯¢þZ−�⇐⇒ ��+

�
y²Cayley-Hamilton½n,·��ÄF [x]−�,·�`éuT ∈ L(V )p�
V−þ���F [x]−�
(�.

¯¢þ,éf ∈ F [x]·�½Âfα = f(T )α,∀f ∈ F [x], α ∈ V .ù�½Â±�,N´�y¤k5�,ù�Ò

¦�V¤�
��F [x]−�.

�L5,XJ·�k
��f [x]−�,·��Ä�5N�V 7→ V : α 7→ xα,P�T ,lÚþ¡�Ó.u

´,·��±`¤���5�m\���5N�Ò¤
��F [x]�.

�V´R−�,·��±�Ä/ªÝ
¦{V n ×Rm×p → V p :

(α1, · · · , αn)A = (β1, · · · , βm),÷vβj =
n∑
i=1

aijαi

A N´�y(α1, · · · , αn)(AB) = ((α1, · · · , αn)A)B

e¡�ÑCayley-Hamilton½n�y²

y² =�Ä(1)µ�V�kSÄ�B = {α1, · · · , αn} PA = [T ]B,ÀV�F [x]�. ·�k(α1, · · · , αn)A =

(Tα1, · · · , Tαn) = (xα1, · · · , xαn) = (α1, · · · , αn)(xIn)

⇒ (α1, · · · , αn)(xIn −A) = (0, · · · , 0)

·���∀A ∈ Fn×n,∃B ∈ Fn×n,¦�AB = det(A)In(�B = adj(A)) éuF [x]§·�3¥F (x)�

Ä,�k�Ó�(J.¿�B��þ3F [x]¥.

�B ∈ F [x]n×n¦�(xIn −A)B = det(xIn −A)In = fT In

u´,d(α1, · · · , αn)(xIn−A) = (0, · · · , 0)⇒ (α1, · · · , αn)(xIn−A)B = (0, · · · , 0)B ⇒ (α1, · · · , αn)f(T )In =

0⇒ fT (T )αi = 0⇒ fT (T )α = 0(∀α ∈ V )⇒ fT (T ) = 0

éu�5C�T ,½Â

MT := {f ∈ F [x]|f(T ) = 0

éuf ∈MT¡�T�"zõ�ª.

e¡`²MT´F [x]�n�,w,MT´f�m¿���,¿�f ∈ MT , g ∈ F [x] ⇒ fg ∈ MT ¿�MTØ

´"n�,¿�dCayley-Hamiltion½n�MT��(d�5�m�5���±��ù�·K).�Cayley-

Hamilton½n��gê≤ n.
·����"n�´Ìn�,l�3�����MT�Ä�Xê�1 �)¤�pT ,ò§¡�T���

õ�ª,�¡4�õ�ª(minimal polynomial)

lp ∈ F [x]´��õ�ª�¿©7�^�´p(T ) = 0, pÄ�,¿�Ù§��"�T��""zõ�ª

�gê≥ deg pT ,l

fT (T ) = 0⇐⇒ pT |fT

eV = {0},�½fT = pT = 1,edimV ≥ 1,Kdeg pT ≥ 1

·K6.3.1 pTÚfTäk�Ó��.

y² dupT��´fT��,e¡`²fT���½´pT��,�Ò´`pT�3
fT¤k�A��.

�fT (c) = 0⇒ ∃α ∈ V − {0}, Tα = cα
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�pT = xk + ak−1x
k−1 + · · ·+ a0,dupT (T ) = 0 lpT (T )α = 0l(

k∑
i=0

aiT
i

)
α(ak = 1) =

k∑
i=0

ai(T
iα) =

k∑
i=0

aic
iα = pT (c)α = 0⇒ pT (c)α = 0

�σ(T ) = {c1, · · · , ck}, fT = (x − c1)k1 · · · (x − ck)dk ,ldþ¡�·K��pT = (x − c1)e1 · · · (x −
ck)

ek ,Ù¥1 ≤ ek ≤ dk,��5`,·�Ã{?�Ú(½ei,��5`,?�÷vØ�ª���¦�ü�õ�

ªfT , pT ,�3���5�mVÚ�5N�T ,¦�fT , pTTÐÒ´±c¤��fT , pT .AO/,di = 1 ⇒ pT =

fT ,Ù¦�¹�û½��õ�ª,�?1}Á.

éuÝ
,·�kaq�½Â.éuÝ
A,�ÄA�¤k�"zõ�ªMA := {f ∈ F [x]|f(A) = 0},´
���"n�.MA����Ä�)¤�,��A���õ�ª.w,·�kp[T ]B = pT , pLA = pA,ù´Ï�§

�þk�Ó�"zõ�ª.�pA|fA ⇒ deg pA ≤ n,�pA, fAk�Ó��.éuÝ
,·��kA ∼ B ⇒ pA =

pB(¯¢þ,B = P−1AP raf(B) = P−1f(A)P )

éu��¢Ý
,ò§w¤¢Ý
Úw¤EÝ
���õ�ª´Ä�Óº=ò�*�±�,��õ�ª

kÃ�UC�º¯¢þ,·�ke¡�·K

·K6.3.2 �F1 ⊂ F2, A ∈ Fn×n1 ,KA��F1Ý
ÚF2Ý
k�Ó���õ�ª.

y² �ü«w{,A���õ�ª©O´p1 ∈ F1[x], p2 ∈ F2[x],lp2|p1,�deg p2 = k, p2 = xk + · · · +
a1x+ a0K

Ak + ak−1A
k−1 + · · ·+ a0A+ a0I = 0

À�'ua0, · · · , ak−1��§|,KXêÚ~ê��Ñ´F1¥���,l3F1¥k)b1, · · · , bk−1(·

K1.4.4) eq = xk + bk−1x
k−1 + · · ·+ b1x+ b0 ∈ F1[x]⇒ deg p1 ≤ deg q = deg q2

ldeg p1 = deg p2 ⇒ p1 = p2(ÄKp1 − p2�".)

e¡�½n�Ñ
�é�z�,	�
�ä�ª

½n6.3.2 �T ∈ L(V ),Ke¡A^�d

(1) T�é�z

(2) eσ(T ) = {c1, · · · , ck},KpT =

k∏
i=1

(x− ci)

(3) pT´pØ����gª�¦È.

y² (2),(3)�d´w,�.

(1)⇒ (2):�B,¦�[T ]B =


c1Id1

· · ·
ckIdk

l∀f ∈ F [x], f([T ]B) =


f(c1)Id1

· · ·
f(ck)Idk


lf([T ]B) = 0⇒ (x− c1)(x− c2) · · · (x− ck)|f ⇒ pT = (x− c1) · · · (x− ck)

(2) ⇒ (1):

Ún6.3.1 �dimV <∞, T1, · · · , Tk ∈ L(V )K

dim Ker(T1 · · ·Tk) ≤
k∑
i=1

dim Ker(Ti)

Ún�y²µ�I�Äk = 2��¹.ù´N´y²�

e¡£��·K§d(2),
k∏
i=1

(T − ciid) = 0,l
k∑
i=1

dim Ker(Vci) = dim
k⊕
i=1

Vci ⇒ T�é�z.
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éuÝ
,·�w,kXe²1�(Ø

íØ6.3.1 �A ∈ Fn×n,Ke¡A^�d

(1) A�é�z

(2) eσ(A) = {c1, · · · , ck},KpT =
k∏
i=1

(x− ci)

(3) pA´pØ����gª�¦È.

�fA =
k∏
i=1

(x− ci)diKA�é�z
k∏
i=1

(A− ciIn) = 0

6.4 Invariant Subspaces

ØCf�m�½Âc¡®²J�L,��ØCf�mÚA��þ´Ó�£¯.·���{0}, V,KerT, ImTÑ

´ØCf�m.

~6.4.1 A =

(
cos θ − sin θ

sin θ cos θ

)
, θ /∈ πZ. �ÄLA ∈ L(R2×1)�A�f�m,2�ØCf�m=R,vk�

�A�f�m.ÏdLAvk�²��ØCf�m.

·�kXe5�

• W´TØC�,f ∈ F [x],KW�´f(T )ØC�.=α ∈W, f(T )α��∈W.

¯¢þ,�f =
∑

aix
i, f(T )α =

∑
aiT

iα ∈W.

• eT,U ∈ L(V ), TU = UT,KKer(U), Im(U)Ñ´T−ØCf�m

¯¢þ,�α ∈ Ker(U)KTα ∈ Ker(U) ⇔ UTα = 0 ⇔ TUα = 0¤á.α ∈ Im(U)K∃β ∈ V, α =

Uβ ⇒ Tα = TUβ = UTβ ∈ Im(U)

• eU, T���,KU, f(T )���⇒ Ker(f(T ))´UØC.AO/Ker(c · idV − T )´UØC. ⇒¤k�T�
A�f�mÑ´UØC�,AO/T�A�f�m�´TØC�.�,,ù�(Ø���y�éN´.

duT�é�z⇐⇒ V =
⊕
c∈σ(T )

Vc.,��¡,XJV =
k⊕
i=1

WiÙ¥WiÑ´TØCf�m.ù�,·��Ä

N�T |Wi
: Wi → VÒ¤�
Wi → Wi,òdN�P�TWi

.Ïd,XJVk���Ú©)§Ù¥z�Ü©Ñ

´TØC�.KïÄT�5�Ò�I3z�Ü©þïÄ,T3Wiþ�1���û½
T3Vþ�1�.

e�Wi��|Ä©¤V��|ÄB,KTBÒ´©¬Ý
.·���TVc = c · idV .±�·����´Ò

´��{òV©¤eZ¦þ��ØCf�m��Ú.XJVØU�¤ü��²��TØCf�m��Ú,K

¡V´T−Ø���.±�·�ò�y²TØ���duO�½öÌ�.

�W ⊂ V´TØC�,TW ∈ L(W ), TWα = Tα,Ó�T�p�
��û�mþ����5C�,T ∈
L(V/W ), TV/W (α+W ) = Tα+W .duTØC,Kù�N�´û½�.

e¡�ÄL«Ý
�5�,�B1 = {α1, · · · , αr}´W�Ä,*¿�V�kSÄB = {α1, · · · , αn}.Kαr+1+

W, · · · , αn +W´V/W��|Ä.�A = [T ]B/X

(
B C

0 D

)
,Ù¥B ∈ F r×r, C ∈ F r×n−r, D ∈ Fn−r × n− r

N´uy[TW ]HB1
= B, [TV/W ]B2

= D,�/¿�0
C�&E.�E,ù�N�E,´��é��N

�.

u´det(T ) = det(TW ) det(TV/W ),lfT = fTW fT/W��5`,��õ�ªvkù��5�,�E,k

�
éX.
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½Â6.4.1 �f1, · · · , fk ∈ F [x]´eZõ�ª.�Än�
k⋂
i=1

(fi)����Ä�)¤���§����ú�

ª(least common multiple).P�lcm(f1, · · · , fn)

·�klcm(pTW , pTV/W )|pT |pTW pTV/W ,XJ(pTW , pTV/W ),KpT = pTW pTV/W

¯¢þ,dupT (T ) = 0 ⇒ pT (TW ) = 0, pT (TV/W ) = 0 ⇒ pTW |pT , pTV/W |pT ,llcm(pTW , pTV/W )|pT .
é∀α, pTV/Wα = pTV/W (T )α.·�k∀f, f(T )α + W = f(TV/W )(α + W ),lpTV/Wα + W = 0.,u´§

é?¿α, pTV/Wα ∈W.u´pTW (pTV/Wα) = 0(∀α).lpT |pTW pTV/W
íØ6.4.1 eT�é�z,KTW , TV/W��é�z.

y² �é�z⇐⇒ p´pØ�Ó��gª�¦È,lpTW , pTV/W�pØ�Ó�¦È,lü��N��

�é�z.

e¡^þ¡����
(Ø?Ø�
5�.

6.5 Simultaneous Triangulation;Simultaneous Diagonalization

½Â6.5.1 (1) F ⊂ L(V ),e�3kSÄB¦�∀T ∈ F , [T ]Bé�.K¡F�Ó�é�z.

(2) M⊂ Fn×n,e�3G ∈ GLn(F ),¦�∀A ∈M, P−1AP´é�Ý
,K¡M�Ó�é�z.

éd·�k

½n6.5.1 F�Ó�é�z⇐⇒ F¥�N�Ñ�é�z¿�üü���.

y² /=⇒0: w,¤á(dué�Ý
���)

/⇐=0: édimV8B. dimV = 1�ü>^�g,¤á.b��ê���ÿ¤á.Ø��T ∈ F ,Ø´ð

ÓN�idV�~ê�.K∀c ∈ σ(T ),kdimVc = dim Ker(cid − T ) < dimV ,du¤k�N�þÚT���,l

Vc´F¥¤k�N��ØCf�m.

�ÄFc := {UVc |U ∈ F},lFc¥��5C��üü����þ�é�z.⇒�3Vc�kSÄBc,Ù¥
�þÑ´U�A��þ(∀U ∈ F).

duT�é�z,lV =
⊕
c∈σ(T )

⇒ B :=
⋃

c∈σ(T )

Bc´V�Ä.u´[U ]Bé�,∀U ∈ F

íØ6.5.1 M⊂ Fn×n�Ó�é�z�¿©7�^�´M¥Ý
�Ñ�é�z¿�üü���.

e¡�Ä�n�z�¯K.k?Ø��Ý
��¹

½Â6.5.2 (1) F ⊂ L(V ),e�3kSÄB¦�∀T ∈ F , [T ]Bþn�.K¡F�n�z.

(2) M⊂ Fn×n,e�3G ∈ GLn(F ),¦�∀A ∈M, P−1AP´þn�Ý
,K¡M�n�z.

5 �Ä

Jn =


0 0 · · · 1

· · · · · · · · · · · ·
0 1 · · · 0

1 0 · · · 0


K(Jn)−1(þn�)Jn = (en�) lþn�zÚen�z´Ó�£¯.Ú¡�n�z

·�kXe�(Ø

½n6.5.2 �dimV = n, T ∈ L(V ),Ke¡A^5��d

(1) T�n�z
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(2) fT3F [x]¥�©)��gª�È

(3) pT3F [x]¥�©)��gª�È

(4) �3�GT�ØCf�m{0} = W0 ⊂ · · · ⊂ Wn = V ,¦�dimWi = i.ù�f�mG¡��m���

á(flag),�
rNz��mÑÑy,�����á(full flag)½��á(complete flag)

y² (1) =⇒ (2): �A = [T ]Bþn�⇒ fT = det(xI −A) =
n∏
i=1

(x−Aii)

(2) =⇒ (3): �w,

(3) =⇒ (4): 8B�EùGf�mWk,�W0 = {0},b�®²kWk−1®�E,1 ≤ k ≤ n,�ÄTV/Wk−1
(α+

Wk−1) = Tα + Wk−1.���EWk�I�y²3V/Wk−1¥�3��TV/Wk=1
−ØCf�m.=TV/Wk−1

k

A��þ.=kA��=�,dupT´�gª�¦È,lpTV/Wk−1
|pT�´�gª�¦È.�kA��þ

(4) =⇒ (1): �B = {α1, · · · , αn}¦�{α1, · · · , αn}´Wi�Ä1εi ≤ n.�ÄA = [T ]B. =Wj 3 Tαj =
n∑
i=1

Aijαi ⇒�i > j�,Aij = 0,lA´þn�Ý
.

íØ6.5.2 eF´�ê4�,z�n× n�Ý
Ñ�þn�z.

±��k

½n6.5.3 (Schurn�z½n) ?¿Ý
j�quþn�Ý


e¡�Ä�Ó�n�z�¯K

½n6.5.4 �F´�ê4�,F ⊂ L(V )¥�N�üü���,K�3��V�kSÄB,¦�[T ]Bþn

�,∀T ∈ F

y² ky²XeÚn

Ún6.5.1 �F´�ê4�,F ⊂ L(V )¥�N�üü���§KF¥�N��3ú��A��þ.

lÚní½nK'�N´,ù´du�±íÑ�3�m¥���á.¦�3z�F¥��þþ3F¥�
N�´ØC�§2aquûKWk−1=�.

6.6 Direct-Sum Decompositions

�
?�Ú?Ø�m��é�z�5�,·��Ä,��Vg=�m��Ú.

½Â6.6.1 �V1, · · · , Vk´k�F�5�m.�ÄV1 × · · · × Vk := {(α1, · · · , αk)|αi ∈ Vi}§P
k⊕
i=1

Vi =

{α1, · · · , αk|αi ∈ Vi} ½Â(αi) + (βi) = (αi + βi), c(αi) = (cαi) ù�#��5�m��V1, · · · , Vk�	
�Ú.

·��±òz�Viw�	�Ú�f�m,¯¢þ,�ÄN�

τi : Vi →
k⊕
i=1

Vi : τi(α) = (0, 0, · · · , αi, 0, · · · , 0)

Ún6.6.1 �Bi�Vi�Ä,K
k⋃
i=1

τi(Bi) ´
k⊕
i=1

��|Ä

y² ∀(α1, · · · , αk) ∈ ⊕ ⇒ τi(αi) ∈ spanτi(Bi) l)¤��m,N´�y�5Ã'.



18Ù ELEMENTARY CANONICAL FORMS 45

l,XJz�Vi´k���,Òk

dim
k⊕
i=1

Vi =
k∑
i=1

dimVi

�e5�ÄS�Ú,é�½��mV, V1, · · · , Vk ⊂ V ,·�k	�Ú
k⊕
i=1

Vi,�ÄN�Φ
k⊕
i=1

Vi → V :

Φ(α1, · · · , αn) 7→
k∑
i=1

αi.KIm(Φ) =
k∑
i=1

Vi

eΦ´üN�,=KerPhi = 0,·�¡V1, · · · , Vk��Ã'�f�m.d�,¡Ú
k∑
i=1

Vi�V1, · · · , Vk��S

�Ú.

d�,	�Ú�S�ÚÓ�.

Ún6.6.2 �V1, · · · , Vk ⊂ V ,Ke¡A^·K�d:

(1) Ã'

(2) αi ∈ Vi,
k∑
i=1

Vi = 0⇒ αi = 0

(3) ∀i ∈ {2, · · · , k}, Vi ∩ (V1 + · · ·+ Vi−1) = {0}

(4) ?�Vi�ÄüüØ��,¿�

k⋃
i=1

´

k∑
i=1

Vi��|Ä

(5) e�mk��,��du

dim

k∑
i=1

Vi =

k∑
i=1

dimVi

y² (1) =⇒ (2)´w,�,�´ò½Â�
�«�óQã

(2) =⇒ (3),�α ∈ Vi ∩ (V1 + · · · + Vi=1) ⇒ ∃α1 ∈ V1, · · · , αi−1 = Vi−1¦�α = α1 + · · · + αi−1.�

ÄΦ(α1, · · · , αi−1,−α, 0, cd, 0) = 0 d(2)⇒ α = 0

(3) =⇒ (2)�α ∈ Vi,
∑
αi = 0§e(2) Ø¤á,�¦αi 6= 0�¤á����Ii0,Ki0 ≥ 2,ò(3)¥�i�

¤i0=�gñ.

(1)⇐⇒ (4) w,

(1)⇐⇒ (5) w,

(3)�k��\r���,=∀i ∈ {2, · · · , k}, Vi ∩ (V1 + · · ·+ Vi−1 + Vi+1 + · · ·+ Vn) = {0}, Ùy²�´
'�{ü�.

,	,3�τi��S�ÚÚ	�Ú´Ó�£¯,Ïd	�ÚÚS�Ú´Ó�£¯.S�ÚÚ	�Úk�~

;��éX,Ïd3ØÚåÜÂ��¹e,·�òS�ÚÚ	�ÚÑ{¡��Ú.

e¡£�(6.2)!

6.7 Invariant Direct Sum

éT ∈ L(V ),eV =
k∑
i=1

Wi, Ti = TWi
,Ñ´ØCf�m.d�·��¡T =

k⊕
i=1

Ti.

T�5��Ò´dTiû½,'XdetT =
∏

detTi, fT =
∏

fTi ,��±�ypT = lcm(pT1
, · · · , pTk),Ker(T ) =

k⊕
i=1

Ker(Ti), Im(T ) =
⊕

Im(Ti).
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·����´ü«©),�«��O�©)§�«��Ì�©).ü«©)Ü3�å�z��¬��

/O�Ì�©)0§ù´�Ä��©).O�©)´���§Ì�©)Ø��§ÏdO�Ì�©)�Ø�

�.�3Ó��¿Âe´���.Ì�©)��knIO.,O�Ì�©)��JordanIO..ü«IO.^

�Ñ'�õ,knIO.Ø�6u�§JordanIO.I�A�õ�ªU
©)¤�gÏª�¦È.�ÊH

5ù,JordanIO.^�õ�:.

6.8 The Primary Decomposition Theorem

k�ÄO�©).

½Â6.8.1 ¡T ∈ L(V )´O��(primary),XJpT´�õ�ª��.

ù�^��6u�.'X(x2 + 1)33RþO�.CþØO�.·��¡�T3Vþ��^´O��.½V�

�F [x]�´O��.

½n6.8.1 (O�©)½n) �T ∈ L(V ),�pT =
k∏
i=1

prii , p1, · · · , pk´pØ�Ó�Ä�Xê�1��õ�

ª.ù«©)´���. PWi = Ker((pi)
ri(T )).Kz�WiÑ´T−ØCf�m.(prii (T )�T���).KV =

k⊕
i=1

Wi PTi = TWi
,KpTi = prii

y² ky²Wi 6= {0},Pqi =
∏
j 6=1

p
rj
j ,Kprii (T )qi(T ) = p(T )T = 0,�qi(T ) 6= 0,Ïdprii (T )Ø�_,l

Wi 6= 0

�e5y²WiÃ',�αi ∈ Wi,

k∑
j=1

αj = 0,^���óQã(�
���T ),ü>¦qi,�qiαi = 0,qd

uprii α = 0,q�3a, b ∈ F [x],¦�aqi + bprIi = 1 ⇒ a(qiαi) + b(piαi) = 1αi = αi ⇒ αi = 0,l(¢´Ã

'�f�m

2y²

k∑
i=1

Wi = V ,qq1, · · · , qkp�⇒ ∃a1, · · · , ak ∈ F [x]¦�

k∑
i=1

aiqi = 1. é∀α ∈ V,Kqiαi ∈ Wi ⇒

α = 1α =

(
k∑
i=1

aiqi

)
α,�qiα ∈Wi,Ïd

k∑
i=1

Wi = V .

��y²pTi = prii .Äkdu∀α ∈ Vi, prii αi = 0 ⇒ prii (Ti) = 0 ⇒ pTi |pri déuα ∈ V ,

(
k∏
i=1

pTi

)
α =(

k∏
i=1

pTi

)(
k∑
i=1

αj

)
=

k∑
i=1

(
k∏
i=1

pTiαj

)
= 0 ÏdpT |

k∏
i=1

pTi

·��rz�Wi¡�V���O�©a.



1ÔÙ The rational and Jordan Forms

7.1 Cyclic Subspaces and Annihilators

PR := f [x],±�F [x]�¡�R− �.·�Q²PFα = span{α},Ón½ÂRα := {fα|f ∈ R}, KRα =

span{α, Tα, T 2α, · · · }.PRα���dα)¤�Ì�f�m,½¡�Ì�f�.α¡�Rα�Ì��þ.Rαk�


5�,5¿ù
5�ÑÚTk'.

• Rα´�¹α����ØCf�m.

• dimRα = 1⇐⇒ α´A��þ.

• eV = Rα,¡α�V¥�Ì��þ.=V ´Ì��.

• eV¥�3Ì��þ,K¡T´Ì��,Ó��¡V��R− �´��Ì��.

~7.1.1 PA =

(
0 0

1 0

)
, V = F 2×1, T = LA, ε1 =

(
1

0

)
, ε2 =

(
0

1

)
.KTε1 = ε2, T ε2 = 0.

d�Rε1 = V´Ì��,�Ø´z��þÑ´Ì��þ,�Rε2 = Fε2

�ÄN�∆ : V → Z,∆(α) := dimRα.5¿§�ÚTk'.3ù��½Âe,TÌ�⇐⇒ ∆ ����

�dimV .d�α ´Ì��þ⇐⇒ ∆3α ?�����.

½Â7.1.1 éα ∈ V ,PM(α) := {f ∈ R|fα} = 0.¡�α�"zn�(�e¡�Qã),¡ÙÄ�Xê�1�)

¤�P�pα,¡�α�"zf(annihilator)

M(α)´n�,¯¢þpT ∈ M(α), f, g ∈ M(α) ⇒ f + cg ∈ M(α), f ∈ M(α), g ∈ R ⇒ fg ∈
α.�pα|pT ,α = 0⇔M(α) = R⇔ pα = 1

Ún7.1.1 Pd = deg pα,K{α, Tα, · · · , T d−1α}´Rα�Ä,Ïd⇒ ∆α = deg pα.

y² �5Ã':
d−1∑
i=0

ciT
iα = 0,Pg =

d−1∑
i=0

cix
i,Kgα = 0⇒ pα|g,qdudeg g < deg pα ⇒ g = 0

)¤��m:∀β ∈ Rα, ∃f ⊂ R, β = fα.�f = qpα + r, q, r ∈ R,deg r < d.lfα = rα ∈
{α, Tα, · · · , T d−1α}

lepT < dimV ⇒ TØÌ�.e¡·�y²pT < dimV ⇔ T

Ún7.1.2 �3α,¦�pα = pT

y² k�TO�,=pT = pr,Ù¥p�,r ≥ 1.K∀α ∈ V, pα = prα(0 ≤ rα ≤ r),=�y²�3α, ¦

�rα = r.e∀α, rα < r ⇒ pr−1α = 0(∀α)⇒ pr−1(T ) = 0.gñ!

��/,�pT = pr11 · · · p
rk
k .PWi = Ker(prii (T )), V =

k⊕
i=1

Wi, TWi
O�,pTWi = prii . K�3αi�"s

fpαi = pWi
= pαi ,e¡�Äα = α1 + · · ·+ αk.

K0 = pαα = pαα1 + · · ·+ pααk,ÏdduWiÃ',pααi = 0⇒ prii |pα ⇒ pα = pT

47
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lþ¡�Ún,·���max dimRα = max deg pα = deg pT .lkXe�·K

·K7.1.1 T´Ì��⇐⇒ deg pT = dimV ⇐⇒ pT = fT ,d�α´Ì��þldapα = pT

e¡?ØTÌ���ÿ,Ý
L«U
õ{ü.

éf = xn + an−1x
n−1 + · · ·+ a1x+ a0,�Ä

cf =


0 0 · · · 0 −a0

1 0 · · · 0 −a1

· · · · · · · · · · · · · · ·
0 0 · · · 1 −an−1


n×n

¡�f���Ý
(companion matrix)

·K7.1.2 �dimV = n, T ∈ L(V )

(1) eTÌ�,α´Ì��þ,KT3{α, · · · , Tn−1α e�Ý
�cpα = cpT .

(2) e�3�|ÄB, ¦�[T ]B = cf ,KTÌ�,�pT = f

y² eB = {α1, · · · , αn}, K[T ]B = cf ⇐⇒ Tα1 = α2, · · · , Tαn−1 = αn, Tαn = −a0α1 − · · · − an−1αn

(1) Pαi = Ti−1α, 1 ≤ i ≤ n,Kéf = pα�,Tα1 = α2, · · · , Tαn−1 = αn, Tαn = −a0α1 − · · · − an−1αn¤

á.

(2) dþª�±íÑα1´Ì��þ.lfα1
= 0⇒ pα1

|f ⇒ pα1
= f ,l¤á

dd���fT�A�õ�ª�f , =fcf = det(xIn − cf ) = f

dd��±��Cayley-Hamilton½n�,��y².

�yfT (T ) = 0 ⇒ fTα = 0,∀α ∈ V .�ÄRα,fTRα = det fcpα = pα ⇒ fTRαα = 0,qdufTRα |fT ⇒
fT (α) = 0

7.2 Cyclic Decompositions and the Rational Form

½n7.2.1 �T ∈ L(V ),K�3α1, · · · , αr ∈ V − {0},¦�

(1) V =
⊕r

i=1Rαi

(2) Ppi = pαi , Kpr|pr−1| · · · |p1 = pT

�êrÚS�p1, · · · , pr�T��û½.

PTi = TRαi ,KT = T1 ⊕ · · · ⊕ Tr, fT = fT1
· · · fTr , pT = lcm{p1, · · · , pT}

ÏdfT = p1 · · · pr, pT = p1, ù��íÑ
fTÚpTk�Ó��Ïª.

Ún7.2.1 �α ∈ V ,

(1) éL ∈ R/LαÚβ ∈ L,Rα ∩Rβ = 0⇐⇒ pβ = pL

(2) epα = pT ,o�3β ∈ L,¦�pβ = pL

y² (1) /=⇒0okpL = pβ,¯¢þpβL = pβ(TV/Rα)(β + Rα) = pβ(T )β + Rα = 0. pLL = 0 =⇒
pLββ ∈ Rα,¯¢þpLL = pL(TV/Rα)(β +Rα) = pL(T )β +Rα = 0

leRα ∩Rβ = 0⇒ pβ|pL ⇒ pβ = pL

”⇐=”,∀δ ∈ Rα ∩Rβ,Kδ = qβ ∈ Rα⇒ qL = 0⇒ pL|q ⇒ pβ|q ⇒ δ = 0
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(2) �β0 ∈ L,KpLβ0 ∈ Rα=�3f ,¦�pLβ = fα.(d?Ö)P)

e¡£�Ì�©)½n�y²

y² �35µédimV^8B{.edimV = 1,w,¤á.b�dimV���ÿ¤á.

�α1¦�pα1
= pT ,�Äû�mV/Rα1,dimV/Rα1 < dimV .éû�mÚN�TV/Rα1

^8Bb�,l

�3L2, · · · , Lr ∈ V/Rα1,¦�V/Rα1 =
r⊕
i=2

RLi, pLr | · · · |pL2
.

dÚn,�3αi ∈ Li.¦�pαi = pLi ,Rα1 ∩ Rαi = {0},Ïd�Ø�óª'X®²¤á.e¡��

yV =
r⊕
i=1

Rαi.

Ã'µ�

r∑
i=1

giαi = 0Ý��û�m,⇒
r∑
i=2

(giαi + Rαi) = 0 ⇒
∑

giLi = 0 ⇒ g2L2 = · · · = grLr =

0.lg2α2, · · · , grαr ∈ Rα1.giαi ∈ Rαi ⇒ giαi ∈ Rα1 ∩ Rαi = {0},lg2α2 = · · · = grαr = 0 ⇒
g1α1 = 0.lÃ'.

2y²Ú���m.du∀γ ∈ V, γ + Rα1 ∈ V/Rα1,�Ù�
r∑
i=2

giLi,Ïdγ − giαi ∈ Rα1,lγ ∈

Rα1 + · · ·+Rαr

��5µ.·�¡p1, · · · , ϕr�T�ØCÏf,�N�¤ØCÏfS�.oÑ/`ØCÏfS���û½


T�1�.

·��`²XJkü|�þ,KrÚpαi´���.�RαiØ�½��.�α1, · · · , αr ∈ V − {0},÷vV =
r⊕
i=1

Rαi, pαr | · · · |pα1
.�β1, · · · , βs�÷vV =

r⊕
i=1

Rβi,pβs | · · · |pβ1
.b�T(ØØ¤á.�t´¦�pαt 6= pβtØ

������I.d�yb�t ≤ min{r, s} ��½�3(dugê�Ú�½�).Ø��pβt 6 |pαt .ò�Ú�ª
f�üàÓ�¦pαt .(=�pαt(T )).l

pαt

(
r⊕
i=1

Rαi

)
= pαt

(
s⊕
i=1

Rβi

)
Ïd

r⊕
i=1

Rpαtαi =
s⊕
i=1

Rpαtβi

du�Ø'X,þª�à=
t−1⊕
i=1

Rpαtαi,mà�u

(
t−1⊕
i=1

Rpαtβi

)
⊕

(
s⊕
i=t

Rpαtβi

)
e¡äóµ�1 ≤ i ≤ t− 1⇒ dimRpαtαi = dimRpαtβi.

3äó¤á��¹e,pαtβt = 0 ⇒ pβt |pαt .gñ�l�I�yäóµPpα = fg, f, gÄ�.fα�"z

fÒ´g(N´�y).dimRpαtαi = deg ppαtαi = deg pαi − deg pαt .,�>Ón.l¤á.

�Ä��m��|Ä.Bi = {αi, Tαi, · · · , T d−1αi´Rαi�kSÄ.l[TRαi ]Bi = cpi���Ý
.l

,PB = (B1, · · · ,Br), [T ]B =


cp1 · · · 0

· · · · · · · · ·
0 · · · cpi

. ¡�Ù�kn.Ý
(pr, · · · , p1).l,dÌ�©)½

n,·���

íØ7.2.1 �3ÄB¦�[T ]B´kn.Ý
,�Ý
�T��(½.¡�T�knIO..(k�UBvk��
û½.)

y² �35w,.ey��5.�B = (B1, · · · ,Br),Ù¥|Bi| = deg pi.PWi = spanBi´TØC�.�[TWi
]Bi =

cpi ,lTWi
Ì�.�βi´Bi¥�1���þ,Kpβ = pi = pWi

.Wi = Rβi.ddlÝ
íÑ
��Ì�©),l

p1, · · · , pr��û½,lÝ
��T��û½.
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knIO.´��û½�,ù´knIO.�éÐ�5�.éuÝ
��¹,k

íØ7.2.2 é?¿A ∈ Fn×n�qu���kn.Ý
.¡�A�knIO..

íØ7.2.3 A ∼ B ⇐⇒ A,B�knIO.��. ⇐⇒ A,Bk�Ó�ØCÏfS�.�é{`,ØCÏfS

�´Ý
�q���ØCþ.

íØ7.2.4 �A�knIO.�A′,ØCÏfS��p1, · · · , pr,K ⊂ F ,KeA ∈ Kn×n,�3A′ ∈ Kn×n,¿

�A ∼ A′. �p1, · · · , ϕr,=knIO.ÚØCÏfS�ÑØ�6u��À�.

y² �A��K−Ý
�knIO.´A′′,lA′, A′′ ∈ Fn×nþ�kn.Ý
,lA′ = A′′.ÏdA′ ∈
Kn×n

5 dd��3��¥�q�ü�Ý
3��¥��q.

·K7.2.1 ∀A ∈ Fn×n, A ∼ At

y² k�A = Cg, g = xn + an−1x
n−1 + · · ·+ a0.KfA = pA = g ⇒ A�k��ØCÏf,�p1 = g

fAt = det(xI −At) = det(xI −A) = fA,�N´y²pAt = pA(=�y²��õ�ª"zAt��=�

"zA). ÏdpAt = fAt = g,lAtÌ�,éAt�k��ØCÏf,�p1 = g.lA,Atäk�Ó�ØCÏf

S�.u´A ∼ At

���¹,�ÄA�knIO.,�A ∼ diag(Cp1 , · · · , Cpr) ∼ diag(Ctp1 , · · · , C
t
pr

) ∼ At

e¡�Ä�
äN�¯K.éu��Ý
,XÛé�_Ý
P ,¦�P−1AP´kn.Ý
º

• �A ∈ Fn×n,B = {α1, · · · , αn}´kSÄ.P = [α1, · · · , αn],KP−1AP = [LA]B.l

• eα1, · · · , αr ∈ Fn×1 − {0}¦�Fn×1 =

r⊕
i=1

Rαi, pi := pαi

3z�Rαi¥���|Ä,{αi, · · · , Adi−1αi},l[(LA)Rαi ]Bi = Cpi K�

P = {α1, · · · , Ad1−1α1, · · · , αr, · · · , Adr−1αr}

~7.2.1

A =


5 −6 −6

−1 4 2

3 −6 −4

 ∈ R3×3

�¦ÑfA = (x− 1)(x− 2)2, pA = (x− 1)(x− 2),lp1 = pA = (x− 1)(x− 2),lp2 = x− 2 lA�k

nIO.�

(
Cp1 0

0 Cp2

)
=


0 −2 0

1 3 0

0 0 2


�éα2, α2 ∈ R3×1 − {0}¦�R3×1 = Rα1 + Rα2.l�éα1,¦�pα1

= p1,l∀α, p1α = 0.(x −
1)α = Aα − α,l(x− 1)α = 0 ⇔ α ∈ V1´1�A��þ.Ón(x− 2)"zα ⇔ α ∈ V2,lpα1

= p1 ⇐⇒
α1Ø´A��þ.pα2

∈ p2 ⇐⇒ α2 ∈ V2.

�I�÷vR3×1 = Rα1 ⊕Rα2

�±�α1 =


1

0

0

 , Aα1 =


5

−1

3

,

V2 =



x1

x2

x3

 | x1 = 2x2 + 2x3
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k�ê�±wÑ,Rα1�Rα2Ø´�Ú⇐⇒ α2 6∈ Rα1.Rα1 = span{α1, Aα1}

l�α2 =


2

1

0

 6∈ Rα1.lα1, α2÷v�¦.

�V1 = span{β},V2 = spanγ1, γ2, α1 = β + γ1, α2 = γ2÷v^�. ��z��Ò�±��e¡�·K

·K7.2.2 �T�é�z,σ(T ) = {c1, · · · , ck}, V =
k⊕
i=1

Vci

(1) �α =
k∑
i=1

βi, βi ∈ Vci(vk�¦βi�".)KRα = span{β1, · · · , βk},�pα =
∏
βi 6=0

(x− ci)

(2) �di = dimVci ,KT�ØCÏfpj =
∏
di≥j

(x− ci), r = max di

y² (1) duV =
k⊕
i=1

Vci ,lfα =
k∑
i=1

fβi =
k∑
i=1

f(ci)βi du?�ti,dLagrange��úª,��

3f, fci = ti,lRα = span{β1, · · · , βk}.

fα = 0
k∑
i=1

⇐⇒ f(ci)βi = 0⇐⇒ f(ci)βi = 0,lpα =
∏
βi 6=0

(x− ci)

(2) �Vci�kSÄBci = {βi1, · · · , βid1}.�αj =
∑
di≥j

βij �pαj = pj lV =

r⊕
r=i

Rαi,¿�pr| · · · |p1

7.3 The Jordan Form

½Â7.3.1 ¡T´Ø�©)�,XJVØ´ü��"ØCf�m��Ú.

·K7.3.1 VoU©)¤eZ���m��Ú,¦�T��3z���mþÑ´Ø�©)�

·K7.3.2 TØ�©)⇐⇒ TO�Ì�

y² ” =⇒ ”,w,¤á(ÄKÒ�±�O�©)½Ì�©)).

” ⇐= ”,�fT = pT = pr, p�,�V = V1 ⊕ V2þTØC.�Ti = TVi . �fTi = pri , pTi = psi ,ù�p =

lcm{p1, p2}gñ.

íØ7.3.1 éu?¿T ,Vo´eZ�O�Ì�ØCf�m��Ú.

½n7.3.1 é?¿T ,Vo´O�Ì�ØCf�m��ÚV =
s⊕
i=1

Vi Pqi = pTVi = fTVi ,S�q1, · · · , qs3Ø

OgS¿Âe�T��û½.ù
qi��T�Ð�Ïf§��Ä�Ïf(elementary divisor)

y² �Iy²��5.�q1, · · · , qs�¤k�Ïf�p1, · · · , pk,ò¤k�(VI , qi)ü��^S,#ü¤�

�L.

(V11, pr111 ), · · · , (V1,d1 , p
r1,d1
1 )

· · ·

(Vk1, p
rk1
k ), · · · , (Vk,dk , p

rk,dk
k )
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òUì��^S�¤#�f�m.

W1 =
k⊕
i=1

Vi1,W2 =
⊕
di≥2

Vi2, · · · ,Wj =
⊕
{i:di≥j}

Vij(1 ≤ j ≤ d)

·�`²V =
d⊕
j=1

Wj´Ì�©).ù´dufWj
= pWj

=
∏
di≥j

fTVij ,�αij´Ì��þ,
∑
{i:di≥j}

dij´Wij´Ì

��þ.lfTWJ´ØCÏf,�T��û½.lz���¦È���û½.lz�����û½.

dd���Ð�ÏfÒ´rØCÏf�©).

ko«�{5n)O�Ì�©)

• òV©¤Ø�©)�f�m��Ú

• k�O�©),2éz¬�Ì�©).lz��¬E,´O��(w��õ�ª=�).���Ò´O

�Ì�©)

• k�Ì�©),2éz¬�O�©).(e��f�mÌ�K��f�m�Ì�(w��õ�ªÚA�õ

�ª�'X=�))

• Ó��O�©)ÚÌ�©).�O�©)�V =
⊕
i

ViÚÌ�©)V =
⊕
Wj

´Ì�©).��V =⊕
ij

Vi ∩Wj(éuO�©)WT−ØC,kW =
⊕

iW ∩Wi)

��5`,���¤¢�/O�knIO.0ØXknIO.Ð,du§�6u��À�.�A�,O

�Ì�©)�±���´�«JordanIO.

e¡�
{üå�,b�F´�ê4�.lÄ�Ïf�U�(x − ci)ni .l�´3z�Vi��|Ä,©

¤��m��|Ä.e¡b�TO�Ì�. �pT = fT = (x − c)n,PN = T − cidV ,l|^½ÂN´�

ypN = fN = xn,lNn = 0,·�òù«Ý
¡��"(nilpotent)�.

½Â7.3.2 ¡N ∈ L(V )�",XJ�3r ≥ 1,¦�N r = 0

·K7.3.3 �dimV = n, T ∈ L(V ),K±eA^�d

(1) T�"

(2) pT´x��

(3) fT = xn

(4) xn = 0

y²Ñ´w,�

£��5�?Ø,duN�O�Ì�,l�3B,¦�[N ]B = CpN ,CpN =

(
0 0

In−1 0

)

Ïd/X



c

1 c
. . .

. . .

. . .
. . .

1 c


�Ý
��Jordan ¬,P�Jn(c)

·K7.3.4 �dimV = n, T ∈ L(V )
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(1) eTO�Ì�,fT = pT = (x− c)n,K�3B,¦�[T ]B = Jn(c)

(2) e�3B¦�[T ]B = Jn(c),KTO�Ì�,�fT = pT = (x− c)n

y² (1)®²y²,e¡�Ä(2).�N = T − cidV ,K[N ]B = [T ]B − cIn = Jn(0) = Cxn ÏdfN = pT =

xn,u´fT = pT = (x− c)n(�,ù�(Ø��±���Ñ),ÏdfT = pT = (x− c)n

½n7.3.2 �F´�ê4�,T ∈ L(V ),K�3�|ÄB,¦�[T ]B = diag (Jn1
(c1) · · · Jns(cs)) ¿�ù


Jordan¬3ØOgS�¿Âe�T��û½.ù��Ý
¡�T�JordanIO.

y² �B¦�[T ]B�Jordan.Ý
(=ò�35�y²�L5),�B = (B1, · · · ,Bs), |Bi| = ni, Vi =

spanBi´T−ØCf�m,�[TVi ]Bi = Jni(ci) ⇒ TViO�Ì�.lV =
s⊕
i=1

Vi´O�Ì�©).�fTi =

pTi = (x− ci)ni´T�Ä�Ïf.ldÄ�Ïf���5��JordanIO.��5.

lJordanIO.�±wÑéõT�5�

• �σ(T ) = {c1, · · · , ck},XJci3[T ]B�é��þÑy
dig,Kdi = dim Ker(T − ciidV )n¡�áuA

��ci�2ÂA�f�m,fT =
k∏
i=1

(x− ci)di

• �A���ci�Jordan¬����ê�ri,KpT =
∏k
i=1(x− ci)ri

• A���ci�Jordan¬��ê= dimVci=AÛê

• �é�z�duz�Jordan¬�z�Jordan�º��Ñ´1.

�F´�ê4�,T ∈ L(V ),�3B¦�[T ]B�Jordan/Ý
J .�J1�J�é�Ü©,J2 = J−J1.�J1, J2�

��.ÏdòT©¤
ü�Ü©T = S +N ,�S�é�z,N�",SN = NS,l·�ke¡�Jordan©).

½n7.3.3 �F´�ê4�,T ∈ L(V ),K�3���S,N¦�T = S +N,D�é�z,N�".�SN = NS

3ù�©)¥,D��T��é�zÜ©,½ö�üÜ©.N��T��"Ü©. kéõ5�,'XfS =

fT , σ(S) = σ(T )

�35®²y²,e¡y²��5.

y² ·�`²J1, J2þ�J�õ�ª,lS,NÑ´A�õ�ª.

äó:�3f, g ∈ F [x],¦�S = f(A), N = g(A), f + g = x.=J1 = f(J), J2 = g(J)

3äó¤á��¹e.eS′, N ′ ∈ Fn×n¦�A = S′ +N ′, S′N ′ = N ′S′,e¡y²S′ = S,N ′ = N . ¯¢

þ,lS′, A���,ÏdS′, S,N,N ′üü���.

qduS − S′ = N ′ − N ,S, S′�Ó�é�z,lS − S′�é�z,�duN ′ − N�",l�

US = S′�y.

��y²äó,�pA =

k∏
i=1

(x − ci)ri ,e¡y²�3gi,gi
∏
j 6=i

(x − ci)rj ≡ (mod (x − ci)ri) =⇒ f ≡ ci

(mod (x− ci)ri),Ù¢f(J) = J1.¯¢þ,f(Jn1
)(c1) = c1I1,l�y.

7.4 Computation of Invariant Factors

7.5 Summary;Semi-Simple Operator

3Jordan©)¥,e¡�ÄØ´�ê4���/.eK ⊂ F,A ∈ Kn×n,@o©)���S,N´ÄE,�

¢Ý
.¯¢þ,XJchar(F ) = 0,K�Y´�½�.���¹¦��K������ÿK(Øo¤á.AO

/,A��0��§k��§�ê4�Ñ´���.(é�z´�3F¥�é�z,d��SÒ��ü.)
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e¡éuK = R, F = C,A ∈ Rn×n,�y²S,N ∈ Rn×n.¯¢þA = S+N = S+N ,lS = S,N = N

e¡í2ù«�{§Eê���Ý¯¢þ�±w¤σ : C→ C�gÓ�,¿�σ(a) = a(a ∈ R)

éu���F ,��Ä{σ : F → F´gÓ�|σ(a) = a, ∀a ∈ R},P�Gal(F/K),��*Ü�Galois+. l

Gal(C/R) = {id, σ}.
k�½��K,òFw¤F��ê4�K,÷vK ⊂ K,�K/K´�ê*Ü.=∀c ∈ K, �3f ∈ K[x],¦

�f(c) = 0,�3�Ó��¿Âe´���.(XJFØ´K��ê4�,K�����:����F .)

·K7.5.1 charF = 0,F = K,c ∈ K�¿©7�^�´∀σ ∈ Gal(F/K), σ(c) = c

�>´w,�,Ù¢,�>�´é�.=∀c ∈ F −K,¦�σ(c) 6= c.�Ò´`Galois+k¿©õ�N�

5«©.(y²Ñ)

echarF = 0,e¡`²A ∈ Kn×n��üÜ©Ú�"Ü©E3K¥.é?¿�σ ∈ Gal(F/K),A =

S + N = σ(S) + σ(N),�σ(S)��é�z(σ(P )−1σ(S)σ(P ),lé?¿σ, σ(S) = S,N = σ(N),d·

K7.5.1,l¤á

éu�5N�,lk

½n7.5.1 �charK = 0,T ∈ L(V ),K�3���TS , TN¦�T = TS + TN , TSTN = TNTS .Ù¥TS�

ü,TN�"

�üÒ´�3�ê4��é�z��x,3��¥AT½Â¤

½Â7.5.1 ¡T�ü,W ⊂ V ,T−ØC,�3⊂ W ′ ⊂ V ,T−ØC,¦�V = W + W ′.=?¿ØCf�mþ�

3ØCÖ�m

• �B,[T ]B3Kþ�é�z⇒T�ü

• charK = 0,⇐�é.

¯¢þ,é?¿��kT�ü⇔pTÃ²�Ïf.[T ]B3Kþ�é�z⇔pT3KþÃ�.

ùÒ�Ñ
����½Â

½Â7.5.2 eK[x]¥��õ�ª´3K¥o´Ã��,K¡K´���.

·K7.5.2 charK = 0´���,k���o´���,�ê4��´���.

Fp(t)Ø´���,�Äxp − t = (x− c)p´�õ�ª�k�.

��`²�ê4���35

y² K´�ê4�⇒ K[x]¥�õ�ª3K¥ok�

·K7.5.3 F´�ê4�⇐⇒ Fvk�²���ê*Ü.

y² =⇒ E/F�ê⇒ ∀c ∈ E,�3f =
∏

(x− ci)¦�f(c) = 0⇒ c = ci

⇐= eFØ´�ê4�,�3FXê��õ�ªp,deg p ≥ 2,¦�p3F¥vk�.�ÄF [x]/(p),(p)��n

�l�4�n�.u´F [x]/(p)´���.Fw¤F [x]/(p)�f�.lù�*Ü´�²���ê*Ü.¯

¢þp(x+ (p)) = 0�´k�*Ü,=o´�ê*Ü.

dþã·K,�Iy²K�3�ê*ÜF/K¦�Fvk�²���ê*Ü.

�ÄK�¤k�ê*Ü�¤X,÷vZornÚn�^�.l�34��.u´§Ã�²���ê*Ü.l

FÒ´K��ê4�.



1lÙ Inner Product Spaces

8.1 Inner Products

l�Ùm©·�ò��¤¢ê�½öEê�=R½C

½Â8.1.1 �V´F�5�m,Vþ�SÈ,�N�〈·, ·〉,V × V → F¦�

(1) 〈α+ β, γ〉

(2) 〈cα, β〉 = c〈α, β〉

(3) 〈β, α〉 = 〈α, β〉

(4) α 6= 0⇒ 〈α, β〉

l(3)�±íÑ〈γ, α+β〉 = 〈γ, α〉+〈γ, β〉,〈α, cβ〉 = c〈α, β〉ù«5��/����50,1
1

2
�5(sesqui-

linear)

éu(4),e�Eê�,K�¦〈α, α〉´¢ê���.ù�´�¦(3)��Ï.=e�V�5,K〈α, α〉�〈iα, iα〉Ø
UÓ���,Kgñ!

kSÈ��þ�m��SÈ�m.¢ê�þ�k��SÈ�m��Euclid�m(Euclidean space),E

�k���5�m��j�m(unitary space).

~8.1.1 V = Fn×1, α = (x1, · · · , xn)t, β = (y1, · · · , yn)t, 〈α, β〉 =
n∑
j=1

xjyj .ù«SÈ¡�IOSÈ.5¿

�〈α, β〉 = αtβ = βtα.±�éuEÝ
,·�PA∗ = At.

~8.1.2 �V = Fm×n,½Â〈A,B〉 =
∑
j,k

AjkBjk = tr(AB∗) = tr(B∗A)

½Â8.1.2 A ∈ Fn×n¡�HermiteÝ
(Hermitian matrix),XJA∗ = A.e?�Ú/,é?¿X ∈
Fn×1 \ {0},kX∗AX > 0,K¡A��½(positive).Ý


~8.1.3 ∀Q ∈ GLn(F ), A = Q∗QK��½Ý
.±�òy²z��½Ñ/XQ∗Q

éu���½Ý
A,éu��þ〈X,Y 〉 := Y ∗AXÒ´SÈ,,��¡,éuz�SÈ,Ù��±�¤�

��½Ý
.l¤k�SÈÚ¤k��½Ý
k
��éA.¯¢þ,ke¡�Ún

Ún8.1.1 �dimV = n,B = {α1, · · ·αn}PX = [α]B, Y = [β]B

(1) eA ∈ Fn×n��½Hermite,K

〈α, β〉 = Y ∗AX =
∑
j,k

Akjxjyk

´SÈ

(2) éu?¿Vþ�SÈ〈·, ·〉,�3����½HermiteÝ
A ∈ Fn×n,¦�

〈α, β〉 = Y ∗AX =
∑
j,k

Akjxjyk

55
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. ·�òA¡�SÈ3ù|Äe�Ý
.

y² �y(2), (1)N´�y

ky��5.eA÷v�¦,�α = αj , β = αk,��Akj = 〈αj , αk〉.
�35,dþ¡,·��IyAkj = 〈αj , αk〉�½,K〈α, β〉 = 〈

∑
xjαj ,

∑
ykβk〉 =

∑
j,k

xjykAkj =

Y ∗AX.d½Â,KA´HermiteÝ
,du〈X,X〉 > 0K��A�½.

~8.1.4 �ÄA =

(
1 −1

−1 4

)
,�X =

(
x1

x2

)
,XtAX = x2

1 − 2x1x2 + 4x2
2 > 0, lA�½.

l�V = R2×1, 〈α, β〉 = βtAα = αtAβ = (x1, x2)A

(
y1

y2

)
= x1y2 − x1y2 − x2y1 + 4x2y2.

�L5,ù�SÈ3IOÄe�Ý
Ò´A.

~8.1.5 �T ∈ L(V,W )´ü�,�〈·, ·〉0´W�SÈ,K〈α, β〉 = 〈Tα, Tβ〉0´Vþ�SÈ.

• �V = W, 〈·, ·〉0�IOSÈ.éu�_Ý
Q ∈ GLn(F ), T = LQ.d�〈α, β〉 = 〈Qα,Qβ〉0 =

(Qβ)∗Qα = β∗(Q∗Q)α.lQ∗Q�SÈ�Ý
.

• �½�5�mV ,ÚB = {α1, · · · , αn}´�|Ä.kΓB��IN�,�〈·, ·〉0´IOSÈ.léA�d~

�¥,〈α, β〉 = 〈[α]B, [β]B〉0,eα =
∑
j

xjαj , β =
∑
k

ykαk,l〈α, β〉 =
∑
j

xjyj .Ù3Be�Ý
�ü

 Ý
.

k
SÈ��,Ò�±½Â�þ��Ý,‖α‖ = 〈α, α〉 12 .lSÈp�Ñ
���Ý¼ê‖ · ‖ : V →
[0,+∞).SÈ´d�Ý¼ê��û½�.¯¢þ

(1) eF = R,〈α, β〉 =
1

4

(
‖α+ β‖2 − ‖α− β‖2

)
(2) eF = C,〈α, β〉 =

1

4

4∑
k=1

ik‖α+ ikβ‖2

ùü�ªf����4zð�ª.lù�ªf�±�ä���ê¼ê´Ä�dSÈp�Ñ5�.

e¡?ØdSÈp���Ý(±�þ?Øù«�Ý)�5�

Ún8.1.2 (1) ‖cα‖ = |c|‖α‖

(2) α 6= 0⇐⇒ ‖α‖ > 0

(3) |〈α, β〉| ≤ ‖α‖‖β‖,�Ò¤á��=�α, β�5�'.¡�Cauchy-SchwarzØ�ª.

(4) ‖α+ β‖ = ‖α‖+ ‖β‖,¡�n�Ø�ª.

Ù¥��,�¼ê÷v(1), (2), (4),K¡��ê¼ê.

y² (1),(2)w,.�Ä(3)§Ø��α 6= 0,�γ = β−〈β, α〉
‖α‖2

α.|^AÛ¿Â,=òβ��ÝK�α⊥þ.K〈γ, α〉 =

0.u´

0 ≥ ‖γ‖2 = 〈γ, β − 〈β, α〉
‖α‖2

α〉 = 〈γ, β〉 = 〈β, β〉 − |〈α, β〉‖
2

‖α‖2

l(3)¤á.��Ò¤á��=�γ = 0,=�5�'

éu(4),k

‖α+ β‖2 = ‖α‖2 + ‖β‖2 + 2Re〈α, β〉 ≤ ‖α‖2 + ‖β‖2 + 2|〈α, β〉| ≤ ‖α‖2 + ‖β‖2 + 2‖α‖‖β‖ ≤ (‖α‖+ ‖β‖)2
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½Â8.1.3 Pα ⊥ β,e〈α, β〉 = 0.eF = R,½Â∠(α, β) = arccos
〈α, β〉
‖α‖2‖β‖2

∈ [0, π].lR�=�∠(α, β) =

π

2
duz�zÓ��0,l〈α, β〉 = 0⇐⇒ 〈β, α〉 = 0.lα ⊥ β ⇐⇒ β ⊥ α

• eS ⊂ V¥��þüü��,K¡S���8(orthogonal set).

• e?�Úα ∈ S, ‖α‖ = 1,K¡S�IO��8(orthonormal set).

• ´��8�Ä¡���Ä,¡�IO��8¡�IO��Ä.(5¿��8¥k"�þ,IO��8¥v

k"�þ,��Ä¥vk"�þ)

~8.1.6 �ÄFn×1�IOSÈ,ÙIOÄÒ´IO��Ä.

��8�k�
5�

• ��½nµ‖α+ β‖2 = ‖α‖2 + ‖β‖2,le{α1, · · · , αm}´��8,l
m∑
i=1

‖αi‖2 = ‖
m∑
i=1

αi‖2

• e{α1, · · · , αm}´IO��Ä.@o〈
n∑
j=1

xjαj ,
n∑
k=1

ykαk〉 =
n∑
j=1

xjyjAO/,‖
n∑
j=1

xjαj‖2 =
n∑
j=1

|xj |2

• Ø¹0���8S�5Ã',¯¢þ§e

n∑
j=1

cjαj = 0,�Ä〈αk,
n∑
j=1

cjαj〉 = cj〈αk, αk〉 ⇒ ck = 0.l�

�Ø¹"�þ���8S´Ä⇐⇒ spanS = V

3k����¹e,IO��Ä�½�3

·K8.1.1 �V´k���5�m,{β1, · · · , βn}´�m�kSÄ

(1) �3�m��|�����Ä{α1, · · · , αn}Úé���1�þn�Ý
N ,¦�

(β1, · · · , βn) = (α1, · · · , αn)N

(2) �3���IO��8{α′1, · · · , α′n}Úé���u0�þn�N ′,¦�

(β1, · · · , βn) = (α′1, · · · , α′n)N ′

d�kspan{β1, · · · , βk} = span{α1, · · · , αk} = span{α1, · · · , αk}é?¿k¤á.

y² ±e�L§¡�Gram-Schmidt��z. -dÝ
¦{�±�βk = N1kα1 + · · ·+Nk−1,kαk−1 +

αk ⇒ 〈βk, αj〉 = Njk‖αj‖2 ⇒ Njk =
〈βk, αj〉
‖αj‖2

.lN´�yù��÷v^����

éu(2)§Ó�/�±`²

5¿�,þ¡·K¿Ø�½�¦{β1, · · · , βn}´0,eβi´�|ÊÏ��þ.Ke,�αj = 0,K{β1, · · · , βj}�
5�',ez�αj 6= 0,K{β1, · · · , βn}�5Ã'.

íØ8.1.1 dimV <∞Ø¹"�þ���8o´�±*¿¤��Ä,?¿��IO��8o�±*¿¤I

O��Ä.

y² k*¿¤�|Ä,2�Schmidt��z,duc¡�Ü©��,lvC.aq/,?¿��IO��

8o�±*¿¤IO��Ä.

e¡�Ä/��0�Ð�5�.
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·K8.1.2 �S = {α1, · · · , αn}´Ø¹0���8,β ∈ spanS,K

β =
m∑
k=1

〈β, αk〉
‖α2

k‖
αk

¯¢þ,�β =
n∑
k=1

ckαk,�z�αi�SÈ=�.

AO/,eS´�|��Ä,K∀β ∈ Vþ¡�ªfþ¤á.?�Ú,e´IO��Ä,K∀β

β =
m∑
k=1

〈β, αk〉αk

I�5¿�´,β�U3c¡.

·K8.1.3 (BesselØ�ª) �{α1, · · · , αm}´Ø¹0�þ���8,Ké?¿β ∈ V ,k

m∑
k=1

|〈β, αk〉|2

‖αk‖2
≤ ‖β‖2

Ù¥�Ò¤á��=�β ∈ spanS

y² òS*¿���Ä{α1, · · · , αn},K

β =

n∑
k=1

〈β, αk〉
‖αj‖2

αk

Ïd,d��½n‖β‖2 =

n∑
k=1

‖〈β, αk〉
‖αk‖2

αk‖ =

n∑
k=1

|〈β, αk〉|2

‖αk‖2
≥

m∑
k=1

... �Ò¤á��=�〈β, αk+1〉 = 0 =

· · · = 〈β, αn〉 = 0⇐⇒ β ∈ spanS

?�Ú,eS´IO��8,β ∈ V ,K
∑
k

|〈β, αk〉|2 ≤ ‖β‖2

éuS ∈ V, S⊥ = {α ∈ V |α ⊥ β∀ ∈ S}´f�m.�N´wÑS⊥ = (spanS)⊥

·K8.1.4 dimV <∞,�W ⊂ V´f�m,KdimW + dimW⊥ = dimV

y² �W�IO��Äα1, · · · , αm,*¿���m�IO��Ä{α1, · · · , αn}.e¡y²{αm+1, · · · , αn}´W⊥�
Ä.

¯¢þ,é∀β ∈ V, β =
n∑
k=1

〈β, αk〉αk =⇒ β ∈W⊥ ⇔ 〈β, α1〉 = · · · 〈β, αm〉 = 0⇐⇒ β =
n∑

k=m+1

〈β, αk〉αk ⇐⇒

β ∈ span{αk+1, · · · , αn}

íØ8.1.2 dimW⊥ = dimW 0

¯¢þ,�±��l"zf�m�5�5�Ñþã·K.

�V´F�þ�m,KSÈp�
��V → V ∗�Ó�(Eê��Øî�Ó�,�E�Ý�5Ó�).�Ä�

Óβ ↔ 〈·, β〉.î�5`§�ÄN�Φ : V → V ∗,Φ(β) ∈ V ∗÷vΦ(β)(α) = 〈α, β〉

Ún8.1.3 ΦQüq÷��Ý�5.=Φ(cβ1 + β2) = cΦ(β1) + Φ(β2)

y² �yü÷,�Iy²éu∀β ∈ V ∗,�3���β ∈ V ,¦�Φ(β) = f

¯¢þ,�α1, · · · , αn´IO��Ä,éβ =
n∑
j=1

cjαj ,lΦ(β) = f ⇔ Φ(β)(αk) = f(αk) ⇔ ck =

f(αk)⇔ β = f(αj)αj .lβ�3���.=ΦQüq÷.

�yΦ�Ý�5,�ÄΦ(cβ1 + β2)(α)N´�yÙ�u[cΦ(β1) + Φ(β2)](α)

�F = R�,Φ=����5Ó�.�F = C�,Φ´¢�5�.

ÏL/#KE(�0K�±^�5N�5��`²ù�¯K
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u´§�±��y²þãíØ.¯¢þ,�±uyΦ(S⊥) = S0,duΦ�¢�5Ó�,#KE(�,l

dimRW
⊥ = dimRW

0.u´dimW = dimW 0

��`²Φ(S⊥) = S0,éβ ∈ S⊥ ⇔ 〈β, α〉 = 0(∀α ∈ S)⇔ φ(β)(α) = 0∀α ∈ S ⇔ Φ(β) ∈ S0,3�Ó�

¿Âe,ù�S0��±����Ö.

íØ8.1.3 dimV <∞,K(W⊥)⊥ = W

y² w,W ⊂ (W⊥)⊥,��ê��,l¤á.

íØ8.1.4 V = W ⊕W⊥

y² w,W ∩W⊥ = {0},d�ê'XK(Ø¤á.

k
�Ú©)��,Ò�±�ÄÝKN�.é∀β ∈ V ,�3���©)β = β1 + β2, β ∈ W,β2 ∈ W⊥,½

ÂPW ∈ L(V ) ÷vPW (β) = β1.¡��Wþ���ÝK.¡PWβ�β�Wþ���ÝK.

e{α1, · · · , αm}�W�IO��Ä,lPWβ =
m∑
j=1

〈β, αj〉αju´PW + PW⊥ = idV ,e¡�Ä�Z%C

�¯K. ,

·K8.1.5 �W ⊂ V´f�m,K∀β ∈ V, PWβ´β3W¥��Z%C.=¼êW → [0,+∞), α 7→ ‖β −
α‖3��3PWβ?�����.

y² éα ∈W ,‖β − α‖2 = ‖β − α+ α+ PWβ‖2 = ‖β − α‖2 + ‖PWβ − α‖2 ≥ ‖β − PWβ‖2,Ù¥�Ò¤

á��=�α = PWβ

3Schmidt��z¥,PWk = span{β1, · · · , βk},Kαk = PW⊥k−1
βkÒ´����ÝK.

8.2 Adjoints

éT ∈ L(V )kT t ∈ L(V ∗),K�3���S ∈ L(V )¦�ãL���.P�T ∗,KT ∗÷vT t ◦ Φ =

Φ◦T ∗.KT t(Φβ) = Φ(sβ)é?¿β. lé?¿β,Φ(β)◦T = Φ(Sβ)⇐⇒ ∀αΦ(β)(Tα) = Φ(Sβ)(α)∀α, β,l

S÷v〈Tα, β〉 = 〈α, Sβ〉 ⇐⇒ 〈β, Tα〉 = 〈Sβ, α〉.
lT ∗÷v〈T ∗β, α〉 = 〈β, Tα〉.XJÏLSÈòV, V ∗�Óå5,KT t, T ∗´Ó�£¯.=T ∗ = Φ∗ ◦ T t ◦

Φ−1�
ügE�ÝKT ∗ÃØXÛÑ´�5N�.

½Â8.2.1 þã½Â�T ∗�'uSÈ〈·, ·〉���C�.

ù��T ∗��±½Â3ü�ØÓ��mþ,¦�ãL���.

�B = {α1, · · · , αn}´�m�IO��Ä,K[T ∗]B = [TB]∗.

¯¢þΦ(B) = {Φ(α1), · · · ,Φ(αn)}´B�éóÄ⇒ [T t]Φ(B) = [T ]tB �T
∗3Be�Ý
´A,KT ∗αk =

m∑
j=1

Ajkαj ,�Φl

T t(Φ(αk)) = Φ(T ∗αk) =
n∑
j=1

AjkΦ(αj)

l[T t]Φ(B) = A

~8.2.1 �V = Fn×1��IOSÈ,T = LA, A ∈ Fn×n,KL∗A = LA∗ ⇐⇒ 〈X,LA∗Y 〉 = 〈LAX,Y 〉 ⇐⇒
〈X,A∗Y 〉 = 〈AX,Y 〉 ⇐⇒ (A∗Y )∗X = Y ∗AX(¢´���.

·K8.2.1 (1) (T + U)∗ = T ∗ + U∗

(2) (cT )∗ = cT ∗
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(3) (TU)∗ = U∗T ∗

(4) (T ∗)∗ = T

d±þo^,�∗´��C�ê��Ý�5��gÓ�.3�f�ê¥K¡�C∗�ê.

½Â8.2.2 eT ∗ = TK¡T´g��,=÷v〈Tα, β〉 = 〈α, Tβ〉


