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§5.1 é¡+

8Ü{1, . . . , n}�g���_N�¡�ng��(permutation of degree n). ¤kng��3

N�EÜe�¤��+, ¡�ngé¡+(symmetric group of degree n), P�Sn. N´wÑ,

|Sn| = n!. XJ��σ ∈ Snp�{1, . . . , n}¥�,ü�êi, �±Ù¦êiØÄ, K¡σ�é

�(transposition). éu��σ ∈ Sn, ·�P

σ =

(
1 · · · n

σ(1) · · · σ(n)

)
.

XJσ´p�êisÚt�é�, KPσ = (s, t).

~ 5.1. S1 = {id}, S2 = {id, (1, 2)},

S3 =

{
id, (1, 2), (2, 3), (3, 1),

(
1 2 3

2 3 1

)
,

(
1 2 3

3 1 2

)}
,

ùpid´�A8Üþ�ðÓ��.

·�¡Sn¥�n− 1�é�

{(i, i+ 1) | 1 ≤ i ≤ n− 1}

���êi�é�(transposition of adjacent digits).

·K 5.1. ��+Sn¥��êi�é�)¤Sn. �Ò´`, é?¿σ ∈ Sn, �3��êi�é

�σ1, . . . , σk¦�σ = σ1 · · ·σk.

y². ^8B{. ·K3n = 1�ÃIy². b�n ≥ 2, ¿�·Kén− 1¤á. �σ ∈ Sn. ·�

©ü«�/y²σ�±L«���êié��¦È.

�/1. �σ(n) = n. Kσ��3{1, . . . , n − 1}þ´Sn−1¥���, l8Bb��y
σ�

±L«���êié��¦È.

�/2. �σ(n) < n. Pτi = (i, i+ 1). Kτn−1 · · · τσ(n)σ(n) = n. d�/1, �3��êi�é

�σ1, . . . , σk¦�τn−1 · · · τσ(n)σ = σ1 · · ·σk, =σ = τσ(n) · · · τn−1σ1 · · ·σk. 2

éuσ ∈ Sn, ·�¡

`(σ) = #{(i, j) | i, j ∈ {1, . . . , n}, i < j, σ(i) > σ(j)}

�σ�_Sê(number of inversions), ¿¡sgn(σ) = (−1)`(σ)�σ�ÎÒ(sign). XJsgn(σ) = 1, K

1
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¡σ�ó��(even permutation); XJsgn(σ) = −1, K¡σ�Û��(odd permutation).

~ 5.2. �n ≥ 2, I´{1, . . . , n}�f8, 1 ≤ |I| < n. ·�½Â��σI ∈ SnXe: Pk = |I|,
ΣI =

∑
i∈I i, I

c = {1, . . . , n}r I. XJ

I = {i1, . . . , ik}, i1 < · · · < ik,

Ic = {i′1, . . . , i′n−k}, i′1 < · · · < i′n−k,

K½Â

σI =

(
1 · · · k k + 1 · · · n

i1 · · · ik i′1 · · · i′n−k

)
. (5.1)

��σI�_Sê�

`(σI) = #{(r, s) | ir > i′s} =

k∑
r=1

#{s | ir > i′s}

=

k∑
r=1

#({1, . . . , ir} ∩ Ic) =

k∑
r=1

(ir − r) = ΣI −
k(k + 1)

2
.

Ïd

sgn(σI) = (−1)ΣI− k(k+1)
2 . (5.2)

���ÎÒ�±^e¡�L�ª5L«.

·K 5.2. é?¿σ ∈ Sn, k

sgn(σ) =
∏

1≤i<j≤n

σ(j)− σ(i)

j − i
. (5.3)

���/, XJ(d1, . . . , dn)´êi{1, . . . , n}�ü�, K

sgn(σ) =
∏

1≤i<j≤n

σ(dj)− σ(di)

dj − di
. (5.4)

y². N´wÑ, (5.3)ªm>�¦È¥k`(σ)��KÒ. ÏdT¦È�sgn(σ)ÓÒ. T¦È

�ýé��u1. Ïd(5.3)¤á. ,��¡, 3ØOgS�¿Âe, (5.4)ª�(5.3)ªm>¦È¥

�n(n−1)
2 ��Ó. Ïd(5.4)�¤á. 2

·�¬õg^�e¡�5�.

·K 5.3. (1) N�sgn : Sn → {1,−1}´+Ó�, =é?¿σ, τ ∈ Snk

sgn(στ) = sgn(σ)sgn(τ).

(2) XJσ ∈ Sn´k�é��¦È, Ksgn(σ) = (−1)k. AO/, é�´Û��.

y². (1) du(τ(1), . . . , τ(n))´êi{1, . . . , n}�ü�, d·K5.2,

sgn(σ) =
∏

1≤i<j≤n

σ(τ(j))− σ(τ(i))

τ(j)− τ(i)
.

Ïd

sgn(στ) =
∏

1≤i<j≤n

σ(τ(j))− σ(τ(i))

τ(j)− τ(i)

∏
1≤i<j≤n

τ(j)− τ(i)

j − i
= sgn(σ)sgn(τ).

(2) Äky²XJσ ∈ Sn´é�, Ksgn(σ) = −1. �σ = (s, t), s < t. K

{(i, j) | i, j ∈ {1, . . . , n}, i < j, σ(i) > σ(j)}

= {(s, t), (s, s+ 1), . . . , (s, t− 1), (s+ 1, t), . . . , (t− 1, t)}.
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l`(σ) = 2(t− s− 1) + 1´Ûê, Ïdsgn(σ) = −1. y3�σ = σ1 · · ·σk, Ù¥σi´é�. d(1),

ksgn(σ) = sgn(σ1) · · · sgn(σk) = (−1)k. 2

íØ 5.4. ¤kngó���¤�8ÜAn´Sn�f+, ¿��n ≥ 2�k|An| = 1
2n!.

y². �
y²An´Sn�f+,·�I�`²: (1)Sn¥�ðÓ��id´ó��; (2)XJsgn(σ) =

sgn(τ) = 1, Ksgn(στ) = 1; (3) XJsgn(σ) = 1, Ksgn(σ−1) = 1. (1)´w,�, (2)Ú(3)´·

K5.3(1)���íØ.

b�n ≥ 2. d·K5.3(2), An 6= Sn. �½τ ∈ Sn rAn. d·K5.3(1), �±½ÂN�

ρ1 : An → Sn rAn, ρ1(σ) = στ,

ρ2 : Sn rAn → An, ρ2(σ) = στ−1.

5¿�ρ1 ◦ ρ2Úρ2 ◦ ρ1´ðÓN�. Ïdρ1�ρ2�_. du8ÜAn�Sn rAn�m�3�_N�,

¤±|An| = |Sn rAn| = 1
2 |Sn| =

1
2n!. 2

+An¡�ng��+(alternating group of degree n).

~ 5.3. A1 = {id}, A2 = {id},

A3 =

{
id,

(
1 2 3

2 3 1

)
,

(
1 2 3

3 1 2

)}
.

SK 5.1.

1. �ÑA4¥�¤k��.

2. ¦¤k��ên, ¦���

(
1 · · · n

n · · · 1

)
∈ An.

3. �{ε1, . . . , εn}´Fn×1�IOÄ. éσ ∈ Sn, PR(σ) ∈ Fn×n�1j��uεσ(j)�(�_)Ý
.

y²N�R : Sn → GLn(F )´+Ó�, =é?¿σ, τ ∈ SnkR(στ) = R(σ)R(τ).

4. �{δ1, . . . , δn}´Fn�IOÄ.éσ ∈ Sn,PR′(σ) ∈ Fn×n�1i1�uδσ(i)�Ý
. �ªR′(στ) =

R′(σ)R′(τ)´Ä¤á?

§5.2 õ�5¼ê

�V´�Fþ��5�m, r´��ê.

½Â 5.1. N�L : V r → F¡�Vþ�r�5¼ê(r-linear function)½r�5/ª(r-linear

form), XJé?¿�I1 ≤ i ≤ rÚ?¿�½��þα1, . . . , αi−1, αi+1, . . . , αr ∈ V , N�

V → F, αi 7→ L(α1, . . . , αr)

´�5¼ê.

·�rVþ�¤kr�5¼ê�8ÜP�(V ∗)⊗r½
⊗r

(V ∗)(^
⊗r

(V ∗), ÖþP�Mr(V )),

¿3§þ¡½Â\{ÚXþ¦{Xe:

(L1 + L2)(α1, . . . , αr) = L1(α1, . . . , αr) + L2(α1, . . . , αr), ∀L1, L2 ∈ (V ∗)⊗r,

(cL)(α1, . . . , αr) = cL(α1, . . . , αr), ∀c ∈ F,L ∈ (V ∗)⊗r.



4 1ÊÙ 1�ª

N´wÑ, (V ∗)⊗r´�5�m. 5¿(V ∗)⊗1 = V ∗.

~ 5.4. �f1, . . . , fr ∈ V ∗, ¿½Âf1 ⊗ · · · ⊗ fr : V r → F�

f1 ⊗ · · · ⊗ fr(α1, . . . , αr) = f1(α1) · · · fr(αr).

Kf1 ⊗ · · · ⊗ fr ∈ (V ∗)⊗r.

~ 5.5. �5�mþ�2�5¼ê¡�V�5¼ê(bilinear function)½V�5/ª(bilinear for-

m). �A ∈ Fn×n. KN�

L : (Fn×1)2 → F, L(X,Y ) = Y tAX

´Fn×1þ�V�5¼ê.

�
½Â�5N��1�ª, ·�I�e¡�Vg.

½Â 5.2. õ�5¼êL ∈ (V ∗)⊗r¡���(alternating)�, XJ,ü�Cþ�Ó�L��´0,

=é?¿ØÓ�s, t ∈ {1, . . . , r}, k

αs = αt =⇒ L(α1, . . . , αr) = 0.

·�rVþ�r���5¼ê�8ÜP�Λr(V ∗)(ÖþP�Λr(V )). N´wÑ,§´(V ∗)⊗r�

f�m. ·��½Λ1(V ∗) = V ∗.

~ 5.6. �f1, f2 ∈ V ∗. ½Â
f1 ∧ f2 = f1 ⊗ f2 − f2 ⊗ f1,

=

f1 ∧ f2(α1, α2) = f1(α1)f2(α2)− f1(α2)f2(α1).

Kf1 ∧ f2 ∈ Λ2(V ∗). 5¿�

f1 ∧ f2 = −f2 ∧ f1.

~ 5.7. �{f1, . . . , f2n}´F 2n�IOÄ�éóÄ. F 2nþ���V�5¼ê

ω0 =

n∑
i=1

fi ∧ fn+i

¡�IO"/ª(standard symplectic form). XJα = (x1, . . . , x2n), β = (y1, . . . , y2n), K

ω0(α, β) =
n∑
i=1

(xiyn+i − xn+iyi).

·K 5.5. �r ≥ 2.

(1) �L ∈ (V ∗)⊗r. b�,ü���Cþ�Ó�L��´0, =é?¿1 ≤ i ≤ r − 1k

αi = αi+1 =⇒ L(α1, . . . , αr) = 0.

KL ∈ Λr(V ∗).

(2) �L ∈ Λr(V ∗). Ké?¿σ ∈ Sr, k

L(ασ(1), . . . , ασ(r)) = sgn(σ)L(α1, . . . , αr), ∀α1, . . . , αr ∈ V. (5.5)

y². ·�ry²©�±eAÚ.

1�Ú. b�L ∈ (V ∗)⊗r÷v(1)�^�, =�,ü���Cþ�Ó�L��´0. ·�y

²(5.5)�σ´��êi�é��¤á. �σ = (i, i+1). éu�½�r−2��þαj , j ∈ {1, . . . , r}r
{i, i+ 1}, P

L′(αi, αi+1) = L(α1, . . . , αr).
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K(1)�^�íÑ

0 = L′(αi + αi+1, αi + αi+1)

= L′(αi, αi) + L′(αi+1, αi+1) + L′(αi, αi+1) + L′(αi+1, αi)

= L′(αi, αi+1) + L′(αi+1, αi),

=L′(αi+1, αi) = −L′(αi, αi+1). d·K5.3(2), sgn(σ) = −1. Ïd(5.5)éσ = (i, i+ 1)¤á.

1�Ú. b�L ∈ (V ∗)⊗r÷v(1)�^�. ·�y²(5.5)éu���σ ∈ Sn�¤á. d·

K5.1, σ�±L«���êi�é��¦Èσ = σ1 · · ·σk. éù
é�A^1�Ú�(J, ��

L(ασ(1), . . . , ασ(r)) = L(ασ1···σk(1), . . . , ασ1···σk(r))

= −L(ασ2···σk(1), . . . , ασ2···σk(r))

= · · · · · ·

= (−1)kL(α1, . . . , αr).

d·K5.3(2), sgn(σ) = (−1)k. Ïd(5.5)é���σ ∈ Sn�¤á. 5¿�XJL ∈ Λr(V ∗),

K(1)�^�¤á. Ïd·�®²�¤
(2)�y². 2

1nÚ. ��·�y²(1). b�L ∈ (V ∗)⊗r÷v(1)�^�, α1, . . . , αr ∈ V . ·�I�y²:

é?¿ØÓ�s, t ∈ {1, . . . , r}, XJαs = αt, KL(α1, . . . , αr) = 0. Ø��s < t. XJs + 1 = t,

K(1)�^�®²�yL(α1, . . . , αr) = 0. b�s + 1 < t. éué�σ = (s + 1, t)A^1�Ú�(

J, ��L(α1, . . . , αr) = −L(ασ(1), . . . , ασ(r)). ,��¡, 3ü�(σ(1), . . . , σ(n))¥, êis�t�

�. ¤±(1)�^�íÑL(ασ(1), . . . , ασ(r)) = 0. ÏdL(α1, . . . , αr) = 0. ùÒ�¤
y². 2

y3�V´k���, dimV = n ≥ 1. ·��	Vþ�n���5¼ê��U/ª.

�{α1, . . . , αn}´V�Ä, {f1, . . . , fn}´§3V ∗¥�éóÄ.Ké?¿�L ∈ (V ∗)⊗nÚβ1, . . . , βn ∈
V , duβi =

∑n
j=1 fj(βi)αj , ¤±

L(β1, . . . , βn) = L

 n∑
j1=1

fj1(β1)αj1 , . . . ,

n∑
jn=1

fjn(βn)αjn


=

∑
1≤j1,...,jn≤n

fj1(β1) · · · fjn(βn)L(αj1 , . . . , αjn)

=
∑

1≤j1,...,jn≤n

L(αj1 , . . . , αjn)fj1 ⊗ · · · ⊗ fjn(β1, . . . , βn),

=

L =
∑

1≤j1,...,jn≤n

L(αj1 , . . . , αjn)fj1 ⊗ · · · ⊗ fjn .

XJL´���, K�k�j1, . . . , jnpØ�Ó�, L(αj1 , . . . , αjn)â�U�". d�, �3��

�σ ∈ Sn¦�ji = σ(i). Ïd, d·K5.5(2),

L =
∑
σ∈Sn

L(ασ(1), . . . , ασ(n))fσ(1) ⊗ · · · ⊗ fσ(n)

= L(α1, . . . , αn)
∑
σ∈Sn

sgn(σ)fσ(1) ⊗ · · · ⊗ fσ(n).

XJ·�½Ân�5¼ê

f1 ∧ · · · ∧ fn =
∑
σ∈Sn

sgn(σ)fσ(1) ⊗ · · · ⊗ fσ(n), (5.6)
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=

f1 ∧ · · · ∧ fn(β1, . . . , βn) =
∑
σ∈Sn

sgn(σ)fσ(1)(β1) · · · fσ(n)(βn), (5.7)

þ¡�?Ø`²:

Ún 5.6. �L ∈ Λn(V ∗), {α1, . . . , αn}´V�Ä, {f1, . . . , fn}´§�éóÄ. K

L = L(α1, . . . , αn)f1 ∧ · · · ∧ fn.

�e5·�y²:

Ún 5.7. �{α1, . . . , αn}´V�Ä, {f1, . . . , fn}´ÙéóÄ. K

(1) f1 ∧ · · · ∧ fn´���.

(2) f1 ∧ · · · ∧ fn(α1, . . . , αn) = 1. AO/, f1 ∧ · · · ∧ fn 6= 0.

y². (1) �n = 1�ÃIy². b�n ≥ 2. �β1, . . . , βn ∈ V , βs = βt, ùp1 ≤ s < t ≤ n. ·�

F"y²f1 ∧ · · · ∧ fn(β1, . . . , βn) = 0. �Äé�τ = (s, t). díØ5.4�y²��

Sn rAn = {στ | σ ∈ An}.

l

f1 ∧ · · · ∧ fn(β1, . . . , βn)

=
∑
σ∈An

fσ(1) ⊗ · · · ⊗ fσ(n)(β1, . . . , βn)−
∑
σ∈An

fστ(1) ⊗ · · · ⊗ fστ(n)(β1, . . . , βn)

=
∑
σ∈An

(fσ(1)(β1) · · · fσ(n)(βn)− fστ(1)(β1) · · · fστ(n)(βn))

=
∑
σ∈An

 ∏
i∈{1,...,n}r{s,t}

fσ(i)(βi)

 (fσ(s)(βs)fσ(t)(βt)− fσ(t)(βs)fσ(s)(βt)) = 0.

Ïdf1 ∧ · · · ∧ fn´���.

(2) d(5.7)=�f1 ∧ · · · ∧ fn(α1, . . . , αn) = f1(α1) · · · fn(αn) = 1. 2

dþ¡ü�Ún, ·�éN´��:

½n 5.8. �V´�Fþ�k���5�m, dimV = n ≥ 1. Kdim Λn(V ∗) = 1.

y². �½V��|ÄÚ§3V ∗¥�éóÄ{f1, . . . , fn}. dÚn5.7, f1 ∧ · · · ∧ fn´Λn(V ∗)¥�

�"��. 2dÚn5.6, ��{f1 ∧ · · · ∧ fn}´Λn(V ∗)�Ä. Ïddim Λn(V ∗) = 1. 2

��n��5�mVþ��"n���5¼ê�±^5�äV¥�n��þ´Ä�¤�|

Ä.

íØ 5.9. �dimV = n ≥ 1, L ∈ Λn(V ∗) r {0}, α1, . . . , αn ∈ V . K{α1, . . . , αn}´V�Ä�¿©
7�^�´L(α1, . . . , αn) 6= 0.

y². �{α1, . . . , αn}´Ä, {f1, . . . , fn}´ÙéóÄ. dÚn5.7(2), f1 ∧ · · · ∧ fn(α1, . . . , αn) = 1.

2d½n5.8��, �3c ∈ F r {0}¦�L = cf1 ∧ · · · ∧ fn. Ïd

L(α1, . . . , αn) = cf1 ∧ · · · ∧ fn(α1, . . . , αn) = c 6= 0.

�L5,b�{α1, . . . , αn}Ø´Ä.�span{α1, . . . , αn}�Ä{β1, . . . , βr}, r < n,¿*¿�V�

Ä{β1, . . . , βn}. �{g1, . . . , gn}´{β1, . . . , βn}3V ∗¥�éóÄ. dugn(β1) = · · · = gn(βr) = 0,
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¤±gn(α1) = · · · = gn(αn) = 0. dÚn5.7(2)Ú½n5.8, �3c′ ∈ F¦�L = c′g1 ∧ · · · ∧ gn. Ïd

L(α1, . . . , αn) = c′g1 ∧ · · · ∧ gn(α1, . . . , αn) = c′
∑
σ∈Sn

sgn(σ)gσ(1)(α1) · · · gσ(n)(αn) = 0.

2

5 5.1. �V´n�¢�5�m�, Vþ��"n���5¼ê�±À�2Â²1õ¡N�k�

NÈ¼ê. éu�þα1, . . . , αn ∈ V , �ÄV¥�2Â²1õ¡N(parallelotope)

P = P (α1, . . . , αn) =

{
n∑
i=1

ciαi | 0 ≤ ci ≤ 1

}
.

�½L ∈ Λn(V ∗) r {0}, ·�r|L(α1, . . . , αn)|À�P�NÈ. 5¿�L���5¿�X, XJP�

,ü�º:αsÚαtÜ, KP�NÈ´0. ù´éNÈ�½Â�Ün�¦. ���/, íØ5.9L

², P�NÈ´0�du{α1, . . . , αn}Ø´Ä, =Pá3V�,�ýf�m¥. ·�¡ù«�¹´

òz�. �P�òz�, 3§þ¡kü�½�. ½�kA«�d�½Â�ª. ·�æ^Xe½

Â: P�º:α1, . . . , αn�ü�ü�(αi1 , . . . , αin)Ú(αj1 , . . . , αjn)¡�´�d�, XJ÷vσ(ik) =

jk���σ ∈ Sn´ó��. u´, ùn�º:�¤kü��y©�ü��da. z��da¡

�P���½�(orientation), z�ü�¤3��da¡�dù�ü�û½�½�. ù�, ·�

rL(α1, . . . , αn)À�3PþÀ�dü�(α1, . . . , αn)û½�½��§�k�NÈ. k�NÈ�±

�K�, UCP�½���§�k�NÈ�Ò. I��Ñ�´, k�NÈ�6uL�À�. XJ

3VþvkN\Ù¦(�(~XSÈÚVg��½��), KLvkÓAÏ/ �À��ª. ½

n5.8`², k�NÈ�D��ª3����"Ïf�¿Âe´���.

SK 5.2.

1. 8Ü{f1 ⊗ f2 | f1, f2 ∈ V ∗}´Ä�(V ∗)⊗2�f�m? ÁéV = F 2�xù�8Ü.

2. �dimV = n. y²dim(V ∗)⊗2 = n2.

3. y²Fn×1þ�V�5¼êo´~5.5�/ª.

4. �5�mVþ�V�5¼êL¡��òz�(nondegenerate), XJé?¿α ∈ V r {0}, �
3β ∈ V¦�L(α, β) 6= 0. y²~5.5¥�V�5¼ê�òz�¿©7�^�´Ý
A�_.

5. y²F 2nþ�IO"/ª´�òz�.

6. �V´k���, L´Vþ��òzV�5¼ê. éuf�mW ⊂ V , ½Â

W⊥ = {α ∈ V | L(α, β) = 0,∀β ∈W}.

y²W⊥´V�f�m, ¿�dimW + dimW⊥ = dimV .

7. õ�5¼êL ∈ (V ∗)⊗r¡�´�é¡(anti-symmetric)½�é¡(skew-symmetric)�, XJ

��ü�Cþ¦L����Ò, =(5.5)ªé?¿Sn¥�é�σ¤á. y²: XJcharF 6= 2,

KL�é¡�¿©7�^�´§´���.

8. �charF = 2. `²3Fnþ�3�é¡�Ø���V�5¼ê.

9. �dimV = n.

(1) y²dim Λ2(V ∗) = 1
2n(n− 1).

(2) �r > n. y²Λr(V ∗) = {0}.
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§5.3 �5N��1�ª

�VÚW´�Fþ��5�m, T ∈ L(V,W ), r´��ê. �=�N�T t : W ∗ → V ∗aq, ·

�½ÂN�Λr(T t) : Λr(W ∗)→ Λr(V ∗)�

Λr(T t)(L)(α1, . . . , αr) = L(Tα1, . . . , Tαr), ∀L ∈ Λr(W ∗), α1, . . . , αr ∈ V.

N´wÑ, Λr(T t)(L)(¢áuΛr(V ∗), ¿�Λr(T t)´�5N�. 5¿Λ1(T t) = T t.

·K 5.10. �T ∈ L(V,W ), U ∈ L(W,Z). K

Λr(T t) ◦ Λr(U t) = Λr((UT )t).

y². é?¿L ∈ Λr(Z∗)Úα1, . . . , αr ∈ V , k

Λr(T t)(Λr(U t)(L))(α1, . . . , αr) = Λr(U t)(L)(Tα1, . . . , Tαr)

= L(UTα1, . . . , UTαr) = Λr((UT )t)(L)(α1, . . . , αr),

=

Λr(T t)(Λr(U t)(L)) = Λr((UT )t)(L), ∀L ∈ Λr(Z∗).

Ïd·K¤á. 2

e¡b�V´k���, dimV = n ≥ 1. éuT ∈ L(V, V ), d½n5.8, Λn(T t)´���5�

mΛn(V ∗)�g���5N�, l´ðÓN��~ê�(ùp�“~ê”��F¥���). ·�r

ù�~ê½Â�T�1�ª.

½Â 5.3. �n´��ê, V´�Fþ�n��5�m, T ∈ L(V, V ). ÷v

Λn(T t) = det(T ) idΛn(V ∗) (5.8)

��F¥���det(T )¡�T�1�ª(determinant).

r1�ª�½Âª(5.8)��äN�
, =

Λn(T t)(L) = det(T )L, ∀L ∈ Λn(V ∗),

½ö

L(Tα1, . . . , Tαn) = det(T )L(α1, . . . , αn), ∀L ∈ Λn(V ∗), α1, . . . , αn ∈ V. (5.9)

�5N��1�ª÷ve¡�Ä�5�.

·K 5.11. �V´�Fþ�n��5�m.

(1) det(idV ) = 1.

(2) é?¿T,U ∈ L(V, V ), kdet(TU) = det(T ) det(U).

(3) T ∈ L(V, V )�_�¿©7�^�´det(T ) 6= 0. d�, det(T−1) = det(T )−1.

(4) �W´,��n��5�m, Φ : V → W´�5Ó�. XJT ∈ L(V, V )ÚU ∈ L(W,W )÷

vΦ ◦ T = U ◦ Φ, Kdet(T ) = det(U).

(5) �{α1, . . . , αn}´V�Ä, {f1, . . . , fn}´§3V ∗¥�éóÄ, T ∈ L(V, V ). K

det(T ) = f1 ∧ · · · ∧ fn(Tα1, . . . , Tαn).

y². (1) N´wÑΛn(idtV ) = idΛn(V ∗). Ïddet(idV ) = 1.
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(2) d·K5.10,

det(TU)idΛn(V ∗) = Λn((TU)t) = Λn(U t) ◦ Λn(T t)

= (det(U)idΛn(V ∗)) ◦ (det(T )idΛn(V ∗)) = det(T ) det(U)idΛn(V ∗).

Ïddet(TU) = det(T ) det(U).

(3) b�T�_. d(1)Ú(2),

det(T ) det(T−1) = det(idV ) = 1.

Ïddet(T ) 6= 0, ¿�det(T−1) = det(T )−1. �L5, b�det(T ) 6= 0. �L ∈ Λn(V ∗) r {0}ÚV�
Ä{α1, . . . , αn}. díØ5.9, L(α1, . . . , αn) 6= 0. Ïd(5.9)íÑ

L(Tα1, . . . , Tαn) = det(T )L(α1, . . . , αn) 6= 0.

2g|^íØ5.9, =�{Tα1, . . . , Tαn}´V�Ä. ù`²TrV�ÄN�Ä. ÏdT�_.

(4) d·K5.10,

Λn((Φ ◦ T )t) = Λn(T t) ◦ Λn(Φt) = det(T )Λn(Φt),

Λn((U ◦ Φ)t) = Λn(Φt) ◦ Λn(U t) = det(U)Λn(Φt).

þ¡ü��ª��>�L�ª��. ¤±

det(T )Λn(Φt) = det(U)Λn(Φt).

,��¡,

Λn(Φt) ◦ Λn((Φ−1)t) = Λn((Φ−1 ◦ Φ)t) = Λn(idtV ) = idΛn(V ∗).

AO/, Λn(Φt) 6= 0. Ïddet(T ) = det(U).

(5) d(5.9), k

f1 ∧ · · · ∧ fn(Tα1, . . . , Tαn) = det(T )f1 ∧ · · · ∧ fn(α1, . . . , αn).

,��¡, dÚn5.7(2), f1 ∧ · · · ∧ fn(α1, . . . , αn) = 1. ¤±(Ø¤á. 2

5 5.2. �V´n�¢�5�m�, �5N�T ∈ L(V, V )�1�ª�±À�Tr2Â²1õ¡N

�k�NÈ*���ê. �P = P (α1, . . . , αn)´V¥�òz�2Â²1õ¡N(�55.1). N´

wÑ, P3N�Te��T (P )=�2Â²1õ¡NP (Tα1, . . . , Tαn),¿�T (P )�òz¿�XT�

_. ,��¡, ÏLÀ�L ∈ Λn(V ∗) r {0}¿A^(5.9), �±wÑT (P )�òz�dudet(T ) 6= 0.

d�, 3PÚT (P )þ¡©OÀ�dº:�ü�(α1, . . . , αn)Ú(Tα1, . . . , Tαn)û½�½�, K§�

�k�NÈ©O´L(α1, . . . , αn)ÚL(Tα1, . . . , Tαn). Ïd, det(T )=�T (P )�P�k�NÈ�'

�. ��5¿�´, ù�'�Ø=�P�½��ÀJÃ', ��Pg�Ã', =Tr¤k2Â²1

õ¡N�k�NÈ*�
�Ó��ê. ,	, �,k�NÈ¼êLØ��, �Trk�NÈ*�

��êØ�6uL�À�.

1�ª´1��5N�²~kAÏ��5. éuk���5�mV , ·�P

SL(V ) = {T ∈ L(V, V ) | det(T ) = 1}.

d·K5.11(1)–(3)N´wÑ, SL(V )´���5+GL(V )�f+,¡�V�AÏ�5+(special lin-

ear group of V ).

SK 5.3.

1. �B ∈ Fn×n. �Ä�5N�TB : Fn×n → Fn×n, TB(A) = AB −BA. y²det(TB) = 0.
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2. �V´n�¢�5�m, n ≥ 1. 8ÜΛn(V ∗)r {0}���f8O¡���ëÏ©|(connected

component), XJé?¿L ∈ OkO = {cL | c > 0}.

(1) y²Λn(V ∗) r {0}TÐkü�ëÏ©|. z�ëÏ©|¡�V���½�(orientation).

(2) b��½
V���½�O+, ¿PV�,��½��O−. �T ∈ L(V, V )�_. XJ

Λn(T t)(O+) = O+, K¡T´�½��(orientation-preserving); XJΛn(T t)(O+) = O−,

K¡T´�½��(orientation-reversing). y²T�½��¿©7�^�´det(T ) > 0,

T�½��¿©7�^�´det(T ) < 0.

§5.4 �
�1�ª

y3·�|^�5N��1�ª5½Â�
�1�ª. �A ∈ Fn×n. §p�
ü��5N

�

LA : Fn×1 → Fn×1, LA(X) = AX,

RA : Fn → Fn, RA(α) = αA.

Ún 5.12. det(LA) = det(RA).

y². �{ε1, . . . , εn}´Fn×1�IOÄ, {f1, . . . , fn}´§3(Fn×1)∗¥�éóÄ, A�1j���

þ�Aj . d·K5.11(5),

det(LA) = f1 ∧ · · · ∧ fn(Aε1, . . . , Aεn)

= f1 ∧ · · · ∧ fn(A1, . . . , An)

=
∑
σ∈Sn

sgn(σ)fσ(1)(A1) · · · fσ(n)(An)

=
∑
σ∈Sn

sgn(σ)Aσ(1)1 · · ·Aσ(n)n.

,��¡, �{δ1, . . . , δn}´Fn�IOÄ, {g1, . . . , gn}´ÙéóÄ, A�1i�1�þ�αi. aq/

k

det(RA) = g1 ∧ · · · ∧ gn(δ1A, . . . , δnA)

= g1 ∧ · · · ∧ gn(α1, . . . , αn)

=
∑
σ∈Sn

sgn(σ)gσ(1)(α1) · · · gσ(n)(αn)

=
∑
σ∈Sn

sgn(σ)A1σ(1) · · ·Anσ(n).

éuσ ∈ Sn, êé�8Ü{(σ(1), 1), . . . , (σ(n), n)}�{(1, σ−1(1)), . . . , (n, σ−1(n))}��. ¤±

Aσ(1)1 · · ·Aσ(n)n = A1σ−1(1) · · ·Anσ−1(n).

,	, sgn(σ) = sgn(σ−1). Ïd∑
σ∈Sn

sgn(σ)Aσ(1)1 · · ·Aσ(n)n =
∑
σ∈Sn

sgn(σ−1)A1σ−1(1) · · ·Anσ−1(n)

=
∑
σ∈Sn

sgn(σ)A1σ(1) · · ·Anσ(n).

ùÒy²
det(LA) = det(RA). 2
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½Â 5.4. �A ∈ Fn×n. ·�½ÂA�1�ª�

det(A) = det(LA) = det(RA).

3Ún5.12�y²¥, ·�®²��
1�ª�L�ª.

íØ 5.13. �A ∈ Fn×n. K

det(A) =
∑
σ∈Sn

sgn(σ)A1σ(1) · · ·Anσ(n) =
∑
σ∈Sn

sgn(σ)Aσ(1)1 · · ·Aσ(n)n. (5.10)

XJA =


a11 · · · a1n

...
...

...

an1 · · · ann

, ·��Pdet(A) =

∣∣∣∣∣∣∣∣
a11 · · · a1n

...
...

...

an1 · · · ann

∣∣∣∣∣∣∣∣.
~ 5.8. d(5.10), ·�k

det[a] = a,

∣∣∣∣∣a b

c d

∣∣∣∣∣ = ad− bc,∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣ = a11a22a33 + a11a23a31 + a13a21a32 − a11a23a32 − a13a22a31 − a12a21a33.

e¡�Ñ�
1�ª�A�Ä�5�.

·K 5.14. (1) det(In) = 1.

(2) �A,B ∈ Fn×n. Kdet(AB) = det(A) det(B).

(3) �
A�_�¿©7�^�´det(A) 6= 0. d�, det(A−1) = det(A)−1.

(4) �q��
1�ª��.

(5) det(At) = det(A).

(6) N�(Fn×1)n → F , (A1, . . . , An) 7→ det[A1, . . . , An]´n���5¼ê.

(7) N�(Fn)n → F , (α1, . . . , αn) 7→ det


α1

...

αn

´n���5¼ê.

y². (1) d·K5.11(1), k

det(In) = det(LIn) = det(idFn×1) = 1.

(2) d·K5.11(2), k

det(AB) = det(LAB) = det(LALB) = det(LA) det(LB) = det(A) det(B).

(3) d·K5.11(3),

A�_ ⇐⇒ LA�_ ⇐⇒ det(A) = det(LA) 6= 0.

d�,

det(A−1) = det(LA−1) = det(L−1
A ) = det(LA)−1 = det(A)−1.

(4) �A,B ∈ Fn×n�q, =�3�_Ý
P ∈ Fn×n¦�A = PBP−1. Kd(3)Ú(4),

det(A) = det(PBP−1) = det(P ) det(B) det(P )−1 = det(B).
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(5) �Ä�5Ó�Φ : Fn×1 → Fn, Φ(X) = Xt. KéX ∈ Fn×1k

Φ(LA(X)) = Φ(AX) = (AX)t = XtAt = RAt(X
t) = RAt(Φ(X)).

=Φ ◦ LA = RAt ◦ Φ. d·K5.11(4), det(LA) = det(RAt). Ïddet(A) = det(At).

(6)+(7) 3Ún5.12�y²¥, ·�®²��

det[A1, . . . , An] = f1 ∧ · · · ∧ fn(A1, . . . , An),

det


α1

...

αn

 = g1 ∧ · · · ∧ gn(α1, . . . , αn).

Ïd(6)Ú(7)¥�N�´n���5¼ê. 2

��5N���¹aq, 1�ª´1��
�´é��. ·K5.14(1)–(3)L², 8Ü

SLn(F ) = {A ∈ Fn×n | det(A) = 1}

´GLn(F )�f+, ¡�Fþ�ngAÏ�5+(special linear group of degree n over F ).

·K5.14�(6)Ú(7)Jø
O�1�ª�k�óä:

íØ 5.15. (1) e�
k"1½"�, K1�ª�0.

(2) e�
kü1(½ü�)�Ó½¤'~, K1�ª�0.

(3) p�ü1½ü�, �
�1�ª�Ò.

(4) r,1(½�)��ê\�,�1(½�)þ, �
�1�ªØC.

(5) ,1(½�)¦±,�~ê, ���
�1�ª�¦±�Ó�~ê.

y². ù
Ñ´·K5.14(6)Ú(7)�²wíØ. ~X, éu(4)¥���¹, �±�yXe:

det[A1, . . . , As, . . . , cAs +At, . . . , An]

= cdet[A1, . . . , As, . . . , As, . . . , An] + det[A1, . . . , As, . . . , At, . . . , An]

= det[A1, . . . , An].

2

íØ5.15(3)–(5)�Ñ
�
3Ð�1(�)C�e, 1�ª�UC�ª. |^Ð�1(�)C

�, ·�o´�±r�
z�þn�½en��/ª. ùpÝ
A ∈ Fn×n¡�þn��(upper

triangular), XJ�i > j�kAij = 0; Ý
A¡�en��(lower triangular), XJ�i < j�

kAij = 0. éuùü«�
, ·�k:

·K 5.16. þn�½en�Ý
�1�ª�u¤ké���¦È. AO/, é�Ý
�1�ª

�u¤ké���¦È.

y². �A´þn��, =�i > j�kAij = 0. d�, 3L�ª

det(A) =
∑
σ∈Sn

sgn(σ)A1σ(1) · · ·Anσ(n)

¥, XJA1σ(1) · · ·Anσ(n) 6= 0, Ké¤k1 ≤ i ≤ nki ≤ σ(i). ùíÑσ = id, =σ(i) = i. ¤

±det(A) = A11 · · ·Ann. en���¹�±aqy². 2

~ 5.9. £P�Öþþ32�~1; �á158�~6.

��·K5.16�í2, ·�y²e¡�(J.
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·K 5.17. ��
A´©¬þn�Ý
, =

A =



A11 A12 · · · A1,k−1 A1k

0 A22 · · · A2,k−1 A2k

...
...

...
...

...

0 0 · · · Ak−1,k−1 Ak−1,k

0 0 · · · 0 Akk


,

Ù¥Aii��
, Aij (i < j)Ú0�Ü·º��Ý
. K

det(A) = det(A11) · · · det(Akk).

AO/, XJB ∈ F r×r, C ∈ F r×s, D ∈ F s×s, K

det

[
B C

0 D

]
= det(B) det(D). (5.11)

éu©¬en�Ý
Ú©¬é�Ý
, aq�(Ø�¤á.

y². ·�ky²(5.11)ª. �Ý


[
B C

0 D

]
�(i, j)��aij , i, j ∈ {1, . . . , r + s}. K

det

[
B C

0 D

]
=

∑
σ∈Sr+s

sgn(σ)a1σ(1) · · · ar+s,σ(r+s).

5¿��i ≥ r+ 1¿�σ(i) ≤ r�, kaiσ(i) = 0. ¤±, XJσ ∈ Sr+s¦�a1σ(1) · · · ar+s,σ(r+s) 6= 0,

K�i ≥ r + 1�kσ(i) ≥ r + 1. ùíÑ�i ≤ r�kσ(i) ≤ r. Ïd, �3σ1 ∈ SrÚσ2 ∈ Ss¦�

σ(i) =

σ1(i), 1 ≤ i ≤ r,

r + σ2(i− r), r + 1 ≤ i ≤ r + s.

d�ksgn(σ) = sgn(σ1)sgn(σ2). l

det

[
B C

0 D

]
=

∑
σ1∈Sr,σ2∈Ss

sgn(σ1)sgn(σ2)a1σ1(1) · · · arσ1(r)ar+1,r+σ2(1) · · · ar+s,r+σ2(s)

=

( ∑
σ1∈Sr

sgn(σ1)a1σ1(1) · · · arσ1(r)

)( ∑
σ2∈Ss

sgn(σ2)ar+1,r+σ2(1) · · · ar+s,r+σ2(s)

)
= det(B) det(D).

ùÒy²
(5.11).

�e5^8B{y²©¬þn�Ý
�(Ø. �k = 2�(Ø®²y². b�k ≥ 3, ¿�(

Øék − 1¤á. K

det(A) = det


A11 A12 · · · A1,k−1

0 A22 · · · A2,k−1

...
...

...
...

0 0 · · · Ak−1,k−1

det(Akk) = det(A11) · · · det(Akk).

ùÒ�¤
y². ©¬en�Ý
�¹�y²aq. 2

·�?Ø
�5N�ÚÝ
�1�ª. �5N�g��1�ª�§'ukSÄ�Ý
�1

�ªk�o'X? e¡·K�c�Ü©£�
ù�¯K. §��±^5r�5N�1�ª�O

�=z��
1�ª�O�.

lwx
备注
可利用不变子空间来解释
（D看成由不变子空间诱导的商空间上的线性变换）
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·K 5.18. �V´n ≥ 1��5�m, T ∈ L(V, V ).

(1) �B´V�kSÄ, [T ]B´T'uTkSÄ�Ý
. Kdet([T ]B) = det(T ).

(2) �T t ∈ L(V ∗, V ∗)´T�=�N�. Kdet(T t) = det(T ).

y². (1) £Á�IN�Γ : V → Fn×1, α 7→ [α]B´�5Ó�, ¿�Γ ◦ T = L[T ]B ◦ Γ. d·

K5.11(4), =�

det(T ) = det(L[T ]B) = det([T ]B).

(2) �B´V�kSÄ, B∗´B3V ∗¥�éóÄ, [T ]BÚ[T t]B∗©O´TÚT t'u�AkSÄ

�Ý
. ·���, [T t]B∗ = [T ]tB. d(1)Ú·K5.14(5), =�

det(T t) = det([T t]B∗) = det([T ]B) = det(T ).

ùÒ�¤
y². 2

SK 5.4.

1. �á162–163�SK3,4,5.

2. £P�Öþþ26�1(2); 35�1(3), 2(1), 3(1), 4(2).

3. |^�
1�ª�L�ª(5.10)�y·K5.14¥�(1),(5),(6),(7).

4. y²sgn(σ) = detR(σ), ùpR(σ)´SK5.1.3¥½Â�Ý
.

5. |^·K5.11(5)y²·K5.18(2).

6. �K´�F�f�, ÷vF��Kþ��5�m´k���. éux ∈ F , K-�5N�

Tx : F → F, y 7→ xy

�1�ª¡�x�(lF�K�)�ê(norm), P�NF/K(x) = det(Tx). éue¡��¹, �Ñ

�ê�L�ª.

(1) K = R, F = C.

(2) K = Q, F = Q(
√

2) := {a+ b
√

2 | a, b ∈ Q}.

(3) K = Q, F = Q( 3
√

2) := {a+ b 3
√

2 + c 3
√

4 | a, b, c ∈ Q}.

7. �V´k��E�5�m, T ∈ L(V, V ). ·�réV�1“#KE(�”�ö�����¢

�5�mP�VR, lT�±À�¢�5N�TR ∈ L(VR, VR). y²det(TR) = |det(T )|2.

(J«: eT'uV�,�Ä�Ý
�A, KTR'uVR�,�Ä�Ý
�

[
Re(A) −Im(A)

Im(A) Re(A)

]
.

�P =

[
I iI

iI I

]
. KP

[
Re(A) −Im(A)

Im(A) Re(A)

]
P−1 =

[
A

A

]
.)

8. �KÚFXSK6, V´Fþ�k���5�m, T ∈ L(V, V ). rVÀ�Kþ��5�m, P

�VK . lT�±À�K-�5N�TK ∈ L(VK , VK). y²det(TK) = NF/K(det(T )). AO

/, XJF´L�f�, KNL/K = NF/K ◦ NL/F . (5: dK6���(Ø=�. ±�ò|^

knIO/5y². ����(J�Bourbaki, Algebra I, p. 546, Prop. 6.)

9. �m < n, A ∈ Fn×m, B ∈ Fm×n. y²det(AB) = 0.
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§5.5 1�ªU1½�Ðm

ù�!�	�5��±^5�\k�/O�1�ª, ¿�äk��nØ¿Â.

�A = [aij ] ∈ Fn×n, n ≥ 2. éu��êk < nÚ�I8I, J ⊂ {1, . . . , n}, |I| = |J | = k,

PAI,J ∈ F k×k�dA�Ý
�{aij | i ∈ I, j ∈ J} �¤�Ý
. ·�Ó��ÄÝ
AIc,Jc , ù

pIc = {1, . . . , n} r I. dÝ
A��AI,JÚAIc,Jc�, 1Ú��ü�^SØC. �Ò´`, X

JσI ∈ Sn´d(5.1)½Â���, KAI,JÚAIc,Jc�Ý
�©O�

(AI,J)rs = aσI(r),σJ (s), r, s ∈ {1, . . . , k},

(AIc,Jc)rs = aσI(k+r),σJ (k+s), r, s ∈ {1, . . . , n− k}.

'uA�1�ª, ·�ke¡�LaplaceÐm½n.

½n 5.19(Laplace). �n, k´��ê, k < n, A ∈ Fn×n. éuI ⊂ {1, . . . , n}, PΣI =
∑
i∈I i.

(1) (1�ªUk1Ðm) �½I0 ⊂ {1, . . . , n}, |I0| = k. K

det(A) =
∑

J⊂{1,...,n}
|J|=k

(−1)ΣI0+ΣJ det(AI0,J) det(AIc0 ,Jc).

(2) (1�ªUk�Ðm) �½J0 ⊂ {1, . . . , n}, |J0| = k. K

det(A) =
∑

I⊂{1,...,n}
|I|=k

(−1)ΣI+ΣJ0 det(AI,J0) det(AIc,Jc0 ).

1�ªdet(AI,J)¡�A�1�ª�fª(minor),1�ªdet(AIc,Jc)¡�fªdet(AI,J)�{f

ª(complementary minor), ½n¥�Ïf

(−1)ΣI+ΣJ det(AIc,Jc)

¡�fªdet(AI,J)�{Ïf½�ê{fª(cofactor). 3ù��c®e,½n5.19�±Qã�: A�

1�ª�u�½1(½�)�I8�¤kfª��A�{Ïf�¦È�Ú.

3y²½nc, ·�k5�	§�AÏ�¹.

~ 5.10. �B ∈ F k×k, C ∈ F k×(n−k), D ∈ F (n−k)×(n−k), A =

[
B C

0 D

]
. ·�rA�1�ª

Uck�Ðm, =éJ0 = {1, . . . , k}A^½n5.19(2). éuI ⊂ {1, . . . , n}, |I| = k, XJI 6= J0,

KÝ
AI,J0ok"1, l1�ª�0. ,��¡, ·�kAJ0,J0 = B, AJc0 ,Jc0 = D. Ïd, ½

n5.19(2)íÑ

det(A) = (−1)2ΣJ0 det(AJ0,J0) det(AJc0 ,Jc0 ) = det(B) det(D).

ù�·�Ò#��
(5.11)ª.

�e5·��Äk = 1���¹. d�, éui, j ∈ {1, . . . , n}, ��Ý
A{i},{j}�1�ª=
�aij . �
{zPÒ, PMij = A{i}c,{j}c . §´3A¥�K1i1Ú1j�����n − 1�Ý
.

�Ò´`, XJ½Â��

σi =

(
1 · · · i− 1 i · · · n− 1 n

1 · · · i− 1 i+ 1 · · · n i

)
, (5.12)

KMij�Ý
��

(Mij)rs = aσi(r),σj(s), r, s ∈ {1, . . . , n− 1}.

5¿ùp�σi¢Sþ´(5.1)¥�σ{i}c . ù�, ½n5.193k = 1��AÏ�¹�±QãXe.
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½n 5.20. �A = [aij ] ∈ Fn×n, n ≥ 2, ¿÷^þ¡�PÒ.

(1) (1�ªU�1Ðm) é?¿�½�1 ≤ i0 ≤ n, k

det(A) =

n∑
j=1

(−1)i0+jai0j det(Mi0j).

(2) (1�ªU��Ðm) é?¿�½�1 ≤ j0 ≤ n, k

det(A) =

n∑
i=1

(−1)i+j0aij0 det(Mij0).

·�réA(i, j)-��{ÏfP�

Cij = (−1)i+j det(Mij).

íØ 5.21. é?¿i, j ∈ {1, . . . , n}, k
n∑
k=1

aikCjk =

n∑
k=1

akiCkj = δij det(A).

y². �i = j�, �ª=�½n5.20. �i 6= j. PB�rA�1j1O��1i1���Ý
. d

uBkü1�Ó, ¤±det(B) = 0. ,��¡, rB�1�ªU1j1Ðm, ¿5¿�B�1j1�

z�Ý
��A�Ó �Ý
�äk�Ó�{Ïf, =�
n∑
k=1

aikCjk = det(B) = 0.

aq/,
n∑
k=1

akiCkj = 0.

2

±{ÏfCij�(i, j)-��n�Ý
�=�¡�A���Ý
(adjugate, adjunct½classical ad-

joint), P�adj(A), =

adj(A)ij = Cji = (−1)i+j det(Mji).

~X,

A =

[
a b

c d

]
, adj(A) =

[
d −b
−c a

]
.

íØ5.21�±#Qã�:

íØ 5.22. �A ∈ Fn×n, n ≥ 2. K

A adj(A) = adj(A)A = det(A)In.

AO/, XJA�_, K

A−1 = det(A)−1adj(A).

2

íØ 5.23(Cramer{K). �n ≥ 2, A ∈ Fn×n�_, Y ∈ Fn×1. PBj�rA�1j�O��Y�

���Ý
. K�5�§|AX = Y���)�

X =


x1

...

xn

 , xj =
det(Bj)

det(A)
.
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y². ·��Ñü�y².

y²�. �§|���)�

X = A−1Y = det(A)−1adj(A)Y.

ü>�1j1, ¿éBjA^½n5.20(2), =�

xj = det(A)−1
n∑
i=1

yiCij = det(A)−1 det(Bj).

y²�. PA�1i��Ai. K

Y = [A1, . . . , An]


x1

...

xn

 =

n∑
i=1

xiAi.

(5¿ù`²xj´Y3Fn×1�Ä{A1, . . . , An}e�1j��I.) Ïd

det(Bj) = det[A1, . . . , Aj−1,

n∑
i=1

xiAi, Aj+1, . . . , An]

=

n∑
i=1

xi det[A1, . . . , Aj−1, Ai, Aj+1, . . . , An]

= xj det(A).

ùÒ�¤
y². 2

~ 5.11. �Ä�§|

[
a b

c d

][
x1

x2

]
=

[
y1

y2

]
. XJ

∣∣∣∣∣a b

c d

∣∣∣∣∣ = ad− bc 6= 0, K��)�

x1 =

∣∣∣∣∣y1 b

y2 d

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
=
dy1 − by2

ad− bc
, x2 =

∣∣∣∣∣a y1

c y2

∣∣∣∣∣∣∣∣∣∣a b

c d

∣∣∣∣∣
=
ay2 − cy1

ad− bc
.

�Ä�§|


a11 a12 a13

a21 a22 a23

a31 a32 a33



x1

x2

x2

 =


y1

y2

y3

. XJ

∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣ 6= 0, K��)�

x1 =

∣∣∣∣∣∣∣∣
y1 a12 a13

y2 a22 a23

y3 a32 a33

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
, x2 =

∣∣∣∣∣∣∣∣
a11 y1 a13

a21 y2 a23

a31 y3 a33

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
, x3 =

∣∣∣∣∣∣∣∣
a11 a12 y1

a21 a22 y2

a31 a32 y3

∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣∣
a11 a12 a13

a21 a22 a23

a31 a32 a33

∣∣∣∣∣∣∣∣
.

��§|��ê���, Cramer{K��5�õ3uÙnØd�.3äNO��,Ð�1C�

��{äk�p��Ç.

y3·�£�½n�y². ·�ky²½n5.20.

½n5.20�y². (1) �ÄSn�n�f8

Pj = {σ ∈ Sn | σ(i0) = j}, 1 ≤ j ≤ n.
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éuτ ∈ Sn−1, ½Âτ̃ ∈ Sn�

τ̃ =

(
1 · · · n− 1 n

τ(1) · · · τ(n− 1) n

)
. (5.13)

N´wÑ,

Pj = {σj τ̃σ−1
i0
| τ ∈ Sn−1},

ùpσj , σi0�½ÂX(5.12). 5¿�sgn(τ̃) = sgn(τ), sgn(σj) = (−1)n−j . ¤±

sgn(σj τ̃σ
−1
i0

) = (−1)i0+jsgn(τ).

Ïd

det(A) =
∑
σ∈Sn

sgn(σ)

n∏
i=1

aiσ(i)

=

n∑
j=1

ai0j
∑
σ∈Pj

sgn(σ)

n−1∏
r=1

aσi0 (r),σσi0 (r)

=

n∑
j=1

ai0j
∑

τ∈Sn−1

sgn(σj τ̃σ
−1
i0

)

n−1∏
r=1

aσi0 (r),σjτ(r)

=

n∑
j=1

(−1)i0+jai0j
∑

τ∈Sn−1

sgn(τ)

n−1∏
r=1

(Mi0j)r,τ(r)

=

n∑
j=1

(−1)i0+jai0j det(Mi0j).

(2) �±aqy², ��±ÏLéAtA^(1)5y². 2

e¡·�y²½n5.19. Öö�±�½n5.20�y²�'�.

½n5.19�y². �½n5.20��¹aq,·��Ié(1)�Ñy². éu{1, . . . , n}�k�f8J ,

�ÄSn�f8

PJ = {σ ∈ Sn | σ(I0) = J}.

K

det(A) =
∑
σ∈Sn

sgn(σ)

n∏
i=1

aiσ(i) =
∑

J⊂{1,...,n}
|J|=k

∑
σ∈PJ

sgn(σ)
n∏
i=1

aiσ(i). (5.14)

éuτ ∈ SkÚυ ∈ Sn−k, ½Â(τ, υ) ∈ Sn�

(τ, υ) =

(
1 · · · k k + 1 · · · n

τ(1) · · · τ(k) k + υ(1), · · · k + υ(n− k)

)
.

N´wÑ,

PJ = {σJ(τ, υ)σ−1
I0
| τ ∈ Sk, υ ∈ Sn−k},

ùpσJ , σI0�½ÂX(5.1). N´wÑ, sgn(τ, υ) = sgn(τ)sgn(υ). (Ü(5.2), =�

sgn(σJ(τ, υ)σ−1
I0

) = (−1)ΣI0+ΣJ sgn(τ)sgn(υ).
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Ïd∑
σ∈PJ

sgn(σ)

n∏
i=1

aiσ(i) =
∑
σ∈PJ

sgn(σ)

k∏
r=1

aσI0 (r),σσI0 (r)

n−k∏
s=1

aσI0 (k+s),σσI0 (k+s)

=
∑

τ∈Sk,υ∈Sn−k

sgn(σJ(τ, υ)σ−1
I0

)

k∏
r=1

aσI0 (r),σJ (τ,υ)(r)

n−k∏
s=1

aσI0 (k+s),σJ (τ,υ)(k+s)

= (−1)ΣI0+ΣJ
∑

τ∈Sk,υ∈Sn−k

sgn(τ)sgn(υ)

k∏
r=1

aσI0 (r),σJ (τ(r))

n−k∏
s=1

aσI0 (k+s),σJ (k+υ(s))

= (−1)ΣI0+ΣJ
∑

τ∈Sk,υ∈Sn−k

sgn(τ)sgn(υ)

k∏
r=1

(AI0,J)rτ(r)

n−k∏
s=1

(AIc0 ,Jc)sυ(s)

= (−1)ΣI0+ΣJ

(∑
τ∈Sk

sgn(τ)

k∏
r=1

(AI0,J)rτ(r)

) ∑
υ∈Sn−k

sgn(υ)

n−k∏
s=1

(AIc0 ,Jc)sυ(s)


= (−1)ΣI0+ΣJ det(AI0,J) det(AIc0 ,Jc).

òdª�\(5.14), Ò�¤
y². 2

3e�!¥, ·�ò�Ñ½n5.19�,��y².

~ 5.12. Vandermonde1�ª(£P�Öþþ41�).

SK 5.5.

1. �á162–163�SK1,2,9,12.

2. £P�Öþþ43–44�1(2,4),2,4,6; 51�4; 56�3.

§5.6 éó�mþ�	�ê

3ù�!¥, ·�:�	õ���5¼ê��«��¦È, ¡�	È. ù��E3�©

AÛ�+�¥´�~��. ��O�, ·�k�Ä��õ�5¼ê�ÜþÈ.

½Â 5.5. �V´�Fþ��5�m, r, s´��ê, L ∈ (V ∗)⊗r, M ∈ (V ∗)⊗s. ·�½ÂL�M�

ÜþÈ(tensor product)L⊗M ∈ (V ∗)⊗(r+s)�

L⊗M(α1, . . . , αr+s) = L(α1, . . . , αr)M(αr+1, . . . , αr+s), α1, . . . , αr+s ∈ V.

·K 5.24. (1) N�(V ∗)⊗r × (V ∗)⊗s → (V ∗)⊗(r+s), (L,M) 7→ L⊗M´V�5�.

(2) �L ∈ (V ∗)⊗r, M ∈ (V ∗)⊗s, N ∈ (V ∗)⊗t. K

(L⊗M)⊗N = L⊗ (M ⊗N).
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y². (1) é?¿c ∈ F , L1, L2 ∈ (V ∗)⊗r, M ∈ (V ∗)⊗s, α1, . . . , αr+s ∈ Vk

(cL1 + L2)⊗M(α1, . . . , αr+s)

= (cL1 + L2)(α1, . . . , αr)M(αr+1, . . . , αr+s)

= cL1(α1, . . . , αr)M(αr+1, . . . , αr+s) + L2(α1, . . . , αr)M(αr+1, . . . , αr+s)

= cL1 ⊗M(α1, . . . , αr+s) + L2 ⊗M(α1, . . . , αr+s)

= (cL1 ⊗M + L2 ⊗M)(α1, . . . , αr+s).

Ïd

(cL1 + L2)⊗M = cL1 ⊗M + L2 ⊗M.

aq/, é?¿c ∈ F , L ∈ (V ∗)⊗r, M1,M2 ∈ (V ∗)⊗sk

L⊗ (cM1 +M2) = cL⊗M1 + L⊗M2.

(2) é?¿α1, . . . , αr+s+t ∈ V , ·�k

(L⊗M)⊗N(α1, . . . , αr+s+t)

= L⊗M(α1, . . . , αr+s)N(αr+s+1, . . . , αr+s+t)

= L(α1, . . . , αr)M(αr+1, . . . , αr+s)N(αr+s+1, . . . , αr+s+t)

= L(α1, . . . , αr)M ⊗N(αr+1, . . . , αr+s+t)

= L⊗ (M ⊗N)(α1, . . . , αr+s+t).

Ïd(L⊗M)⊗N = L⊗ (M ⊗N). 2

d·K5.24(2), éuL1 ∈ (V ∗)⊗r1 , . . . , Ln ∈ (V ∗)⊗rn , �±½Â§��ÜþÈL1 ⊗ · · · ⊗ Ln,

¤�(J��¦{�gSÃ'. ~5.4¥�r�5¼ê=�f1, . . . , fr�ÜþÈ, @p�PÒf1 ⊗
· · · ⊗ fr�ùp�´���. 5¿ÜþÈØ÷v¦{��Ç.

e¡·�3�mk����¹�Ñ(V ∗)⊗r�ÄÚ�ê.

½n 5.25. �V´k���5�m, dimV = n, {f1, . . . , fn}´V ∗�Ä.

(1) 8Ü

{fi1 ⊗ · · · ⊗ fir | 1 ≤ i1, . . . , ir ≤ n} (5.15)

´(V ∗)⊗r�Ä. AO/, dim(V ∗)⊗r = nr.

(2) XJ{α1, . . . , αn}´{f1, . . . , fn}3V¥�éóÄ, Ké?¿L ∈ (V ∗)⊗r, k

L =
∑

1≤i1,...,ir≤n

L(αi1 , . . . , αir )fi1 ⊗ · · · ⊗ fir .

y². 5¿�éβ ∈ Vkβ =
∑n
i=1 fi(β)αi. u´, é?¿L ∈ (V ∗)⊗rÚβ1, . . . , βr ∈ Vk

L(β1, . . . , βr) = L

(
n∑

i1=1

fi1(β1)αi1 , . . . ,

n∑
ir=1

fir (βr)αir

)
=

∑
1≤i1,...,ir≤n

fi1(β1) · · · fir (βr)L(αi1 , . . . , αir )

=
∑

1≤i1,...,ir≤n

L(αi1 , . . . , αir )fi1 ⊗ · · · ⊗ fir (β1, . . . , βr).



§5.6 éó�mþ�	�ê 21

ùÒy²
(2), ¿�8Ü(5.15))¤(V ∗)⊗r. ,��¡, XJci1,...,ir ∈ F÷v∑
1≤i1,...,ir≤n

ci1,...,irfi1 ⊗ · · · ⊗ fir = 0,

Ké?¿j1, . . . , jr ∈ {1, . . . , n}, �Ädª�>3(αj1 , . . . , αjr )���, =�cj1,...,jr = 0. ¤±8

Ü(5.15)�5Ã', Ïd´(V ∗)⊗r�Ä. 2

·��½(V ∗)⊗0 = F , ¿�Ä�Ú
∞⊕
r=0

(V ∗)⊗r = {(L0, L1, . . .) | Lr ∈ (V ∗)⊗r,�kk��r¦Lr 6= 0}.

ÏLrLr ∈ (V ∗)⊗r�Ó�(0, . . . , 0, Lr, 0, . . .), �±r¤k(V ∗)⊗rÀ�
⊕∞

r=0(V ∗)⊗r�f�m. u

´

(L0, L1, . . .) =

∞∑
r=0

(0, . . . , 0, Lr, 0, . . .) =

∞∑
r=0

Lr.

5¿��kk��Lr�", ¤±ùp�¦Ú´k�Ú. ·�3
⊕∞

r=0(V ∗)⊗rþ½ÂÜþÈ�( ∞∑
r=0

Lr

)
⊗

( ∞∑
s=0

Ms

)
=

∞∑
r,s=0

Lr ⊗Ms.

K
⊕∞

r=0(V ∗)⊗r¤����Fþ��ê,¡�V ∗�Üþ�ê(tensor algebra),P�
⊗

(V ∗)½T (V ∗).

�e5·��Äõ���5¼ê�¦{. éuL ∈ Λr(V ∗), M ∈ Λs(V ∗), ÜþÈL⊗M�
�Ø´���. �
½Â���¦{, ·�Äk�Ä�«r��õ�5¼êz���¼ê�

�{. éuL ∈ (V ∗)⊗r, ½ÂAlt(L) ∈ (V ∗)⊗r�

Alt(L)(α1, . . . , αr) =
∑
σ∈Sr

sgn(σ)L(ασ(1), . . . , ασ(r)), α1, . . . , αr ∈ V. (5.16)

�Ún5.7(1)�y²aq,ØJy²Alt(L)´���,¡�L���z(alternation). ¯¢þ, (5.6)ª

½Â�f1 ∧ · · · ∧ fn=�f1 ⊗ · · · ⊗ fn���z. �Ò´`, ·�k

Ún 5.26. �f1, . . . , fn ∈ V ∗. K

Alt(f1 ⊗ · · · ⊗ fn) =
∑
σ∈Sn

sgn(σ)fσ(1) ⊗ · · · ⊗ fσ(n).

y². ���y=�

Alt(f1 ⊗ · · · ⊗ fn)(α1, . . . , αn) =
∑
σ∈Sn

sgn(σ)f1 ⊗ · · · ⊗ fn(ασ(1), . . . , ασ(n))

=
∑
σ∈Sn

sgn(σ)f1(ασ(1)) · · · fn(ασ(n))

=
∑
σ∈Sn

sgn(σ)fσ(1)(α1) · · · fσ(n)(αn)

=
∑
σ∈Sn

sgn(σ)fσ(1) ⊗ · · · ⊗ fσ(n)(α1, . . . , αn).

2

Ún5.26éu·�}Á½ÂL ∈ Λr(V ∗)�M ∈ Λs(V ∗)�“��¦È”�Alt(L⊗M). �´,?

�Ú©Û±�, ·�uyAlt(L ⊗M)�Ðmª¥z�¬Er!s!g. ù´dLÚM���5��

�. ,	,ù�½Â�“��¦È”�3���Ïf�¿Âe÷v¦{(ÜÆ,=éuL ∈ Λr(V ∗),

M ∈ Λs(V ∗), N ∈ Λt(V ∗), k

(s+ t)! Alt(Alt(L⊗M)⊗N) = (r + s)! Alt(L⊗Alt(M ⊗N)). (5.17)
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XJ�F�A��0, kE�´Ã';��. Ó�, ·��±rL�M�“��¦È”½Â�
1

(r + s)!
Alt(L⊗M) (5.18)

½
1

r!s!
Alt(L⊗M), (5.19)

l¦§÷v¦{(ÜÆ. ùü«½ÂÑ´�2�æ^�, ¿��k|6. 5¿(5.19)¥ØK�

Ïfr!s!TÐå�
“�KE�”��^,¿�é?Ø1�ª5`�\·Ü.�´,XJ�F�A

��", Ïf(r + s)!½r!s!3F¥��Ø�_, l(5.18)Ú(5.19)vk¿Â. �
�Ñù�(J,

·�aL��z�L§, ��æ^“éz�E��\�g”��{5½Â��¦{.

�d, �ÄSr+s�f8

Sh(r, s) = {σ ∈ Sr+s | σ(1) < · · · < σ(r), σ(r + 1) < · · · < σ(r + s)}.

Sh(r, s)¥���¡�(r, s)-Wý((r, s)-shuffle)(Xk�Ð��È�w�·). N´wÑ,

|Sh(r, s)| =
(
r + s

r

)
=

(r + s)!

r!s!
.

·�½ÂL ∧M ∈ (V ∗)⊗(r+s)�

L ∧M(α1, . . . , αr+s) =
∑

σ∈Sh(r,s)

sgn(σ)L(ασ(1), . . . , ασ(r))M(ασ(r+1), . . . , ασ(r+s)), (5.20)

ùpα1, . . . , αr+s ∈ V .

~ 5.13. �f1, f2 ∈ V ∗. Kf1 ∧ f2�~5.6¥�PÒÚL�ª��.5¿�f ∧ f = 0. (d5�3±

���¥AT\3~5.6¥.)

~ 5.14. �n > k ≥ 1. N´wÑ,

Sh(k, n− k) = {σI | I ⊂ {1, . . . , n}, |I| = k}, (5.21)

ùpσI ∈ Sn´d(5.1)½Â���. AO/,

Sh(n− 1, 1) = {σi | 1 ≤ i ≤ n},

Ù¥σi�½ÂX(5.12). Ïd, XJL ∈ Λn−1(V ∗), f ∈ V ∗, K

L ∧ f(α1, . . . , αn) =

n∑
i=1

sgn(σi)L(ασi(1), . . . , ασi(n−1))f(ασi(n)) (5.22)

=

n∑
i=1

(−1)n−iL(α1, . . . , αi−1, αi+1, . . . , αn)f(αi).

N´y², �charF = 0�, d(5.20)½Â�L ∧MÒ´(5.19)ª, l´���. �´, 3�

��¹e, ·�I�#y²ù�¯¢.

Ún 5.27. éuL ∈ Λr(V ∗), M ∈ Λs(V ∗), d(5.20)�Ñ�õ�5¼êL ∧M´���.

y². d·K5.5(1), �Iy²,ü���Cþ�Ó�, L ∧M���´0. �α1, . . . , αr+s ∈ V ,

αi = αi+1, ùp1 ≤ i ≤ r + s− 1. ·�I�y²L ∧M(α1, . . . , αr+s) = 0. �ÄSh(r, s)�f8

P = {σ ∈ Sh(r, s) | i ∈ {σ(1), . . . , σ(r)}, i+ 1 ∈ {σ(r + 1), . . . , σ(r + s)}},

P ′ = {σ ∈ Sh(r, s) | i ∈ {σ(r + 1), . . . , σ(r + s)}, i+ 1 ∈ {σ(1), . . . , σ(r)}}.

XJσ ∈ Sh(r, s) r (P ∪ P ′), KiÚi+ 1Ó�á3{σ(1), . . . , σ(r)}½{σ(r + 1), . . . , σ(r + s)}¥. d

�, dLÚM���5k

L(ασ(1), . . . , ασ(r))M(ασ(r+1), . . . , ασ(r+s)) = 0.
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,��¡, �Äé�τ = (i, i+ 1). N´wÑ, XJσ ∈ P , Kτσ ∈ Sh(r, s), �?�Úk

P ′ = {τσ | σ ∈ P}.

¿�duαi = αi+1, �σ ∈ P�k

L(ασ(1), . . . , ασ(r)) = L(ατσ(1), . . . , ατσ(r)),

M(ασ(r+1), . . . , ασ(r+s)) = M(ατσ(r+1), . . . , ατσ(r+s)).

|^ù
¯¢, ·���

L ∧M(α1, . . . , αr+s)

=
∑

σ∈P∪P ′
sgn(σ)L(ασ(1), . . . , ασ(r))M(ασ(r+1), . . . , ασ(r+s))

=
∑
σ∈P

sgn(σ)(L(ασ(1), . . . , ασ(r))M(ασ(r+1), . . . , ασ(r+s))− L(ατσ(1), . . . , ατσ(r))M(ατσ(r+1), . . . , ατσ(r+s)))

= 0.

ùÒ�¤
y². 2

duÚn5.27, ·��±�Ñe¡�½Â.

½Â 5.6. �L ∈ Λr(V ∗), M ∈ Λs(V ∗). d(5.20)�Ñ�L ∧ M ∈ Λr+s(V ∗)¡�L�M�	È

(exterior product½wedge product).

·��±|^Ún5.27�Ñ1�ª�LaplaceÐm½n�,��y².

½n5.19�,�y². ùp�y²Uk1Ðm�Ü©. Uk�Ðm�Ü©�±aqy². éu

Ý
B = [bij ] ∈ Fn×l (1 ≤ l < n)Ú1�I8I ⊂ {1, . . . , n}, |I| = l, PBI ∈ F l×l�dB�Ý

�{bij | i ∈ I, 1 ≤ j ≤ n}�¤�Ý
, =BI�Ý
��

(BI)rs = bσI(r),s, r, s ∈ {1, . . . , l}.

·���, N�(A1, . . . , An) 7→ det[A1, . . . , An]´Fn×1þ�n���5¼ê. Ïd, éu�½�

1�I8I0 ⊂ {1, . . . , n}, |I0| = k, N�

L : (Fn×1)k → F, L(B1, . . . , Bk) = det[B1, . . . , Bk]I0

´Fn×1þ�k���5¼ê, N�

M : (Fn×1)n−k → F, M(B1, . . . , Bn−k) 7→ det[B1, . . . , Bn−k]Ic0

´Fn×1þ�n− k���5¼ê. dÚn5.27, 	ÈL ∧M´Fn×1þ�n���5¼ê. ù

��n���5¼ê�m��ê´1. Ïd�3~êc ∈ F¦�

L ∧M(A1, . . . , An) = cdet[A1, . . . , An], ∀A1, . . . , An ∈ Fn×1. (5.23)

e¡·�O�L ∧M�L�ª, ¿��Ñ~êc. d(5.21), ·�k

L ∧M(A1, . . . , An) =
∑

J⊂{1,...,n}
|J|=k

sgn(σJ)L(AσJ (1), . . . , AσJ (k))M(AσJ (k+1), . . . , AσJ (n))

=
∑

J⊂{1,...,n}
|J|=k

sgn(σJ) det[AσJ (1), . . . , AσJ (k)]I0 det[AσJ (k+1), . . . , AσJ (n)]Ic0

=
∑

J⊂{1,...,n}
|J|=k

sgn(σJ) det[A1, . . . , An]I0,J det[A1, . . . , An]Ic0 ,Jc .
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òdª�\(5.23), ��

cdet(A) =
∑

J⊂{1,...,n}
|J|=k

sgn(σJ) det(AI0,J) det(AIc0 ,Jc), ∀A ∈ Fn×n.

3þª¥�A = In, =�c = sgn(σI0). 2|^(5.2), Ò�¤
y². 2

·�UY?Ø��õ�5¼ê�	È.

·K 5.28. (1) N�Λr(V ∗)× Λs(V ∗)→ Λr+s(V ∗), (L,M) 7→ L ∧M´V�5�.

(2) �L ∈ Λr(V ∗),M ∈ Λs(V ∗), N ∈ Λt(V ∗). K

(L ∧M) ∧N = L ∧ (M ∧N).

(3) �L ∈ Λr(V ∗),M ∈ Λs(V ∗). K

M ∧ L = (−1)rsL ∧M.

y². (1) aqu·K5.24(1)�y². ùplÑ.

(2) ·��y(L ∧M) ∧NÚL ∧ (M ∧N)3(α1, . . . , αr+s+t) ∈ V r+s+t���Ñ�u∑
σ∈Sh(r,s,t)

sgn(σ)L(ασ(1), . . . , ασ(r))M(ασ(r+1), . . . , ασ(r+s))N(ασ(r+s+1), . . . , ασ(r+s+t)), (5.24)

ùp

Sh(r, s, t) = {σ ∈ Sr+s+t | σ(1) < · · · < σ(r), σ(r+1) < · · · < σ(r+s), σ(r+s+1) < · · · < σ(r+s+t)}.

Äk, éuτ ∈ Sh(r, s), ½Âτ̃ ∈ Sh(r, s, t)�

τ̃(i) =

τ(i), 1 ≤ i ≤ r + s,

i, r + s+ 1 ≤ i ≤ r + s+ t.

Ksgn(τ̃) = sgn(τ). N´wÑ, XJσ ∈ Sh(r + s, t), τ ∈ Sh(r, s), Kστ̃ ∈ Sh(r, s, t), ¿�N

�Sh(r + s, t)× Sh(r, s)→ Sh(r, s, t), (σ, τ) 7→ στ̃�_. l

(L ∧M) ∧N(α1, . . . , αr+s+t)

=
∑

σ∈Sh(r+s,t)

sgn(σ)L ∧M(ασ(1), . . . , ασ(r+s))N(ασ(r+s+1), . . . , ασ(r+s+t))

=
∑

σ∈Sh(r+s,t)
τ∈Sh(r,s)

sgn(σ)sgn(τ)L(ασ(τ(1)), . . . , ασ(τ(r)))M(ασ(τ(r+1)), . . . , ασ(τ(r+s)))N(ασ(r+s+1), . . . , ασ(r+s+t))

=
∑

σ∈Sh(r+s,t)
τ∈Sh(r,s)

sgn(στ̃)L(αστ̃(1), . . . , αστ̃(r))M(αστ̃(r+1), . . . , αστ̃(r+s))N(αστ̃(r+s+1), . . . , αστ̃(r+s+t))

= (5.24)ª.

aq/, éτ ∈ Sh(s, t), ½Âτ̂ ∈ Sh(r, s, t)�

τ̂(i) =

i, 1 ≤ i ≤ r,

r + τ(i− r), r + 1 ≤ i ≤ r + s+ t.
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Ksgn(τ̂) = sgn(τ), ¿�(σ, τ) 7→ στ̂´lSh(r, s+ t)× Sh(s, t)�Sh(r, s, t)��_N�. Ïd

L ∧ (M ∧N)(α1, . . . , αr+s+t)

=
∑

σ∈Sh(r,s+t)

sgn(σ)L(ασ(1), . . . , ασ(r))M ∧N(ασ(r+1), . . . , ασ(r+s+t))

=
∑

σ∈Sh(r,s+t)
τ∈Sh(s,t)

sgn(σ)sgn(τ)L(ασ(1), . . . , ασ(r))M(ασ(r+τ(1)), . . . , ασ(r+τ(s)))N(ασ(r+τ(s+1)), . . . , ασ(r+τ(s+t)))

=
∑

σ∈Sh(r,s+t)
τ∈Sh(s,t)

sgn(στ̂)L(αστ̂(1), . . . , αστ̂(r))M(αστ̂(r+1), . . . , αστ̂(r+s))N(αστ̂(r+s+1), . . . , αστ̂(r+s+t))

= (5.24)ª.

ùÒ�¤
y².

(3) �Ä��

τ =

(
1 · · · r r + 1 · · · r + s

s+ 1 · · · r + s 1 · · · s

)
∈ Sr+s.

N´wÑ, sgn(τ) = (−1)rs, ¿�éuσ ∈ Sr+s, σ ∈ Sh(s, r)�¿©7�^�´στ ∈ Sh(r, s). l

éα1, . . . , αr+s ∈ V , ·�k

M ∧ L(α1, . . . , αr+s) =
∑

σ∈Sh(s,r)

sgn(σ)L(ασ(s+1), . . . , ασ(r+s))M(ασ(1), . . . , ασ(s))

= sgn(τ)
∑

σ∈Sh(s,r)

sgn(στ)L(αστ(1), . . . , αστ(r))M(αστ(r+1), . . . , αστ(r+s))

= (−1)rs
∑

σ∈Sh(r,s)

sgn(σ)L(ασ(1), . . . , ασ(r))M(ασ(r+1), . . . , ασ(r+s))

= (−1)rsL ∧M(α1, . . . , αr+s).

ÏdM ∧ L = (−1)rsL ∧M . 2

d	È�¦{(ÜÆ, =·K5.28(2), éuL1 ∈ Λr1(V ∗), . . . , Ln ∈ Λrn(V ∗), �±½Â§�

�	ÈL1 ∧ · · · ∧ Ln, ¤�(J��	È�gSÃ'. XJLiÑ´�5¼ê, §��	Èke¡

�L�ª.

·K 5.29. �f1, . . . , fn ∈ V ∗. K

f1 ∧ · · · ∧ fn = Alt(f1 ⊗ · · · ⊗ fn) =
∑
σ∈Sn

sgn(σ)fσ(1) ⊗ · · · ⊗ fσ(n).

y². 1���ªÒ´Ún5.26. ·�^8B{y²1���ª. �n = 1�ÃIy². b

�n ≥ 2, ¿�1���ªén− 1¤á. éu1 ≤ i ≤ n, P

Pi = {σ ∈ Sn | σ(n) = i}.

K

Pi = {σiτ̃ | τ ∈ Sn−1},
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ùpσid(5.12)½Â, τ̃d(5.13)½Â. d(5.22)ªÚ8Bb�, éα1, . . . , αn ∈ Vk

f1 ∧ · · · ∧ fn(α1, . . . , αn)

=

n∑
i=1

sgn(σi)Alt(f1 ⊗ · · · ⊗ fn−1)(ασi(1), . . . , ασi(n−1))fn(ασi(n))

=

n∑
i=1

sgn(σi)
∑

τ∈Sn−1

sgn(τ)f1 ⊗ · · · ⊗ fn−1(ασi(τ(1)), . . . , ασi(τ(n−1)))fn(ασi(n))

=

n∑
i=1

∑
τ∈Sn−1

sgn(σiτ̃)f1 ⊗ · · · ⊗ fn(ασiτ̃(1), . . . , ασiτ̃(n))

=

n∑
i=1

∑
σ∈Pi

sgn(σ)f1 ⊗ · · · ⊗ fn(ασ(1), . . . , ασ(n))

= Alt(f1 ⊗ · · · ⊗ fn)(α1, . . . , αn).

ùÒ�¤
y². 2

·K5.29`²,·�3(5.6)¥Ú\�n���5¼ê=�f1, . . . , fn�	È.@p�PÒf1∧
· · · ∧ fn�ùp´���.

íØ 5.30. �f1, . . . , fn ∈ V ∗. K

(1) é?¿σ ∈ Snk
fσ(1) ∧ · · · ∧ fσ(n) = sgn(σ)f1 ∧ · · · ∧ fn.

(2) é?¿α1, . . . , αn ∈ Vk

f1 ∧ · · · ∧ fn(α1, . . . , αn) = det[fi(αj)],

ùp[fi(αj)] ∈ Fn×n´(i, j)-��fi(αj)��
.

y². (1) d·K5.29, k

fσ(1) ∧ · · · ∧ fσ(n) =
∑
τ∈Sn

sgn(τ)fστ(1) ⊗ · · · ⊗ fστ(n)

=
∑
τ∈Sn

sgn(σ−1τ)fτ(1) ⊗ · · · ⊗ fτ(n)

= sgn(σ)f1 ∧ · · · ∧ fn.

·���±éõ���5N�(V ∗)n 7→ Λn(V ∗), (f1, . . . , fn) 7→ f1 ∧ · · · ∧ fnA^·K5.5(2)�

í25y²(1).

(2) |^�
1�ª�L�ª(5.10), =�

f1 ∧ · · · ∧ fn(α1, . . . , αn) =
∑
σ∈Sn

sgn(σ)fσ(1) ⊗ · · · ⊗ fσ(n)(α1, . . . , αn)

=
∑
σ∈Sn

sgn(σ)fσ(1)(α1) · · · fσ(n)(αn) = det[fi(αj)].

2

þ¡�SN�±�Ï·�?�Ún)LaplaceÐm½n�1��y². �{f1, . . . , fn}´Fn×1�

IOÄ3(Fn×1)∗¥�éóÄ. �½�I8I0 ⊂ {1, . . . , n}, |I0| = k. �

I0 = {i1, . . . , ik}, i1 < · · · < ik,
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Ic0 = {i′1, . . . , i′n−k}, i′1 < · · · < i′n−k.

díØ5.30(1), ·�k

f1 ∧ · · · ∧ fn = sgn(σI0)(fi1 ∧ · · · ∧ fik) ∧ (fi′1 ∧ · · · ∧ fi′n−k).

N´wÑ, fi1 ∧ · · · ∧ fikÚfi′1 ∧ · · · ∧ fi′n−k©O´y²¥�¼êLÚM , þªÒ´(5.23)ª. �Ò

´`, ·�rfi1 ∧ · · · ∧ fik�fi′1 ∧ · · · ∧ fi′n−k�	ÈU½Â�Ðm, Ò��
LaplaceÐm½n.

�e5·��ÑΛr(V ∗)�ÄÚ�ê.

½n 5.31. �V´k���5�m, dimV = n, {f1, . . . , fn}´V ∗�Ä.

(1) XJ1 ≤ r ≤ n, K

{fi1 ∧ · · · ∧ fir | 1 ≤ i1 < · · · < ir ≤ n} (5.25)

´Λr(V ∗)�Ä. AO/, dim Λr(V ∗) =
(
n
r

)
.

(2) XJr > n, KΛr(V ∗) = {0}.

y². �L ∈ Λr(V ∗), {α1, . . . , αn}´{f1, . . . , fn}3V¥�éóÄ. d½n5.25(2),

L =
∑

1≤i1,...,ir≤n

L(αi1 , . . . , αir )fi1 ⊗ · · · ⊗ fir .

XJr > n, K8Ü{1, . . . , n}¥�êii1, . . . , iro¬kü��Ó, lL(αi1 , . . . , αir ) = 0. Ï

dL = 0. ùÒy²
(2). b�1 ≤ r ≤ n. K

L =
∑

i1,...,ir∈{1,...,n}
¿�pØ�Ó

L(αi1 , . . . , αir )fi1 ⊗ · · · ⊗ fir

=
∑

1≤i1<···<ir≤n

∑
σ∈Sr

L(αiσ(1) , . . . , αiσ(r))fiσ(1) ⊗ · · · ⊗ fiσ(r)

=
∑

1≤i1<···<ir≤n

L(αi1 , . . . , αir )
∑
σ∈Sr

sgn(σ)fiσ(1) ⊗ · · · ⊗ fiσ(r)

=
∑

1≤i1<···<ir≤n

L(αi1 , . . . , αir )fi1 ∧ · · · ∧ fir .

Ïd8Ü(5.25))¤Λr(V ∗). ,��¡, 8Ü(5.15)�5Ã'íÑ8Ü(5.25)��5Ã'. ùÒy

²
(5.25)´Λr(V ∗)�Ä. 2

·��½Λ0(V ∗) = F , ¿�Ä�Ú
∞⊕
r=0

Λr(V ∗) = {(L0, L1, . . .) | Lr ∈ Λr(V ∗),�kk��r¦Lr 6= 0}.

�Üþ�ê��¹aq, ·�r¤kΛr(V ∗)À�
⊕∞

r=0 Λr(V ∗)�f�m, ¿�3
⊕∞

r=0 Λr(V ∗)þ

½Â	È� ( ∞∑
r=0

Lr

)
∧

( ∞∑
s=0

Ms

)
=

∞∑
r,s=0

Lr ∧Ms.

K
⊕∞

r=0 Λr(V ∗)¤����Fþ��ê, ¡�V ∗�	�ê(exterior algebra)½Grassmann�ê,

P�Λ(V ∗). XJV´k���, dimV = n, Kd½n5.31, ·�kΛ(V ∗) =
⊕n

r=0 Λr(V ∗), ¿�

dim Λ(V ∗) =

n∑
r=0

dim Λr(V ∗) =

n∑
r=0

(
n

r

)
= 2n.

��, ·�y²���5¼ê	È��5�, =	È´Ä�"�±^5�äù
�5¼

ê´Ä�5�'.
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½n 5.32. �f1, . . . , fn ∈ V ∗. Kf1 ∧ · · · ∧ fn 6= 0�¿©7�^�´{f1, . . . , fn}�5Ã'.

y². “=⇒”. b�f1 ∧ · · · ∧ fn 6= 0. K�3α1, . . . , αn ∈ V¦f1 ∧ · · · ∧ fn(α1, . . . , αn) 6= 0. dí

Ø5.30(2), ùíÑÝ
[fi(αj)]�_. XJc1, . . . , cn ∈ F÷v
∑n
i=1 cifi = 0, K

(c1, . . . , cn)[fi(αj)] =
( n∑
i=1

cifi(α1), . . . ,

n∑
i=1

cifi(αn)
)

= 0.

¤±(c1, . . . , cn) = 0. Ïd{f1, . . . , fn}�5Ã'.

“⇐=”. b�{f1, . . . , fn}�5Ã'. ·�ky²�5N�

T : V → Fn, T (α) = (f1(α), . . . , fn(α))

´÷�. �d, �Iy²Im(T )3(Fn)∗¥�"zf�mIm(T )0�"f�m. �g ∈ Im(T )0. d

ug´Fnþ��5¼ê, ¤±�3c1, . . . , cn ∈ F¦�

g(x1, . . . , xn) =

n∑
i=1

cixi, ∀(x1, . . . , xn) ∈ Fn.

g ∈ Im(T )0`²g ◦ T = 0, =é?¿α ∈ Vk

g(T (α)) =

n∑
i=1

cifi(α) = 0,

�Ò´`
∑n
i=1 cifi = 0. du{f1, . . . , fn}�5Ã', ùíÑc1 = · · · = cn = 0, =g = 0. ù

Òy²
Im(T )0 = 0. ÏdT´÷�. y3, �ÄFn�IOÄ{ε1, . . . , εn}. duT´÷�, �

3α1, . . . , αn ∈ V¦�T (αj) = εj , =fi(αj) = δij . lÝ
[fi(αj)]�ü Ý
. díØ5.30(2),

·���f1 ∧ · · · ∧ fn(α1, . . . , αn) = 1. Ïdf1 ∧ · · · ∧ fn 6= 0. 2

e¡�íØ´w,�.

íØ 5.33. �dimV = n, f1, . . . , fn ∈ V ∗. Kf1∧· · ·∧fn 6= 0�¿©7�^�´{f1, . . . , fn}´V ∗�
Ä.

·�|^íØ5.9�ÑíØ5.33�,��y².

y². 5¿�dim Λn(V ∗) = 1. �½Ó�N�φ : Λn(V ∗)→ F . KN�

L : (V ∗)n → F, L(f1, . . . , fn) = φ(f1 ∧ · · · ∧ fn)

´V ∗þ�n�5¼ê. dué?¿f ∈ V ∗kf ∧ f = 0, ¤±L3��Cþ�Ó���´". d

·K5.5(1), L´���. ,��¡,dÚn5.7(2), LØð�u". o�,·�kL ∈ Λn(V ∗∗)r{0}.
díØ5.9, =�

{f1, . . . , fn}´V ∗�Ä ⇐⇒ L(f1, . . . , fn) 6= 0 ⇐⇒ f1 ∧ · · · ∧ fn 6= 0.

ùÒ�¤
y². 2

SK 5.6.

1. �y(5.16)¥½Â�Alt(L)´���.

2. Ø^þK(J, ���y(5.16)¥½Â�Alt(L)´�é¡�.

3. Ø^·K5.28(2)���y(5.17)ª.

4. b�charF = 0. |^(5.17)�y(5.18)Ú(5.19)¥½Â�“��¦È”Ñ÷v¦{(ÜÇ.

5. b�charF = 0. �y(5.20)¥½Â�L ∧M�(5.19)ª��.
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6. �r´Ûê, L ∈ Λr(V ∗). y²L ∧ L = 0.

7. �f1, . . . , fr ∈ V ∗�5Ã'. y²éf ∈ V ∗, f ∈ span{f1, . . . , fr}�¿©7�^�´f ∧ f1 ∧
· · · ∧ fr = 0.

8. �g1, . . . , gr ∈W ∗, T ∈ L(V,W ). y²

Λr(T t)(g1 ∧ · · · ∧ gr) = T tg1 ∧ · · · ∧ T tgr.

9. �dimV = n, f1, . . . , fn ∈ V ∗, T ∈ L(V, V ). y²

T tf1 ∧ · · · ∧ T tfn = det(T )f1 ∧ · · · ∧ fn.




