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Introduction

N§ INTRODUCTION §N
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Flag manifolds

@ In this talk, the base field is taken to be C, and H*(X) = H*(X; k)
where the coefficient ring k is a field of characteristic zero, for
example Q.

@ Let V be a finite dimensional vector space of dimension n. A flag F,
is a sequence of subspaces of V/,

0=FCF'C...CF =V,

with dim F/ = .
@ Denote the set of all such flags to be F¢(V'), and call it the flag
manifold /variety (see below).

@ Our purpose: compute H*(F/((V)).
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Introduction

Flag manifolds (continued)

@ Fix some isomorphism V = C”, and consider the map
span : GL(V) — F{(V) x=(vi,...,vp) — Fx,
where
Fe: 000G Cvni GCvi+Cw G -+ &V
@ This map is clearly surjective, and

Fx=F, <= x =y -(an invertible upper triangle matrix).

Cohomology of Flag Manifolds August 27, 2020 6 /152



Introduction

Flag manifolds (continued)

@ Denote G = GL,, and B the group of invertible upper triangle
matrices (the Borel subgroup). We have a bijection

span: G/B ERN FeV).

So we can define the topology and smooth /variety structure to be as
G/B.
@ |t is easy to check that

U(n)/(*'-.*) ~ G/B

thus F¢(V) is compact.
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Cellular Structure

~ § CELLULAR STRUCTURE § ~
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Cellular Structure

Bruhat decomposition

Theorem (Bruhat decomposition)

We have the decomposition

G = I_I BwB W = {permutation matrices} = &,,.
weW

Furthermore, BwB/B = CX") with {(w) the number of inversions, more
precisely

tw) = #{(i,J) - i <Jj,w(i) > j}.
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The proof

@ The action of B on the left can be decomposed into
add toC - nonzero scalar (_Y[row]
-roW ..

@ The action of B on the right can be decomposed into

nonzero scalar
add

Y

g
ou.r.1.|o:> Q

uwn|od
uwn|od
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The proof (continued)

@ For a permutation w € G, consider the Rothe diagram by its
“graph” and the space U,, C G, as follows

123456
1 "TCCC1007
2 C10000
3 - Co0COC1
4 Ur=1100000
5 001000
6 I 000010
<123456> - -
426135
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Cellular Structure

The proof (continued)

Theorem
There is a bijection (thus homoemophism)

span : U, LN Bw_lB/B.

e For any x € U,, xB € Bw~1B.
— Dig the hole for each column.

@ For any x € G, there is some b € B such that xb € U,, for some

we G,
— Dig the hole from the last row.

e Forany x,y € Uy, if y € xB, then x = y.
— Clearly.
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Cellular Structure

The proof (continued)

@ The proof of the dimension follows from the following diagram.
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Cellular Structure

. Topology Remind

Theorem
For a CW-complex X, the cohomology group of the complex

oo — H* (Xdim<e, Xdim<e—1) —> + -

is isomorphic to H*(X), and

H*(Xdim<e, Xdim<e—1) = @ k- A.
dim=e cell A

Similar result for homology.
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Cellular Structure

Computation of the cohomology

@ In our case, {BwB/B : w € &,} defines a cellular structure of G/B,
called the Schubert cells.

@ But dimg U,, are all even dimensional, so the above complex is trivial.

Theorem

The cohomology ring H*(F¢(V')) and homology group He(F¢(V)) has
only even dimensions. Furthermore,

dim H*(G/B) = #{w : {(w) = i} = dim H»;(G/B).
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Cellular Structure

Remaining Problems

@ There remains to answer
what is the product structure of H*(G/B)?
@ It is still mysterious
what is the Poincaré duality between H*(G/B) and H.(G/B)?

@ To answer this, we need to analyse the topological properties of
(closed) Schubert cells Bw=1B/B or Bw=1B/B. It involves some
combinatorics of the symmetric groups.
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Cellular Structure

Combinatorics of Symmetric groups

e For any w € &, {(w) is the least length to write w into a product of
s1=(12), % =(23), -+, sp-1 =(n—1,n).

Any shortest expression is called a reduced word.

ok

@ Define the Bruhat order < to be the order of “sub-reduced word" .
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Cellular Structure

Combinatorics of Symmetric groups (continued)

Theorem (Another description of Bruhat order)
If we write

u<v <= lu)+1=4L(v),v=-su

where s is any swap then the Bruhat order

u<v <— u:uo<3u1<~-<3uk_1<uk:v.
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Cellular Structure

The proof
- ;Z

Called the strong exchange property
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Cellular Structure

Combinatorics of Symmetric groups (continued)

Theorem (Geometric meaning of the Bruhat order)

The Bruhat order can be realized geometrically,
BvB C BuB <— v < u.
As a result (since BuB is also a union of double cosets),

BvB/B C BuB/B <= v <u <= Bv 'B/BC Bu-1B/B
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The proof

@ Firstly, to show <, it suffices to show when v < u. When v = id and
u be any of s;, that is, to check Bs;B = Bs;B LI B. This is easy by
checking the SLy-case.

@ Generally, note that
BwBs; C BwBs;B = BwB LI Bws;B

since only the permutations w and ws; are in BwBs;B. So it follows
from induction and the description of the Bruhat order.

@ To show the =, it suffices to show | J,., BvB is already closed. Note
that {J,~, BvB is product of closed subgroups P; = Bs;B U B. By an
induction, from the map between compact space G/B — G/P, we see
it is compact.
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Cellular Structure

Combinatorics of Symmetric groups (continued)

1
@ The longest word wy = (,11'1’) = ( L ‘ ) is also the only maximal

element of <.
@ Actually, due to the LU decomposition,

BwyB = {x € GL,, : sequential principal minor of x # 0}

is a Zariski dense open subset.

wrong figure
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Cellular Structure

Intersection of Schubert Cells

@ Until now, it is hard to find the product of the cells, but at least we
can get a pairing. Let u,v € &, with complement length, i.e.
l(u) +£(v) = £(wp). The trick is, using another cellular structure
{woBw™lB/B:w € &,}.

@ Note that,

g, uwp # v,

Bu'B/BNnBv 'B/B =
Wobu / v / {{V—IB}7 ung = v.

by considering the preimage in woU, and U, column by column.
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Cellular Structure

Intersection of Schubert Cells (continued)

Theorem

For u,v € &, with complement length,

a, uwg # v,

woBu=1B/BNBv-1B/B =
0 / / {{v‘lB}7 uwy = V.

In the last case, they intersect transversally. In particular, we have the
pairing of intersection product

0, ulv # wp,

1

[Bu='B/B] e [Bv~1B/B] = {[Pt], uTtv = wo.
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The Proof

o A trick is, woBu=1B/B N Bv~1B/B is a union of
T = (* ) = (C*)"-orbit. Due to compactness of G/B, taking the
limit t — 0 will reduce the dimension, so there must be a fixed point.

@ But the fixed points of T over G/B are exactly {wB : w € G,}. So if
they intersect, then some w < wou™!, and w < v~1. So
v) 4+ L(u) > L(w) + l(wow) = ¢(wp) with equality only when
vil=wu ! ie uwg=v.

@ Since the tangent space is exactly woU, and U,, by the same trick,
column by column, we see they intersect transversally at v—1B.
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Cellular Structure

Intersection of Schubert Cells (continued)

Theorem
Under the Poincaré duality,

H?(%¥) (G /B) 5 [BwouB/B] &2 [BuB/B] € Hayu)(G/B).

H?(“)(G/B) > [BuB/B] €22 [BwouB/B] € Hay(ugu)(G/B)-

@ Since [BwyuB/B] e [BvB/B] = d,y.

Cohomology of Flag Manifolds August 27, 2020

26 / 152



Cellular Structure

The Schubert cells in terms of flags

Theorem (Geometric Bruhat decomposition)

For two flags F1 and F», one can find an x € GL(V) and a permutation
w € &, such that

span(vl, e Vn) - F]_’ span(vw(l), ce Vw(n)) = Fo.

The permutation is unique.

@ This is equivalent to say, for any pair of two cosets xB and yB, we

can adjust x, y such that y = xw™?! for some w. That is, for any x,
L], xBwB = G.
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Cellular Structure

The Schubert cells in terms of flags (continued)

o If we denote the permutation asserted by the theorem by w(F1, F2).

Then
dim .7:1"_1-1-]‘2 NFL _ #{ve:e<i—1}U{ve:w(8)<j }N{ve:e<i}
]_-l"*lJr]:é'*lm]:{ T —H{ve:e<i—1}U{ve:w(e)<j—1}N{ve:0<i}
1, w(i)=j,
0, otherwise.

@ By the Zassenhaus Butterfly Lemma
FiwF nF o FTE 0F o FinF ~ (F+FAT!
FWw R nF T AT E TN H T (R NA)HFENATH T Fio

@ As a result,

dim(F| N Fl) = a@%{o <i:w(e) <j} HEE
dim(Fj + F) = i+j—#{e <i:w(e) <j} s

gl
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Cellular Structure

The Schubert cells in terms of flags (continued)

o Let Fy be the standard flag span(ey, ..., e,) <> 1- B/B. We have

Bw~lB/B &L {F:w(Fo, F) =w}

B e FLF aF  1,w(i)=),
= {]: dim m — 10, otherwise.

={F :dim(FgnF) = #{e <i:w(e) <j}}.
={Fdim(F+F)=i+j—#{e<i:w(e)<j}}.

@ Then (they are not equal in general)

Bw=iB/B C{F :dim(Fy+F)<i+j—#{e<i:w(e)<j}}
= {F:dim(F NF) > #{e<i:w(e) < }}.

The right hand side is closed since dimspan(vi,...,v,) < k is closed
by the description of rank in terms of determinant.
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Cellular Structure

References for this section

e Fulton. Young tableaux. (Last chapter about Schubert cells)

e Hiller. The Geometry of Coxeter groups. (For general Coxeter groups
and Schubert cells)

@ MacDonald. Notes on Schubert Polynomials. (For the combinatorics
of symmetric groups)
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Fibre Bundle Structure

~ § FIBRE BUNDLE STRUCTURE § ~
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Lie theory

@ We still fix the following notations, say a reductive group with it Borel
subgroup, maximal torus and Weyl group,

G=GL,, B=("%), T=("
@ Here list some results,

Ng(B):B, NG(T): W-T, NB(T):Ng(T)ﬂB: T.
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Fibre Bundle Structure

. Topology Remind

Theorem (A variant of Maschke Theorem)

Let G be a finite group and k be a characteristic zero field. For any

E
G-covering [ d } )
B

H*(B; k) = H*(E; k)°.
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Fibre Bundle Structure

Theorem
For a space X where G acts freely, then

H*(X/G:k) = H*(X/T; k)"

for any characteristic zero field k.

o Note that H*(X/T; k)" = H*(X/N(T)). Considering the fibre
X/Ng(T)— X/G, it suffices to show G/Ng(T) is k-acyclic.

@ Then it reduces to show the case when X = G. That is,
H*(G/Ng(T);k) = H*(G/T; k)" = H*(pt; k). Since now, there are
only even dimensional stuff, so

\W| =dimH*(G/T)=x(G/T)
= [W|-x(G6/Ng(T)) = [W|dim H*(G/Ng(T)).
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Topology Remind

>

Theorem (Minor)

For any topological group G, there exists a principle G-bundle, called the
Eg

universal bundle | | } with Eg contractible. Any such principle
Be

G-bundle is unique up to homotopy equivalence. It has the following
universal property,

{principle G-bundles over B} = [B, Bg]

E
Equivalently, for any principle G-bundle of CW complexes [i] , there
B

E—}EG

exists a map [¢ 4 ] which is unique up to homotopy.
B — Bg

Cohomology of Flag Manifolds August 27, 2020 35 /152



Fibre Bundle Structure

Calculations of the classifying spaces

@ The classifying space for C* is known to be CP*°.

@ The classifying space for GL, is known to be the infinite Grassmanian
Gr(n,c0).

@ As a result,
Br = Bg = (CP™)", B = Gr(n, o).

H*(B1;k) = Kk[X1,...,X,], H*(Bg; k) = k[X1,. .., X,]°".
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Fibre Bundle Structure

. Topology Remind

Theorem (Serre)

To be simpler, assume B is simply connected, and k a field. For any fibre
E
bundle [i] with fibre F, there is
B
o a set of modules {E? : p,q, k > O}

EP-‘rk qg—k+1

o a sequence of differentials Ef7 , and

er[Ek —)Ek] ~ qu
im[E,'(“—d>E£q] k+1
such that E§? = HP(B; HI(F;k)) such that

@ a series of isomorphisms

@ Er,  ERI=ER7 for N> 0.
p+q=n
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Fibre Bundle Structure

Spectral Sequences

E; S = S S =1
NN
AAN AN
AN ™ AN LS
DA A A A ENEEEY ENEEN
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Fibre Bundle Structure

Computation of the cohomology

Theorem

As an k-algebra,
k[X1, ..., Xa]

(Eq,....Ep)

where E; is the i-th elementary symmetric polynomial.

I

H*(G/B)

e Firstly, note that G/ T — G/B has contractible fibre, so
H*(G/T) = H*(G/B).
B
@ Since Bt can be taken to be Eg/ T, there is a fibre bundle [ ¢T]
Bg
with fibre G/ T, and m1(Bg) = mo(G) is trivial. So we can apply the
Serre spectral sequence.
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Fibre Bundle Structure

Computation of the cohomology (continued)

@ There are only even dimensional terms, so each d is zero.
3.0 B%\
=

@ So we have the H*(Bg)-module isomorphism,

H*(Bt) = H*(Bg) ® H*(G/T).

o So H*(Br)/ (HZY(Bg)) = H*(G/T).
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Fibre Bundle Structure

Remaining Problems

@ Now, the multiplication structure is easy to compute, but

how to express the Schubert Cells?

@ Besides,
what is the meaning of Xi,..., X,?

@ A good tool to understand cohomology is the Chern classes. We will
find some line bundle over G/ T. Since G/B is compact (a projective
complex variety), it is better to work beck over G/B.

Cohomology of Flag Manifolds August 27, 2020 41 / 152



Fibre Bundle Structure

Topology Remind

> K

o Define the tautological bundle over CP?,
{({,x) e CP* x C?: x €1}

0(-1) = 4
P

Theorem (1st Chern class)
For any CW-complex B, there is a natural transform between
c1 : {Line Bundles over B} — H*(B)

funtorial in B such that —ci;(O(—1)) € H?>(CP') dual to [pt] € Ho(CP')

v
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Fibre Bundle Structure

Chern Classes

@ For any character (i.e. a group homomorphism to C*) of B, it
defines a representation, denoted by Cp, of B, say

cXc v = p(b)v.
GXB(Cp
This also defines a line bundle Cp := [ N }
G/B
SL, ><B2(Cp

e For example p: (* *;) + x, the bundle [ 1 is

SL, /B, = (CP1:|
isomorphic to O(—1). Just by ((ig),A) = (C(2),A(2)).

C C
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Fibre Bundle Structure

Chern Classes (continued)

Theorem

The Chern class —c1(CX;) is exactly X; € H?(G/B), where the character
X; is (Xl'-. : ) — x;. So we have the map

Xn

K[X1,. .., Xo] -5 H(G/B) A= X o X2 s X X7 X2

‘Warning: maybe confusing notation ‘

@ Note that ¢(a1 X1 + -+ - + apX,) corresponds to the character

X1 ok :

( b ) — x;tx7" by the formula for tensor product of line
Xn

bundles.
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Fibre Bundle Structure

The proof

o Still, G x7 Cp— G x g Cp has contractible fibre, thus homotopically

the same.

EC*xexC
@ The vector bundle [ i ] is tautological.
BCx
Ec/T=Br
@ The map G/T — Eg/ T is the fibre map for [ 1 } where
Be
X1,..., X, from.

G
The map G/T — Eg/T is also the classifying map for [ J ] .
G/T

The map Bt — BC* is induced by p.

The theorem follows from the diagram chasing.
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The proof (continued)

G x7Cp——EC* x C

(CX
G Eg Es
e |\ v
Gx7C*——— EC*
\’ 1 4
G/T Ec/T B
G/T—— BC*
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The action of Weyl groups

Theorem
The map ) defined in the previous theorem is & ,-equivariant. That is,

W(wf) = wip(f); where the action &,, acts on polynomial ring by
permuting the indices, and on H*(G/T) induced by conjugation.

@ For any character p, the action Xj —— Xw(i) is induced by
wp(X) = p(w=1Xw).

@ Then chase the following diagram, we know 1) is G-equivariant.

(g,v)—(wgw™1,v)

G x71Cp G x7Cwp
) \
G/T G/T
gT—wgw—1T
Cohomology of Flag Manifolds
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Fibre Bundle Structure

Fibres in terms of Flags

. Ei
@ Define the i-th tautological bundle is defined to be F' = [ 4
. . Fe(V)
where E' = {(F,v) e F{(V) x Vv e F'}
o If we take V = C", then we have the short exact sequence

0—F1oF 5 CX —0.
The map * is given by

E' — G xgCX; (]-",v)»—)(x,)\)
+ +
FUC") —  G/B

where x = (x1,...,%,), and v = Axx + (lower terms).
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Fibre Bundle Structure

Fibres in terms of Flags (continued)

@ As a result, the total Chern class (by the Whiteney formula)

c(F)=(1—-X)(1-X2)--(1—X)).

xV

(
FL(V)

@ In particular, F" = [ i ] is trivial, so
Fev

)
c(F) = (1- X)L~ Xa) -+ (1 Xn) =1

this is the geometric reason that E; lies in the denominates.
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Partial Flags

o It is useful to introduce the partial flags to be flags of length k, note
that

FC)=GL, /[ *i | = G/P.

@ To compute it in an inductive way, consider the fibre bundle
Fek(cn)
[ + ] by truncating the first k — 1 flags. Its fibre is exactly
Fe=i(cn)
P(C"/Ck=1) = CcPk,

Cohomology of Flag Manifolds August 27, 2020 50 / 152



Fibre Bundle Structure

Partial Flags (continued)

@ Let p be a group character of (**) which extends to P by

GxpCp
p(* %) = p(x). Then one can also define [ l }
G/P

@ Inductively, by the Serre spectral sequence or the Harish-Leray
argument, one can show that H*(F¢%(C)) has only even dimensional
part, and as k-graded space

w(Tokrenyy kX KX k[X1,. Xl
D) = oy @ O oy = sy
GXP(CX;
where X,'——Cl[ \L :|
G/P
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Partial Flags (continued)

@ One can check that the map induced by F¢K(C") — F¢(C") is
compatible and injective, that's to say X; — X;.

Theorem

The monomials X* :Xl’\l---X,:\k with A <p=(n—1,...,n— k) forms a
basis of H*(F¢%(C")).

v

Theorem

The monomials X* = Xl)‘l XM with A< p=(n—1,...,1,0) forms a
basis of H*(G/B).
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_____ FibeBundeSinciue
Algebraic Remarks

@ It is highly nontrivial to show that there is an isomorphism as graded
vector space

k[Xla s 7Xn]

k[X1,..., Xa] =k[E, ..., E
[ 1 9 n] [ 1 bl n]® <E1’,,,7En>

in a pure algebraic way (due to Chevalley for general reflection
groups). For example, this implies (Ei, ..., E,) is a regular sequence.

@ The Poincaré polynomial for H*(G/B) is

1—t2k ;
H = #{w l(w) =i},

k=1 i>0

also a nontrivial combinatorial identity.
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Fibre Bundle Structure

References for this section

@ Shintaro Kuroki. An introduction to Torus Equivariant Cohomology.
[Youtube] (for the computation by spectral sequneces)

o Hiller. The Geometry of Coxeter groups. (Chapter Il for the algebraic
result, and the combinatorics)

@ Goodman and Wallash. Symmetry, Representations, and Invariants.
(Chapter 5 contains the algebraic treatment mentioned)

@ Hatcher. Algebraic Topology. (See Page 343 for the computation of
cohomology of the partial flags)

e Fulton. Young tableaux. (Appendix for a quick introduction to Chern
classes)
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Demazure Operators

~ § DEMAZURE OPERATORS § ~
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Parabolic Subgroups

@ We have the embeddings from SLy, and the parabolic subgroups
Kj . SL2 — G
1 y P,':imﬁ,'-B: ***
@ — (‘2)
1
@ Here list some results,
K SL2/(* I) ~ P;/B
SLp /(*¥) = F¢(C?) = P(C*) = CP* = S2.
G/B
@ The main target of this section is to analyse the fibre bundle [ i ]
G/P;
whose fibre is P/B = CP*.
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Demazure Operators

Topology Remind

> K

Theorem (Gysin push forward)

For any fibre bundle E = B whose fibre F is a d-dimensional with Poincaré
duality, there is a well-defined functor called the Gysin push forward

H*(E) = H*=9(B).

In the case when E and B are for which Poincaré duality holds, 7, is
induced from homology map through duality.
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Demazure Operators

. Topology Remind

Theorem (Gysin sequence)

For any d-dimensional sphere bundle E = B, there is a long exact
sequence

S HEMEA(BY S H(B) S HI(E) TS H9(B) &5 HITY(B) — - --

where T* is the usual induced cohomology map, m, is the Gysin push
forward, and * is the cup product with the Euler class of .
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Demazure Operators

Demazure operator

o The fibre bundle G/B = G/P; has fibre P;/B = S?, thus we have
Gysin push forward .. We define the Demazure operator 0; to be

i+ H*(G/B) = H2(G/P) = H*2(G/B).
From the Gysin sequence, we see that
H+2(G6/B) % H*(G/B) % H*2(G/P)

is zero (actually exact since H°4(G/P;) = 0 see below).
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Demazure Operators

Demazure operator (continued)

Theorem

Denote the cohomology class of [BwB/B] (Poincaré dual to homology
class [BwmowB/B]) by X, then

OiXw = {stn Uwsi) = £(w) —

0, otherwise.

@ Actually, there is a cellular structure over G/P;, say by

G = || BwP;,
wil(ws;)=€(w)+1

whose corresponding {BwP/P : {(ws;) = {(w

) + 1} defines a cellular
structure over G/P.
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The proof

@ Note that
BwP = BwBs;B U BwB = Bws;B LI BwB

by considering the permutation matrices both sides.
o If {(ws;) = £(w) + 1 we have a bijection

BwB/B <L BwP/P,

Since 71 (BwP/P) = BwB/B LI Bws;B/B, and the fibre of

7~ (BwP/P)
[ J ] at xP is exactly xP/B = xB/B U xs;B/B, so there is a
BwP/P

single point over BwB/B, this proves the bijection.
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The proof (continued)

e So G/B T G/P;is cellular, i.e. 7(G/Bgim<e) C (G/P:)dim<e, thus it
is easy to compute the induced homology map,

[BwB/B] «H[BwP/P]  — p(ws;) = (w) + 0 «i[BwsiP/P]
Uwsj) = L(w) — 1 =

m*[BwP/P] <—~[BwP/P] 7*[Bws;P/P] <—[Bws;P/P]

So

™. H*(G/P) — H*(G/B)
[BwB/B], {(ws;) = £f(w)+ 1.

, otherwise.

[BwP/P] +— {
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The proof (continued)

7T_I(BWPi/Pidimgo) — BWP;/Pijim<e
@ Then consider the cellular map d 4 induced
G/B — G/P;
the Gysin push forward for cellular cohomology, thus

[Bws;B/B]—> [Bwf/P] < l(ws)) = l(w) + 1= [BwB/Bl— %

[Bws;B /B> m«[Bws;B/B] [BwB /B> m«[BwB/B]

So

7 H*G/B) — H*2(G/P)
{[BWP/PL O(ws;) = (w) + 1.

, otherwise.

[Bws; B/B]
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Demazure Operators

The proof (continued)

We can also compute the Gysin push forward by the Poincaré duality.

o Firstly, we can also work in homology, where Gysin “pull back”
H.(G/P;) — H.4+2(G/B) can be described as “taking preimage”
(from the functorial assertion). This is based on the Poincaré duality
we computed in the first section.

@ Secondly, we can also find the Poincaré duality for G/P; as G/B,
then the push forward can be computed yet. The duality is exactly
[BwP/P] <> [Bwows;P;/P;], where ¢(ws;) = {(w) + 1. The technique
of transversal intersection still works.
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Demazure Operators

Demazure operator (continued)

Theorem

Recall the algebra homomorphism i : k[ X1, ..., X,] = H*(G/B), we have
P(Oif) = 0i(yf),

where the Demazure operator is defined over k[X] by

f(--- XiaXi o _f...’Xi 7Xi7"'
8,f(X): ( ) +1 X)_Xil +1 )
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Demazure Operators

. Topology Remind -

Theorem (Harish—Leray)

For a fibre bundle E — B, if each fibre Fx has free cohomology, and there
is a set {a} C H*(E) present the bases restricting each fibre. Then

H*(B) ® H*(F) — H*(E) B x iha — B — a

is an isomorphism between H*(B) modules.
Furthermore, the map is funtorial in (E — B, {a}) with fixed fibre F.
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The proof

e Consider the character
wj: B — C* (XI:::EH)%xl-‘-x;.
We have the following bundle
SLy xg,C(wjokj) — G xpCw; +— SLyxp,C(wjo k)
O(-1) l l Cwi (j#1) l trivial
SL, /B, LS G/B N SL, /B,

Cohomology of Flag Manifolds August 27, 2020 67 / 152



The proof (continued)

@ In conclusion

17 :.j7 2
€7 = H*(SL, /B).
0, i#j. (Bla/52)

ki (—a(Cwi)) = {

@ As a result, we have the H*(G/B)-isomorphism,

H*(G/B) = H*(G/P))lwil/ (w7) .

where w; = —¢1(Cw;) over G/B.
e | claim for o« € H*72(G/P;), 8 € H*(G/P;), the Demazure operator,

H*(G/B) — H*72(G/P;) — H*2(G/B)
aw;+ 5 —> « — «
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The proof (continued)

@ One can compute the Gysin push forward by the Poincaré duality, for
a e H*%(G/P), B € H(G/P;),

T ((awi + 8) ~ [G/B])

= m(a ~ (w; N [G/B])) + (8 —~ [G/B]) S;ﬁ()ggr)
= mu(mear ~ (wi N [G/B])) + mu(mef ~ [G/B]) - f}%‘;}?*ﬁr)

:ozf\ﬂ*(wif\ [G/B])+Bﬂ7r*[G/B]. =anf.l
.dim G/P;<dim G/B

:O[/\ﬂ-*(w,' ~ [G/B]) " Tl'*[G/B]:O
By the dimension reason, one can write m,.(w; —~ [G/B]) = \[G/Pj]
P,/B—> pt
for some A € Z. Actually A =1, by considering | | .
G/B—G/P;
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The proof (continued)

@ Besides, note that s; also acts on G/P; by x s;xsi_lP = s;xP, and
G/T—-G/B— G/P;
+ s si | commutes. But since G/P; is path-connected, left
G/T —-G/B— G/P;
multiplication is homotopically trivial, so s; acts on H*(G/P;) is
trivial.

@ As a result, the Demazure operators
l—S,' . _ Wj—Ww;os;
¢(Xi—Xi+1)(aw' +5)= PG X &

_ (Xt X) (Xt X1+ Xiga)

Y(Xi—Xit1) a=a

does the same work as the Demazure operators on polynomials.
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Demazure Operators

Computation of the cohomology

Theorem
The algebra homomorphism i : k[ X, ..., Xs] = H*(G/B), has its kernel

kerip = 4 f - the constant term of f acted by any iterated
o " Demazure operator Oy - - - Oy Is zero.

for any coefficient group k. In particular, when k is a field of characteristic
zero, it is generated by the elementary symmetric polynomials.

4

@ The trick is, 9 is isomorphic on the degree 0 part, this shows C.

@ Due our description of the action on Demazure operators on cells, the

constant term O, - - - O, is the coefficient of one Schubert cell of «,
this shows D.

Cohomology of Flag Manifolds August 27, 2020 71 / 152



Computation of the cohomology (continued)
Theorem
In our case, G = GL,,, the map ¢ : Z[X1, ..., Xn| = H*(FL(C"), Z) is

surjective, and kert) generated by the elementary symmetric polynomials.
By the universal coefficient theorem, the same for any coefficient group k.

@ Apply the spectral sequence in the last section. Since Bg = Gr(n, o)

has a cellular structure (the Schuber cells), so H°4(Bg) = 0, thus
everything runs perfectly.

Theorem
Actually,
H*(Gr(n, 00)) = Z[X1, . .., X,|®" = Z[Ey, ..., E].
Z[X1, ...y Xal
H* "M =Z[X1,..., X, =
(fé(c )) [ 1, ) ]Gn <E]_,...,En> )
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Demazure Operators

Demazure operators in terms of Flags

@ Since the Gysin push forward is functorial, thus we can also work on
G/Bxg/p,G/B _, G/B
the fibre product ¢ 4
G/B — G/P;
operator can be described by

. Then the Demazure

0; - H(G/B) — H*(G/B x¢/p G/B) 3™ H*=2(G/B).
o Consider
Zi = {(F,F) e FUV) x FUV):j+#i=F = Fl}
then it is clear Z; = G /B x/p G/B and compatible with two

projections to F¢(V) = G/B.
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Demazure Operators

Demazure operators in terms of Flags (continued)

o Note that, the fibre at F € F¢(V) is exactly the choice of spaces
between F'~1 C F*1 ie. P(F*1/F~1), homeomorphic to CPL.

@ As we expected,

pr{(Bw™'B/B) = Bw 'B/B x (Bw 'B/B L Bw 'sB/B).

L — Bw—1sB/B, ((wls) = o(w™1) —
p2(p {(Bw=1B/B)) =% ./ : ( .) W™
higher dimension cells otherwise.

@ Using the same argument on cells in this section, we get again

0:X,, — Xws;, (ws)) : lw) —1,
0, otherwise.
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Demazure Operators

Summary

@ We will denote the algebra generated by the operator d; by NH,,
called the nil-Heck algebra (or nil-coxeter algebra) (see next
section).

Demazure operator 0;

KX] —  K[X] 0
Chern classes ¢ | 4
H*(G/B)—H*"2(G/B) aw; + B — «
Schubert polynomials &, || I
H*(G/B)—H""2(G/B) X = {0 dremma” "
Schubert cells X, 1 T
NH — NH A+ 0;joA
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Demazure Operators

References

@ Kac. Torion in cohomology of compact Lie groups and Chow rings of
reductive algebraic groups.

e Fulton. Young tableaux. (Last chapter for the Demazure operator)
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Schubert Polynomials

~ § SCHUBERT POLYNOMIALS § ~
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Schubert Polynomials

Schubert Polynomials

Theorem

For any permutation w € &,, denote X,, the cohomology class of
BwB/B, there is a unique polynomial &,, such that

Xy = G (X1,...,X,) € H*(G/B;k)

with each monomial X < Xl"*1 -+ Xp_1 in &,. Such polynomial is called
the Lascoux and Schiitzenberger’s Schubert polynomial.

v

Cohomology of Flag Manifolds August 27, 2020 78 / 152



Schubert Polynomials

Schubert Polynomials (continued)

Theorem

We can compute Schubert polynomials by

GWS,., f(WS,') = E(W) — ].,

Guw =X Xo1 06, =
0 ! - {0, otherwise.
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The proof

@ The second condition is clear, and what we know is X, = [pt] = 1.
e Firstly, by dimension reason, &, = /\Xln_1 -+ X,_1 for some \ € Z.

So, if we pick a reduced word of wy, for example,

wo =

the corresponding

Op 1 o By
O 1 -+ O
' 2 XL Xl = A
8[1—17
SoXe =\A=1.
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Nil-Hecke algebra

@ Note that the operators 9; (on polynomials) satisfy the nil-braid

relation
J J
0i0i-10; = 0;-10;0;1, J S
|i—j| > 2, 8;8j:8ja;, / -
9?7 =0. / ( /

the nil-Hecke algebra

0;i0i—10; = 0,-10;0;_1,
9% =0.

Theorem

v
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The proof

o Let v € &, be any permutation, and v = sj(1) - - - S(x) a reduced
word, we define the operator

v = 0i(1) " ik (reducing degree by ¢(v))

this does not depend on the choice of the reduced word (called
Matsumoto’s theorem).

@ | Warning: maybe confusing notation‘ Os; is not Jj; in general for
example (9513 = 818281 = (928182.
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Schubert Polynomials

Matsumoto's theorem

IS

/
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The proof (continued)

Ovu,  U(vu) = L(v) + ¢(u),

0, otherwise.
v = s;, and the otherwise case. Express u = s, - - -s,, then by strong
exchange property (i.e. our descrlptlon of Bruhat order)
SiU=25,-""5,---5,. SO U=51S5,---5,---5, is a reduced word, then
0i0y = B;B; s = 0.

@ As a result, {0 : w € &} forms a basis of the right hand side

@ Then, 0,0, = . It suffices to show when

algebra.
@ So it rests to show {9, } is linearly independent as operators, just
composing with 8W0W_1 and acting on 6, = 1”_1 co Xp—1.

Cohomology of Flag Manifolds August 27, 2020 84 / 152



Nil-Hecke algebra (continued)

Theorem
The Schubert polynomials

Gw = Opy-1o X7+ Xn1,

and there is a perfect pairing

NH, xH*(G/B) b (Ow, ) — constant term of Oy v

with (0y, Sy) = duy.
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Schubert Polynomials

A generating function for Schubert polynomials

Theorem (Fomin and Stanley 1993)
The coefficient of 0,, of
(1+x10p-1) --- (1+ x102) (1+ x101)
S(x) = ' : :

(1 + Xn_2an_1) (1 + Xn—2an_2)
(1 + X,,,lan,l)

is the Schubert polynomial S,,(x).

o This is definitely true for w = wy. So it rests to show the induction
formula.
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The proof (due to Fomin and Kirrilov)

@ Note that

(14x07) (14-(x+y)0i1)(1+y D)
=(1+y0i4+1)(1+(x+y)9;)(1+x0;11)

(1+x8,-)(1+y8j)

=122 _qya)aa)

(14x0;)(14y0;)=(1+(x+y)9;)

@ As a result,

(1+X13,,_1):-- (1+>.<1(91) T3

S(x) =

. (1+Xn—.16n—1)
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The proof (continued)

@ The following diagram

2 4 3 5 2 4 3 5 2 4 3 5

by )

shows &(x)(1 + (xi+1 — x1)0;) = si6(x), that is,
S(x) — s5i6(x)

Xj — Xi+1

S(x)o; =
As a result, G(x) runs the Demazure operator mechanically.
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The Pipe Dream

@ It is suggested to use the pipe dream to expend the brackets above.

A pipe dream for w is a filling of the board with pipes + and 7
connected left i to upper w(i) such that no pair of pipes cross twice.

@ For a pipe dream 7, define its weight

Wt(ﬂ—) = H X the row number of the +
+enm

_ (123456
W= <426135>

— 3,3

[ R e N
WS
&
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Schubert Polynomials

Here we go!
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The Pipe Dream (continued)

Theorem (Bergeron and Billey, 1993)

For a permutation w € G,

Su(x) = > wt ().

pipe dream m for w

In particular, the coefficient of Schubert polynomials is positive.

6 5 4 3 2 1
1 1 x103 x10» x101 \#\\\\ % 1
X205 X004 1 X202 . \\Mk 2
1 1 x303 ENNEEE
1 1 NN
SN

1 3(6
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Schubert Polynomials

Computation of Schubert polynomials

Theorem

Ao F(X1, ... Xp) = 0T (x X)Z )7F(Xo1)s - > Xo(n))-
i<j

@ It is easy to see that d,, has the form m > o Coo with
i<j J

ce = 1. But 0;0u, =0, the ¢, = (—1)ocy is alternative, thus it
follows.

Theorem

The Schubert polynomial are stable under the recognization of
S, C Spy1, so it is well-defined for G4, = U,721 G,.
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Schubert Polynomials

Grassmannians

o Let Gr(C", k) be the set of k-subspace in Ck.
o Note that

Gr(C" k) =GL,/ | **3% | = G/P

All of them can be computed by both cell method and the fibre
bundle method.

@ As what we did last section

(w) is minimal among}

H*(Gr(C", k)) = {[XW] WS, X G,k

we choose the minimal element w due to BwB/B = BwP/P,
therefore ¢(w) gives the right dimension.
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Schubert Polynomials

Grassmannians (continued)

@ Such permutation is so-called a shuffle, and determined by a partition

CCCCl——————~— T
CCCCI1-——————
-+
\ léé++1 *****
| | 11l—————
Uo = |1 TCCI T T1-=== OO OOoE OO0
wEIL1ICCH 11 1——~
1 l—t++++—-—= [ ]
1 ICHrrrl—=
1 ICrrrrrrl=
11 Crrrrrral
L T+ +++ 4+ 4+

@ Then we can define the Schubert cells

Ya = {V € Gr(k,n) : dim(V N FFH—2y =i},
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Schubert Polynomials

Grassmannians (continued)

@ It is clear, for u, v two shuffles,

u < v <= the corresponding partition A\, C \,.

rCCCC- rCCCC- rCCCC-1
(%C(C(C--- (&:(C(C(C--- (%C(C(C---
1 ——- 1 ——- | CCC-
\\%%m \\%%m \166m
| | CC-- | | CC-- | 1 CC--
S U ICC| S| ICC| S |1 ICC| =
l 11— | 1 CC- | | CC-
|11 Co = 1=
|11 Co | 1] Co |11 Co
|1 1C-- | 11 C- |1 1C--
R N R S R
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Schubert Polynomials

Grassmannians (continued)

Theorem
Yy = {V eGr(k,n): dim(V N FFTN) > i} J

o If / <V, and u, v the corresponding shuffle, then u < v. Since
u<u, and v/ = v(v V) is a reduced word, then u as a sub-reduced

word must be a sub-reduced word of v.

@ The rest follows from reading the partitions.
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Schubert Polynomials

Grassmannians (continued)

@ Next, the map G/B — G/P is cellular, and thus induces injective
algebra homomorphism

H*(G/P)— H*(G/B),

with [BwP/P] — [BwB/B] if {(w) is minimal among wSj X &,_.
So the Schubert polynomial helps to decide the ring structure.

Theorem
For a shuffle w, corresponding to the partition A,

6W()<17 s an) = S)\(le s ,Xk)v

where Sy is the Schur polynomial.
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The proof

° 81( XdX/(ill ) X/d 1XI‘—1|—11

— 1
® Jmedi = T[22, x) 2oes, (71)70.

— ~—
P A

a2
*Tp—1

— —
PP

)“H‘ L A”k L Schur polynomial Sy (z
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Schubert Polynomials

Grassmannians (continued)

Theorem

There is a surjective algebra homomorphism

k[Xla o 7Xk]6k — H*(gr(k7 n))7

with o
[Xx] if length A < k,width A < n— k,
S\ — .
0, otherwise.
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Schubert Polynomials
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Equivariant Cohomology

~ § EQUIVARIANT COHOMOLOGY § ~

Cohomology of Flag Manifolds August 27, 2020 101 / 152



Actions on Homogenous Manifolds

@ Still, we fix the notations, called a reductive group with it Borel
subgroup, maximal torus and Weyl group,

G=GL,, B=("%), T=(-)  wW=6,

@ The group T or B acts on G/B and G/ T by left multiplication.
G/B-%G/B xB — gxB.

@ The Weyl group W acts on G and T by conjugation, thus acts on
G/T.
G/T - G/T  xBw wxw 'B.

Note that the two actions do not commute.
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Equivariant Cohomology

Actions on Homogenous Manifolds (continued)

@ Denote K = U, due to the QR decomposition (lwasawa
decomposition), G = K - B, and the choice are up to an
KNB=KNT =: Tk element. Thus G/B = K/ Tk.

@ Since the Weyl group acts on K/ Tk, so it also acts on G/B.

e | sl 0

@ The fibre [ b ] has contractible fibre B/ T = ( ) = ( L ) and

G/B 1 0
G/B—-K/Txk—G/T

is an W-section, so the action of W on
H*(G/B) = H*(G/T) = H*(K/ Tk) coincides.
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Equivariant Cohomology

Topology Remind

> K

@ For a topological group G, and a G-space X, the equivariant
cohomology is defined to be

HL(X) = H*(Eg x¢ X).
@ The following two maps
Ec x¢ X — Eg X¢ pt = Bg, Ec x X—=Eg x¢g X

makes HE(X) an HE(pt) = H*(Bg) algebra equipped with the
augment map HE(X) — H*(X).
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Equivariant Cohomology

Topology Remind

> K

@ For a space X with G acts freely,
Hz(X) = H*(X/G).
@ For a space X with G acts trivially,
Hz(X) = H*(Bg x X).
e When G is discrete, and X = K(m, n),
Hg(X) = H"(G; ),

the group cohomology.
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Equivariant Cohomology

Calculations of Equivariant Cohomology

@ Here is some easy case

H:(G) =k
H:(G/T) = H*(Eg x¢ G/T)=H*(Eg/T)
— H*(B) = K[X4,. .., X]
H7(G) = H*(T\G)
H*T(pt) = H*(BT):k[tlv"'vtn]

Theorem (Borel)
As an k-algebra,

k[t,',X,' 1<i< n]

Hr(C/T) = B0 —E00) 1<i<n)

where E; is the i-th elementary symmetric polynomial.

.
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Equivariant Cohomology

The proof
G/T = G/T
\ 1
BT :EG XG G/T(—EG XT G/T
\ 1

Bc = Eg xgpt <« Eg X7 pt

H*(G/T)=H*(G/T)

T T
H*(Br) =Hg(G/T)=H7(G/T)
T 1

H*(Bg) = Hg(pt) — Hr(pt)
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The proof (continued)

@ The first column is the fibre we used to calculate H*(G/T), and the
augment map

Hz(G/T)— H*(G/T)
is known to be surjective.

@ By the Harish-Leray theorem, the algebra map
HG(G/T) ®@ug(pr) HT(pt) = HT(G/T)

is surjective.

o Note that we have seen H}(pt) = H(pt) ® H(G/T) as H:(pt)
module, so by comparison of dimensions, this is an isomorphism.
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Equivariant Cohomology

Connection with Chern classes

Theorem

We have the following

ETXTGXT(CX,' ETXT(G/TX(CX,')
Xi=—a \J ti=—a
ETXTG/T ETXTG/T
. X1tk
where the character X; is ( F) X

Xn

@ The two arguments are both nearly the definition. The first is as we
did for normal cohomology, the second is just to note that it is the
ETXTCP
pull back of [ L }
Br
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Equivariant Cohomology

. Topology Remind

Theorem
For a G-complex X, the cohomology group of the complex

-+ — Ho(Xdim<e, Xdim<e—1) — - -~

is isomorphic to HZ(X), and

Ho(Xdim<e; Xdim<e—1) = @D Ha(pt) - A.
dim=e cell A

@ The terminology G-complex means all the cells are G-subspaces.
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Equivariant Cohomology

Cellular Structure

o Note that the Schubert cells BwB/B are all T-invariant, so it defines
[BwB/B] € H7(G/B).

and {[BwB/B] : w € W} forms a H¥(pt) basis of H3(G/B).

@ Question
How to express [BwB/B] in terms of Equivariant Cohomology?

We want to establish the equivariant version of the theory before.
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Equivariant Cohomology

Demazure operator

ETXTG/B G/B
@ Since [ 4 } has the same fibre as [ $ ] so we can define
ETXTG/P,' G/P,'

the Gysin push forward as well

0; : H+(G/B)— H>%(G/P;) = H>%(G/B).

Theorem

Denote the equivariant cohomology class of [BwB/B] by X,,, then

DX, — {stf, (wsi) = £(w) — 1,

0, otherwise.
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Equivariant Cohomology

Demazure operator (continued)

Theorem
For the algebra homomorphism
U k[t ..., th, X1,..., Xs] > H*(G/B)

we have
Y(0if) = 0i(yf),

where the Demazure operator is defined over k[X] by

f(t,-, Xi, Xiga, -+ ) — f(t, -, Xjp1, Xiy -+
a,f(t,X) — (t7 Y +1 ) (t +1 )

Xi — Xit1
Note that we do not permute t,'s.
v
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The proof

@ The similar reason,
H(G/B) = HT(G/P)[wi]/ (i) -

@ By an finite dimensional approximation of E+ x 1 G/B, we see for
o € H¥2(G/P;), B € H(G/P;), the Demazure operator,

Hy(G/B) — HY*(G/P;) — Hy?(G/B)
oawi+ 5 — o — o)
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Equivariant Cohomology

Schubert Polynomials

@ Denote X,, the equivariant cohomology class of BwB/B, then there is
a unique polynomial &, homogenous in Xi1,..., X, and t1,...,t,

XW:6W(X1,...,Xn,t1,...,tn)

with the degree in X no more than Xl"_:l .-+ X,_1, called the double
Schubert polynomials.

° One may raise such question,

Does &, purely coincide the usual Schubert polynomials?

The answer is not, if so, H3(G/T) = H3(pt) ® H*(G/T) as
H%-(pt)-algebra, but we know it is not (it is as H%(pt)-module, a
subtle difference).
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Schubert Polynomials (continued)

° Or‘1e may argue that by an a[?proximation of diagonal, the
cup product is reflected over T-equivariant cellular complex. But the
map induced is not generally an H7(pt)-map if the approximation is
not T-equivariant.

° Note that the cell [BwB/B] and [woBwB/B] gives
difference equivariant cohomology class, even through it gives the
same class in usual cohomology theory. The reason is, the homotopy
over G/B making the equivalence of the cell [BwB/B] and
[woBwB/B] are not T-equivariant. We will see from the method
below how to compute the difference (by localization).
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Equivariant Cohomology

The trick of Localization

o Note that the fixed point of T on G/B is exactly W. If xB is fixed,
then xTx~1 C B. But B has only one such subgroup = T, thus x
normalize T, so x € N(T), so x/B can be presented by a
permutation matrix.

@ Generally, for a G-space X, and a fixed point a € X, we call
‘ot HG(X) — H7(pt) induced by Ex x7{a} = ET x7 X

the localization.
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Equivariant Cohomology

The trick of Localization (continued)

Theorem

For a permutation w € W, the localization map

|wr : H7(G/T) = Hr(pt)
sends X; to tw(i)-

o For a permutation w € W, consider the pull back square
ETXTWTXT(Cp—> ETXTGXT(CP
ETXT{WT} — ETXTG/T

The action of t € T acts on its fibre Cp by p(s) with tw = ws, i.e.
p(w=ltw).
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Equivariant Cohomology

The trick of Localization (continued)

Theorem

Guw(X,t)= [ Xi—1)

i+j<n

e Since Xy, € Hr(X<w, X<w), Xu restricts at any other u < w is trivial,

Hr(G/B) = Hr(G/B)
! \}
o= Hr(X<w, Xew) — Hr(X<w) — Hr(Xew) —---

} |
Hr({uT}) = Hr({uT})
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The proof

o Consider the pairing of H7(pt)-module,
NHn[t] X HT(G/T) (8,‘, a) — 8,'Oé|eT.

it is perfect, with dual basis 9; <> &;(X, t). So it suffices to show

0, w# wp,
8 H ‘eT—{l 7_é0

i+j<n w = wp,

@ Denote suppf = {0 € &, : f|,7 # 0}. Then it is trivial to see that
supp O;f C supp f U (supp f)s;. Since supp H,+J<n(X,~ — tj) = wp, and
Owo [114j<n(Xi — tj) = 1, the proof is complete.
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Equivariant Cohomology

Equivariant Pipe Dream

Theorem
The coefficient of 0,, of

(1+(a—yn-1)0n-1) -+ (14 (1 —y1)0n)
&(x,y) = ‘ :
(1 + (Xn—l - YI)an—l)

is the double Schubert polynomial &,,(x, y).

@ The proof is completely the same.
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Equivariant Cohomology

Equivariant Pipe Dream (continued)

@ For a pipe dream 7, define its equivariant weight

Wt(ﬂ') = H (X the row number of the + — ¥ the column number of the +)

+em

Theorem

For a permutation w € G,

GW(X7Y) = Z

pipe dream w for w

wt (7).
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Equivariant Cohomology

Toric varieties

Theorem

The sum of restrictions

7(6/B)= @ Hr({wT})
WGGn
is injection.

@ Since the Schubert polynomials forms a H7(pt)-basis, and by
induction of Bruhat order, and a simple computation, w € supp &,
and u ¢ supp &, when u < w.

@ This is a special case of the Localization theorem.
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Topology Remind

>

Theorem (Localization, Borel)

Assume M is a compact connected manifold with a torus T acted with
H7(M) free as H3(pt)-module, then the following restriction map is
injective
H7(M;Q) — H7(MT;Q) = € H7(x
xeMT

Theorem (Biatynicki—Birula, 1973)

Let X be a smooth algebraic variety over C equipped with an algebraic
action of torus T = (C*)". If X has discrete fixed points, then X admits
an affine cellular structure each of them contains a fixed point. In
particular, H%(X) is free as H¥-(pt)-module.
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Equivariant Cohomology

. Topology Remind

Theorem (Goresky, Kottwitz, Macpherson, 1998)

Let X be a smooth projective variety over C equipped with an algebraic
action of torus T = (C*)". If X has finite fixed points and finitely
invariant CP! between fixed points, then the image of

H7(X:Q) — B H7(x Q)

xeXT

is (ax) with wp | ax — «ay, for all CP! connecting x 2y, and w, is the
character of the action on the affine space CP! \ oo = p\ {y}.

@ In our case, the cellular structure of G/B is parameterized by the set
of fixed points, say the Weyl group. For w and ws; with
{(ws;) = £(w) + 1 are connected with wP;/B = CP!, the character is
diag(tl, Ce tn) = (i)
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Equivariant Cohomology

References

@ Brion, Vergne. On the localization theorem in equivariant
cohomology. [arXiv] (for localization theorem)

@ Kuroki. Torus Equivariant Cohomology. [YouTube| (For equivariant
cohomology)

@ Wu Yi Hsiang. Cohomology Theory of Topological Transformation
Groups. (For equivariant cohomology)

@ Representation theory and complex geometry. (For the discussion of
Biatynicki—Birula decomposition at the second chapter)

@ Goresky, Kottwitz, and Macpherson. Equivariant cohomology, Koszul
duality, and the localization theorem.

@ Knutson. Schubert polynomials, pipe dreams, equivariant classes, and
a co-transition formula.

Cohomology of Flag Manifolds August 27, 2020 126 / 152


https://arxiv.org/abs/dg-ga/9711003
https://www.youtube.com/watch?v=nkZ5uvwsm3k&list=PLp4l8vpEC0G_bW0lTH2ag07FU0AGdjCZB

Convolution Algebra

~ § CONVOLUTION ALGEBRA § ~
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Double Flags

e Note that G-orbits of G/B x G/B are one to one correspondent to
B-orbits of G/B, since

G\(G/Bx G/B) =ptxg(G/Bx G/B)

-1
()= (oxty) bt XcG x5 G xp pt

=ptxgG Xpg pt = pt XBG/B
= B\(G/B)

@ The correspondence is

BwB/B +——  {(xB,yB): x"'y € BwB}

! [

{F:w(F, Fo)=w} <«— {(F1,F2): w(F2, F1) =w}

Denote Q,, = {(xB,yB) : x"'y € BwB} € G/B x G/B.
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Double Flags (continued)

G/BxG/B GxpG/B
@ Note that under the first projection [ 1 } = [ 4 ]
G/B G/B

Q, = {(xx2zB):zec BwB}
B

\ \
G/B = G/B

is a fibre bundle with fibore BwB/B. In particular,
dimQ, =2dim G/B + 2¢(w).
@ The decomposition of G/B decomposes ,, into affine cells, so [Q,]

as the closure of fibre over BwyB is defined in the cohomology group
H*(G/B x G/B).
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Convolution Algebra

Topology Remind

> K

@ For space C, B, A with B holding Poincaré duality, we can define the
convolution

H*(C x B) x H*(B x A)
cohomology map l p* x qg*

CxBxA
H*(CxBx A x H(Cx BxA
( ) ( ) 9 | \p
cupproductlv CB i B« A
. X X
H*(C x B x A) Cx A

Gysin push forward l Iy
H*—dim B(C X A)

Theorem

The convolution is associative, with the diagonal [A] € Hi™B(B x B) as
the identity.
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Convolution Algebra

Topology Remind

> K

The convolution is natural in A and C.
The convolution is associative.
The diagonal [A] € HYMB(B x B) is the unit element.

So H*(X x X) forms an associative algebra with unite.

Let A = pt, we have
H*(C x B) x H*(B) — H*4mB(()

When B = C, H*(B) forms an H*(B x B)-module.
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Convolution Algebra

Topology Remind

> K

o If Poincaré duality holds for all of A, B, C, then we can transfer the
convolution to the homology group to be

H.(C x B) X Hi(B x A) = Hy_dim5(C x A).
Then for two cells (cycles) 21 C B x Aand 2, C C x B,
Qo+ = r((2 @ [A]) o ([C] @ 1)),

where e the intersection product.
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Convolution Algebra

Computation of convolution algebra

Theorem

There is an algebra embedding NH, — H*(G /B x G/B) with 9,, mapping
to the Poincaré dual of [Q,,].

o It suffices to show the map of homology NH, — H.(G/B x G/B)
with 0, — [Q,] is an algebra homomorphism.

@ Note that the projection of ,, to any factor is surjective, so
Q, x G/B and G/B x Q, always intersects transversally.
Geometrically, the intersection is exactly taking direct product of
fibres at each points.
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The proof

@ So to compute the intersection product, it suffices to compute the

set-theoretic intersection,

(Q x G/B)N(G/B x Qu)
= {(xB,yB,zB) : x"'y € BvB,y 'z € BuB}

@ Then the pull forward of the above intersection is exactly

{(xB,zB) : Jy,x"1y € BvB,y 1z € BuB}
= {(xB,zB) : x 'z € BvB - BuB}
B {Bqu, O(vu) = £(v) + €(u),

lower dimensional stuff, otherwise.
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Convolution Algebra

Computation of convolution algebra (continued)

Theorem
The action of the convolution algebra H*(G/B x G/B) on H*(G/B)

NH, x H*(G/B) — H*(G/B x G/B) x H*(G/B)— H*(G/B)

is given by (O, @) — Oy, the Demazure operator.

Theorem

As a corollary, [Q,] acts on H*(G/B x G/B) as the action of the
Demazure operator 0,, on the first factor.
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The proof

@ By the same computation, in homology,
[Q,] % [BuB/B] = {(xB,yB):x"'y € BvB,y € BuB}
={(xB,yB) :y € BuB- Bv~1B}
B {[Bule/B], O(uv=t) = 0(u) + £(v1),

0, otherwise.

Note that the intersection of projections on the middle factor is

transversal.
e And we know under the Poincaré duality [BwB/B] <> [BwoywB/B],
so in cohomology,

— Buv—1B/B w1 = 0(u) — £(v-1
[.] * [BuB/B] :{gB 'B/B], f(uvh) =) —L(v),

— 8,[BuB/B].
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Convolution Algebra

Computation of convolution algebra (continued)

@ Denote the Poincaré duality of [Q,,] in cohomology by the symbol 9,,.

@ Recall H*(G/B) is a quotient ring of k[X]; abuse of notation, denote
f(X) — 0e = f(X), where H*(G/B) acts through the first projection.

Theorem

The convolution algebra H*(G/B x G/B) is isomorphic to
H*(G/B) @ NH,, with a twisted product
1, if i=j,
0iXj — XS,.U)(?; =0ij —0it1j = {*1,ifi+1=.i,.

0, otherwise.

The action of X; on H*(G/B) is just multiplication by X;, and the action
of O; is the Demazure operator.
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The proof

o Firstly,
Xix Xj = (Xi— 0e)  (Xj — Oe)
= Xj — (e * (Xj — 9e))
= Xi — Xj — 0e = XiX.

@ It is an k-isomorphism follows from the standard argument of the
Harish—Leray. Note that the restriction of {9, : w € W} at fibre
forms a basis.
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The proof (continued)

@ To be clear, denote A,, for the Demazure operator in the proof.

@ Note that we have the following twisted Leibniz rule
Aj(fg) = Aif - g+ sif - Ajg.

@ As a result,

0j * X; 0j * (Xj — Oe)

0j * Xj) — Oe + 5i.X; — (0i * Oe)
0

(
Ai(X})0e + X,y 0
= (0ij = 0it1,)0e + X,(j)0i

the desired relation.
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Convolution Algebra

Computation of convolution algebra (continued)

Theorem

In summary, H*(G/B x G/B) is isomorphic to the algebra generated in
Endy (H*(G/B)) by

left multiplication by X;, Demazure operators 0;, 1<i<n

In a more explicit way, the cohomology group H*(G/B x G/B)

<i< 0i0;-10; = 0;-10;0;—1,  XiX; = X;Xi,
1sjsn1 / ’I' —j’ > 2, 8,’8j = 8j6,‘, 6,'Xj — Xs,.(j)&-
<Ef>1§i§n o2 = 0.

again, E; the i-th elementary symmetric polynomial.

Cohomology of Flag Manifolds August 27, 2020 140 / 152



Convolution Algebra

Equivariant version

@ As we computed last section, it is more modern to consider the
equivariant version.

@ Since the projection G/B x G/Bx G/B— G/B x G/B is
G-equivariant, so we can also define the convolution in the
G-equivariant cohomology.

H:(G/B x G/B) x Hx(G/B x G/B)— H: “™</B(G/B x G/B).

H&(G/B x G/B) x H5(G/B) — Hy "”"G/B(G/B)
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Convolution Algebra

Equivariant version (continued)
@ In this case, we need to use the equivariant homology slightly. By
definition, the equivariant homology of G-space X is
HE (X) = Hy(Eg x ¢ X).

@ As what we stated last section, if there is a G-cellular structure, then
the homology group of the complex

T HG(Xdimgoa Xdim<-) s
is exactly H®(X). Besides, the pairing of complex with
<= Ho (Xdim<e, Xdim<e) =+ - -

coincides with the pairing of H®(X) and Hg(X).
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Convolution Algebra

Equivariant version (continued)

o We can define the G-cell [Q,] € HS(G/B x G/B) and in
H:(G/B x G/B).

° Even though Eg x¢ Q,, = Eg x5 BwB/B, the B-cell in
Hg(G/B) and G-cell in H;(G/B) are different (for example, in

dimensions).
H:(G/B x G/B) = H*(Eg x¢ G/B x G/B)
= H*(Eg x¢c G xg G/B)
= H*(EG XB G/B)
= H5(G/B) (computed, but we won't use)
H:(G/B) = H*(Eg x¢ G/B) = Hg(pt) = k[X1,..., Xy].
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Equivariant version (continued)

G/B
@ Since [ + ] is G-equivariant, we can also define the equivariant
G/P
Demazure operator

9; 1 Hx(G/B) — HE 2(G/B)

it is exactly the Demazure operator we defined over polynomials. The
proof is completely the same to nonequivariant case.
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Convolution Algebra

Equivariant version (continued)

@ Since we work in equivairiant cohomology, there is no proper Poincaré
duality, but we still denote the symbol by pairing

€HL(G/BxG/B

0, = <[Q70] ) [m]eHE(G/BXc/B)> € H-(G/B x G/B),

of degree 2¢(wp) — 4(w).
@ Take the canonic isomorphism H;(G/B) = k[Xi, ..., X,], denote
Xi = Xi — Oe.

Theorem

There is an algebra embedding NH, — H;(G/B x G/B) maps 0, to Ow,
with its action on HE(G/B) the Demazure operator O,,.
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The proof

@ The trick is, the augment map commutes with convolution product
(follows from definition).

@ Since the Schubert cells are not G-cell, so we pass to the
T-equivariant case. It is harmless, since HE(G/B) — G3(G/B) is
injective.

@ Note that when we compute the intersection product, everything is

T-equivariant, so by an approximation of E, the same argument
holds for T-equivariant case.

HL(G/B x G/B) x H5(G/B) — Hym¢/B(G/B)

4 1 u
H:(G/B x G/B) x H:(G/B) — Hy9m¢/B(G/B)
1 ! !

H.(G/B x G/B) x H*(G/B) — H*~9mG/B(G/B)
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Convolution Algebra

Equivariant version (continued)

Theorem

The convolution algebra H:(G /B x G/B) is isomorphic to
HE(G/B) @ NH,, with a twisted product
X — Xojy0r = 01— 0 e
Xi — Xo(n0i = 6;i.; — i1 = {-1,ifj=i+1,
i siU) ™ " i+l {0, otheeri:—e,
Besides, the action of H-(G/B x G/B) on HZ(G/B) is an
H¢ (pt)-homomorphism.
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The proof

@ The proof of the isomorphism is the same. So it remains to show it is
an Hg(pt)-homomorphism.

@ Of course, the Demazure operator is clearly an
H (pt) = k[X]"-homomorphism, so is the left multiplication.

o Geometrically, clearly, H;(G/B x pt) is an
HE(G/B x G/B)-HE(pt x pt) bimodule,

~ e
H:(G/B x G/B) H;(G/B x pt) HZ (pt X pt)
Note that the convolution
HZ(G/B x pt) x Hg(pt x pt) = H;(G/B x pt)

is exactly the cup product, thus it follows from the associativity of
convolution.
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Convolution Algebra

Equivariant version (continued)

Theorem

As a result, H:(G/B x G/B) is isomorphic to the algebra generated in
Endp (or) (HG(G/B)) by

left multiplication by X;, Demazure operators 0;, 1<i<n

In a more explicit way, the equivariant cohomology group H;(G/B x G/B)

0i0;-10; = 0;-10;0;—1,  XiX; = XX,
k (Xi, 0;) 1<i<n /< i—jl =2, 0i0;=0;0i, 9;X; — Xs(;y0i >
1<j<n-1 8,-2 =0. =9

ij = Oit1-
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Diagrammatic presentation

Pm SRR
LY
(N=KJ H=ht Ut=i1)

U= U=p+]]
Q=-7: U=pn-I1




Convolution Algebra
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