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» Let G be a finite group. Define the group algebra C[G] to be

ClGl=Ce, 28 2z :=2nna8e
geG

The multiplication is called convolution. It satisfies

For any multiplicative c

map G — R for some C- | G —CI[(]
algebra R, there exists a :,,
unique p: C[G] — R ex- P ¥
tenting p. R
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Representation of G |=

Representation of C[G]

» By the Weyl's unitary trick or the Maschke theorem, C[G] is
semisimple, so by the Wedderburn—Artin theorem

s

C[G] = [ M., (C).
i=1

| irreducible representations of G | =

simple modules of C[G]
= {G — M,,(C) — End(C")}"_,
«O> «Fr «=)»r 4 > P NEd




» How?

Actually very far °
C[G] » [ [ Min,(C
i=1
» But we still can say something.

s = #{irreducilbe representation}
s = dim Z(C[G]) = #{conjugation class}

S
> 7 =dimC[G] =G|
i=1
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» Let V be a representation, define its character

xv:G6—C

> If V

£ V).

g+— tr[V
This is natural if you know the Morita equivalence
C"i is one of the irreducible representation, then

G

Xv C
|
C[G] =

I
ction

—— M,,,(C™)
» So for two irreducible representations V4 and V5,

Xvi =Xy, &= Vi = Vo
«O0>» «Fr «=)r» « ) Q>
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» Let 1 be the one dimensional trivial representation, i.e. all G
acts trivially.

» For any representation V/, there is a way to produce invariant

vectors by averaging

p:V—V 1

V'—)ngv.

geG

» This is definitely a projection to the trivial summand.

exactly, if

V = k1 @ non-trivial summand.
Then trp = ﬁ > gec Xv(g) = k.
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CE>r» «

More

> A



The semisimplicity Character theory What if Induction and restriction The Hopf structure Hecke algebra
000 00e00 000 [e]e) 000

General representation

» For an irreducible representation V; with character y;, how to
find the multiplicity of V; in V7
> We have

multiplicity of V; in V = dimHomg(V;, V).
» Now that Hom(Vj, V) is also a representation, by
g-fix—g-flg ! x).
Homg(V;, V) = {f € Hom(V;, V) : g-f = f}.
» Note that tr[A — BAC]| =trB-tr C. So

|G|ZX, XV )

geaG

multiplicity of V; in V =

Xiong Rui
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The outline

» We can introduce a unitary product
(o dfig) = g Z f(x)g
xeG

» For characters, since every g € G having finite order, so with
eigenvalues root of unity, so X(g) = x(g~!). By our
computation

{xv,xu) = dimHomg(V, U).
» We consider the space of class functions,
f
{G — C: f(Xy) = f(_y)()}7 <.7 >

Then by what we did, the character of irreducible
representations form a set of orthogonal basis of it.

Xiong Rui
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» In summary

FInd'ng

sentations

repre-

ter theory

Using Charac-

Until finding all

representations
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What happen for ...

» For compact group, do we have the Wedderburn-Artin
theorem?

Theorem (Peter-Weyl)
For a compact group G, all irreducible representations are finite

dimensional, and

[2(G) = @ End(V) (direct sum of Hilbert spaces).

No algebra structure asserted.

» For a compact group, do we have Frobenius' character theory?

exchang to 1 /
S e A [
& < #(6) Je
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» If the representation is over R-space V. One can consider
V ®r C its complexification

For an irreducible representation V, it is a complexification of
some real representation if and only if

XV takes real value

IGI Z x(g)2 —x(8) _,

ie. V=VYand(N2V)¢ =0

«0O» «Fr « =) « E Q>
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What happen for ...

» If the representation is over k, with char k | |G|. Then k[G] is
not semisimple. However, k[G]/rad is. Assume k is algebraic
closed. We have

Theorem (Brauer)

The number of irreducible representations of G over k equals to
the number of conjugation classes whose elements are of order
prime to p.

» The Brauer characters (some lift of characters to some
characteristic zero field) forms a basis of functions over the
conjugation classes whose elements are of order prime to p.

Xiong Rui
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» Let H C G be a subgroup.

» For a G representation V, we can view it as a representation
of H, call it restriction, and denote it by
resg V = V[§.

» For an H representation W, then there is an isomorphism
Hompy(k[G], W) = k[G] @y W

xeG

indG V = V1§,
«0O>» «Fr «E)» < > Q>

f— Zx‘l ® f(x).
We call it induced representation, and denote it by



» We have

Homy(V, UL§) = Homg(V15, U)
Homy(ULS, V) = Homg (U, V19)
which is known as Frobenius reciprocity.
» By a direct computation,
X(x) 1

D

Xy xy).
yHEG/H:y—lxyeH
1

H 2,

-1
X(y ™ xy).
yeG:y~IxyeH
«0O>» «Fr «=» « > Q>
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The tensor product

» For two groups G and H, V and U two representations
respectively, then this defines a natural G x H representation
V ®U by
(g,h) - v®u=_gv® hu.

» For a group G and two representations V and U, then V ® U
is also a G-representation, through diagonal map G — G x G,
or exactly

g vu=gvQRxgu.

» If {V;} and {U;} the lists of irreducible representations
respectively. Then {V; ® U;} is the lists for G x H. Since

the conjugation class of product = the product of conjugation class.

Xiong Rui
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by

g-f:xm— f(gx).

It is also a G-representation through the involution
-1

G5 G, or exactly

g-fix— flg71x).

» For a representation V over G, V'V is a representation of G°P

DA



k, the natural isomorphisms

» For G-representations U, V', W, and the trivial representation

Hom(U, V)= U ® V,

UpVvV=Vvel,
Hom(U ® V, W) = Hom(U, Hom(V, W))
Uk=U=ka U,
are also G-isomorphisms.

Hom(U,k) = UY

40> «F>» « =)» <« > Q>



» Let B, C be two subgroups of G, consider

Homg(11§, 118) = Homc(11§lc, 1)
= Hom¢(k[G] ®p 1,1)
= Hom(1 ®c¢ k[G] ®p 1,1)

_ {G _f> k- cec,beB:>f(CXb) — f'(X)}
—{C\G/B L k}

» For asuch C\G/B 5k, it corresponds to

115 — 118 x®1+—>m2f(g e tel.
geG

«40O> «Fr A=) « =)
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respectlvely, then

ILTD corresponds to f and g
the convolution

1 o ¢ corresponds to g  f(x) = |C| Z g(y)f(2),

yz=x

» If we denote eg = 5 >, b, then there is an isomorphism
With

{C\G/B L k} — ec -K[G] - e5

f— Z f(x)x.

Zg(X)X Zf(x)x —m Z(g*f)(z)z),



» When B = C, the algebra

( Endg(11§), composition)
is called the Hecke algebra of B.
» |t is isomorphism to

({C\G/B %+ k}, convolution )

with such f corresponds to x — ﬁ P fle'x)gt®1l.
» By f— |—,§| > f(x)x, it is also isomorphism to

(es -k[G]-eg, usual product).
«0O>» «Fr «=» « > Q>



TxTy(2)

1
= E7(7E{ab =z:a€ BxB,b e ByB}
= g#{be G:zb7" € BxB, b € ByB}

B |Bx~1Bz N ByB|

|B]

= |B\(Bx~1Bz N ByB)|.

«40>» «Fr « >

» For x € B\G/B, denote T the characteristic function of x
Then for x,y,z € B\G/B,




then we know that

» In the case of G = GL,(F,), and B the upper triangle matrix,

G =

i

BwB.
w permutation matrix
» Denote s; = (i,i+ 1), and T; = Ts,, we have

TiTigyaTi= Tiga TiTiqn;

TiTj=T;T; i—il=2
Ti2 =(q-1Ti+qTe.
The first relation is called the Yang-Baxter equation, or the
Braid relation.
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Hecke algebra

» Generally, one can define this for any Chevalley group G over
finite field. Let G = G(Fq), and B the split Borel subgroup.
Then we have the Bruhat decomposition

G= || BwB, W = Weyl group.
wew

The relation can be read from its root system.

» Abstractly, one can define the Hecke algebra for any Coxeter
system, and in which case g is not a concrete number but a
parameter.

Xiong Rui
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» Serre. Linear representations of finite groups.

» Etingof, Golberg, Hensel, Liu, Schwendner, Vaintrob,

Yudovina, Gerovitch. Introduction to representation theory.
» Fulton and Harris. Representation theory.
» Bump. Lie Groups.
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