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1 Introduction
I 翻译: 简介

We will present 3 different proofs of Jordan cardinal form with remarks
and explanations. Firstly, the standard statement will be given of the theorem
of Jordan form.
I 翻译: 我们将要给出 Jordan 标准型的三种不同证明并作出解释和评注. 首
先我们先给出 Jordan 标准型定理的标准描述.

We call the following square matrix Jordan block belonging to λ of size
n. 

λ 1

. . . . . .
λ 1

λ


n×n

λ ∈ C n ∈ Z≥1

What’s more, matrices in the form of diag(J1, . . . , Js) are called Jordan car-
dinal form, where J• is Jordan blocks.
I 翻译: 我们称如下方阵是属于 λ 大小为 n 的 Jordan 块.

λ 1

. . . . . .
λ 1

λ


n×n

λ ∈ C n ∈ Z≥1

除此之外, 形如 diag(J1, . . . , Js) 的矩阵被称为 Jordan 标准型, 其中 J• 都是

Jordan 块.

Theorem (matrix form). Each square complex matrix A is
similar to a Jordan cardinal form, and the corresponding Jordan
cardinal form is unique up to the order of Jordan block.

I 翻译: 定理 (矩阵形式). 每一个复矩阵 A 都相似于 Jordan 标
准型, 且对应的 Jordan 标准型在不计顺序下是唯一的.
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By the well-known correspondence between matrix and linear transfor-
mation, we can translate the theorem in the geometrical form.
I 翻译: 根据熟知的矩阵和线性变换的对应, 我们可以将定理转译为如下的几
何形式.

Theorem (geometrical form). For any linear transformation
A over finite-dimensional C-vector space V , we can pick a set of
basis of V

v11 v12 . . . . . . v1r1

v21 v22 . . . v2r2
...

...
...

vs1 vs2 . . . . . . . . . vsrs

r1, . . . , rs ∈ Z≥0

Such that

(1) Each vi1 is eigenvector belonging to certain λi. That is,
Avi1 = λivi1.

(2) For fixed i, (A− λI)vij = vi,j−1 holds for 2 ≤ j ≤ ri, .

I 翻译: 定理 (几何形式). 对任意有限维 C-线性空间 V 上的线性

变换 A, 我们可以挑选 V 一组基

v11 v12 . . . . . . v1r1

v21 v22 . . . v2r2
...

...
...

vs1 vs2 . . . . . . . . . vsrs

r1, . . . , rs ∈ Z≥0

使得

(1) 每个 vi1 都是某个 λi 的特征值. 即 Avi1 = λivi1.

(2) 固定 i, (A− λI)vij = vi,j−1 对 2 ≤ j ≤ ri 恒成立.
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2 Method I, λ-matrices
I 翻译: 方法一, λ-矩阵

The standard proof of Jordan cardinal form is given by theory of λ-
matrices. The main process of proof is

1. Prove the criterion of equivalence of λ-matrix in some invariants.

2. Show the equivalence of characteristic matrix is equivalent to the simi-
larity of matrix.

3. Calculate the invariants of characteristic matrix of Jordan form.

I 翻译: 标准的 Jordan 标准型定理的证明可由 λ-矩阵给出. 主要的步骤如下

1. 证明用一些不变量给出 λ-矩阵相抵的判据.

2. 证明特征矩阵的相抵等价于矩阵的相似.

3. 计算 Jordan 标准型的特征多项式的不变量.

We say a matrix is a λ-matrix, if its entries are all in polynomial in λ.
For each square matrix A, we call λI −A the characteristic polynomial of A.
A λ-matrix P (λ) is said to be invertible if there exists another λ-matrix Q(λ)

such that P (λ)Q(λ) = Q(λ)P (λ) = 1.
I 翻译: 我们说一个矩阵是 λ-矩阵如果其每个位置上都是 λ 的多项式. 对每
个矩阵 A, 我们称 λI −A 是 A 的特征矩阵. 一个 λ-矩阵 P (λ) 被称为可逆的

如果存在另一个 λ-矩阵 Q(λ) 使得 P (λ)Q(λ) = Q(λ)P (λ) = 1.
Nearly obviously, by the adjoint matrix, a λ-matrix is invertible iff its

determinant of it is a nonzero constant number (rather than a polynomial in
λ). We say two λ-matrices A(λ), B(λ) are equivalent if there exists invertible
λ-matrics P (λ), Q(λ) such that P (λ)A(λ)Q(λ) = B(λ).
I 翻译: 几乎显然的是, 根据伴随矩阵, 一个 λ-矩阵可逆当且仅当其行列式是
非零常数 (而不是 λ 的多项式). 我们说两个 λ-矩阵 A(λ), B(λ) 等价如果存在

可逆的 λ-矩阵 P (λ), Q(λ) 使得 P (λ)A(λ)Q(λ) = B(λ).
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2.1 Smith norm form

We will first prove the so-called ‘Smith norm form’ that each λ-matrix
A(λ) is equivalent to

diag(d1(λ), d2(λ), . . . dr(λ), 0, . . . , 0)

where di(λ) are all nonzero polynomial in λ and d1|d2| . . . |dr.
I 翻译: 我们首先证明所谓的 “Smith 标准型”, 任何 λ 矩阵 A(λ) 都相抵到

diag(d1(λ), d2(λ), . . . dr(λ), 0, . . . , 0)

其中 di(λ) 是 λ 的非零多项式且 d1|d2| . . . |dr.
Direct observation ensures that the exchange of rows or columns of A

does not affect the conclusion. Let

A(λ) =


a11(λ) . . . a1n(λ)

... . . . ...
an1(λ) . . . ann(λ)


We illustrate by induction.
I 翻译: 直接的观察确保交换 A 的行列不影响结论. 令

A(λ) =


a11(λ) . . . a1n(λ)

... . . . ...
an1(λ) . . . ann(λ)


我们用归纳法证明结果.

Without loss of generality, assume the (1, 1)-entry of A(λ) takes the
least degree among the equivalent class of A(λ). We will demonstrate that
a11(λ)|aij(λ) for all i, j.
I 翻译: 不是一般性假设 A(λ) 的 (1, 1) 位置在 A(λ) 相抵类中次数最小的.
我们将要证明 a11(λ)|aij(λ) 对任意 i, j.

Firstly, a11|a1j for all j ̸= 1. Otherwise, denote

d = (a11, a1j) fa11 + ga1j = d a11 = dh a1j = dk
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Where (−,−) stands for maximal common divisor. Note that(
a11 a1j

)(f −k

g h

)
︸ ︷︷ ︸

det(·)=1

=
(
d 0

)

Now deg d < deg a11, a contradiction.
I 翻译: 首先, a11|a1j 对所有 j ̸= 1. 否则, 记

d = (a11, a1j) fa11 + ga1j = d a11 = dh a1j = dk

其中 (−,−) 表示最大公约数. 注意到(
a11 a1j

)(f −k

g h

)
︸ ︷︷ ︸

det(·)=1

=
(
d 0

)

现在 deg d < deg a11, 矛盾.
Secondly, a11|ai1 for all i ̸= 1 for dual reason.

I 翻译: 其次, 对偶地, a11|ai1 对所有 i ̸= 1.
Last but no means least, a11|aij for all i ̸= 1, j ̸= 1. Note that(

1 1

1

)
︸ ︷︷ ︸
det(·)=1

(
1

−ai1/a11 1

)
︸ ︷︷ ︸

det(·)=1

(
a11 a1j

ai1 aij

)
=

(
a11 aij + (. . .)a1j

∗ ∗

)

Then by the discussion above, we have a11|aij .
I 翻译: 最后, a11|aij 对所有 i ̸= 1, j ̸= 1. 注意到(

1 1

1

)
︸ ︷︷ ︸
det(·)=1

(
1

−ai1/a11 1

)
︸ ︷︷ ︸

det(·)=1

(
a11 a1j

ai1 aij

)
=

(
a11 aij + (. . .)a1j

∗ ∗

)

所以根据上面的讨论, 有 a11|aij .
Finally, using the elementary transform, we can assume A(λ) equivalent

to (
d(λ)

d(λ)A′(λ)

)
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The desired Smith form follows by induction.
I 翻译: 最后使用初等变换, 可以假设 A(λ) 等价于(

d(λ)

d(λ)A′(λ)

)

想要的 Smith 便通过归纳法得证.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Now, we are going to define some invariants. Given a λ-matrix A(λ), let
k-th determinant factor be the maximal common divisor among the deter-
minants of all k-submatrices of A(λ). This is invariant up to a scale under
equivalence by Cauchy-Binet formula.
I 翻译: 下面, 我们要定义一些不变量. 给定一个 λ-矩阵 A(λ), 令第 k 个行列

式因子是 A(λ) 所有 k 级子式行列式的最大公因式. 这根据 Cauchy-Binet 公
式这是相抵下不变的 (相差一个数乘意义下).

The determinant factors of the Smith normal form

diag(d1(λ), d2(λ), . . . dr(λ), 0, . . . , 0)

with d1|d2| . . . |dr are exactly

d1 d1d2 . . . d1d2 . . . dr 0 . . . 0

So determinant factors determines the equivalent class.
I 翻译: Smith 标准型

diag(d1(λ), d2(λ), . . . dr(λ), 0, . . . , 0)

的行列式因子正是

d1 d1d2 . . . d1d2 . . . dr 0 . . . 0

其中 d1|d2| . . . |dr. 所以行列式因子决定了相抵等价类.
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However, the determinant factors are pronounced to be inconvenient to
utilize. If i-th determinant factor of A(λ) is Di(λ), define i-th invariant factor

di(λ) =


D1 i = 1

Di/Di−1 Di ̸= 0

0 Di = 0

Trivially, the invariant factors can recover the determinant factors. Besides,
these di’s are precisely the di’s over the diagonal of Smith norm form.
I翻译: 但是,行列式显然不便于使用,如果 A(λ)第 i个行列式因子是 Di(λ),
定义第 i 不变因子

di(λ) =


D1 i = 1

Di/Di−1 Di ̸= 0

0 Di = 0

平凡地是, 不变因子可以恢复行列式因子. 且这里的 di 就是 Smith 标准型对
角线上的那些 di.

In some ways, the invariant factors are not convenient enough. If i-th
invariant factor of A(λ) is di(λ). To get clean conclusion, the discussion
following assumes det(A(λ)) ̸= 0 so that all di(λ) ̸= 0. Assume

di =
m∏
j=1

p
kij

j 0 ≤ k1j ≤ k2j ≤ . . .

Where qj are different monic irreducible polynomial. All those p
kij

j ’s with
kij ̸= 0 (with multiplicities) are called elementary factors. Then elementary
factors of A can recover invariant factors, since only the k••’s vanishing omit.
I 翻译: 某种程度上, 不变因子也不够方便. 如果 A(λ) 第 i 个不变因子

是 di(λ). 为了得到干净的结论, 下面的讨论假设 det(A(λ)) ̸= 0, 于是每个
di(λ) ̸= 0. 假设

di =

m∏
j=1

p
kij

j 0 ≤ k1j ≤ k2j ≤ . . .
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其中 qj 是不同的首一不可约多项式. 所有 kij ̸= 0 的 p
kij

j (带重数) 被称为初
等因子. 那么 A(λ) 的初等因子可以恢复不变因子, 因为只删去了其中取零的
那些 k••.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2.2 Criterion of similarity

In this paragraph, we will show that that λI −A is equivalent to λI −B

iff that A is similar to B.
I 翻译: 在本段, 我们要证明 λI −A 相抵于 λI −B 当且仅当 A 相似于 B.

Assume P (λ)(λI − A) = (λI − B)Q(λ) with P (λ), Q(λ) invertible. An
analogue of Euclidean algorithm can be applied to get

P (λ) = (λI −B)U(λ) + P0

Q(λ) = V (λ)(λI −A) +Q0

where P0, Q0 are all constant matrices. Then we have

(λI −B)

[
U(λ)− V (λ)

]
(λI −A) +

[
P0(λI −A)− (λI −B)Q0

]
= 0

By considering the term of degree more than 2, it is obligatory that U(λ) −
V (λ) vanishes. Therefore,

P0(λI −A) = (λI −B)Q0 i.e. P0 = Q0, P0A = BQ0

The rest of efforts will be put to show the invertibility of P0. Once it gets
proved, the proof will complete.
I 翻译: 假设 P (λ)(λI − A) = (λI − B)Q(λ), 其中 P (λ), Q(λ) 可逆. 一个欧
式带余算法的类比可以得到

P (λ) = (λI −B)U(λ) + P0

Q(λ) = V (λ)(λI −A) +Q0

其中 P0, Q0 是常数矩阵. 于是我们有

(λI −B)

[
U(λ)− V (λ)

]
(λI −A) +

[
P0(λI −A)− (λI −B)Q0

]
= 0
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通过考虑二次以上的项, 必须有 U(λ)− V (λ) 取零. 因此

P0(λI −A) = (λI −B)Q0 即 P0 = Q0, P0A = BQ0

剩余的努力将被用于论证 P0 可逆. 一旦这得证, 证明便也结束.
Assume

P−1(λ) = (λI −A)W (λ) +R0

Then

I = P (λ)P−1(λ)

= (λI −B)U(λ)P−1(λ) + P0(λI −A)W (λ) + P0R0

= (λI −B)U(λ)P−1(λ) + (λI −B)Q0W (λ) + P0R0

= (λI −B)(. . .) + P0R0

By consider the term of degree more than 1, (. . .) is forced to vanish, thus
I = P0R0.
I 翻译: 假设

P−1(λ) = (λI −A)W (λ) +R0

那么

I = P (λ)P−1(λ)

= (λI −B)U(λ)P−1(λ) + P0(λI −A)W (λ) + P0R0

= (λI −B)U(λ)P−1(λ) + (λI −B)Q0W (λ) + P0R0

= (λI −B)(. . .) + P0R0

通过考虑一次以上的项, (. . .) 被迫取 0, 于是 I = P0R0.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Now, we assume the base field to be C and are going to compute the
elementary factors of characteristic matrix of Jordan norm form. Note that
for any matrix A its characteristic polynomial det(λI −A) is nonzero.
I 翻译: 现在, 我们假设基域是 C, 并且将要计算 Jordan 标准型特征矩阵的
初等因子. 注意到对任何矩阵 A, 特征多项式 det(λI −A) 非零.

11



The calculation begins with Jordan block. Let J be a Jordan block
belonging to λ0 of size n.

λI − J =


λ− λ0 −1

. . . . . .
λ− λ0 −1

λ− λ0


Note that for any i < n, there always exists a submatrix of size i with its
determinant 1. So elementary factors of J are nothing but (λ− λ0)

n.
I 翻译: 计算从 Jordan 块的开始. 令 J 是 n 阶属于 λ0 的 Jordan 块.

λI − J =


λ− λ0 −1

. . . . . .
λ− λ0 −1

λ− λ0


注意到对任何 i < n, 总有 i 阶子矩阵具有行列式 1. 于是 J 的初等因子不过

是 (λ− λ0)
n.

Then we can handle with a little general case. The elementary factors of
diag(λI−A, λI−B) is simply the union (by adding multiplicities) of those of
λI −A and λI −B respectively. By Smith norm form, it reduces to calculate
the elementary factors of diag(d1(λ), . . . , dn(λ)). Assume

di =
m∏
j=1

p
kij

j

Where qj are different monic irreducible polynomial. We claim that all those
p
kij

j ’s with kij ̸= 0 (with multiplicities) are exactly elementary factors. For
each j, let

k′1j ≤ k′2j ≤ . . .

to be the reorder of k1j , k2j , . . .. Then it is not difficult to compute that i-th
determinant factor

Di =

m∏
j=1

p
k′
1j+...+k′

ij

j
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Then the elementary factors coincide.
I 翻译: 下面, 我们可以处理稍微一般的情况. diag(λI −A, λI −B) 的初等因

子不过是 λI − A 和 λI − B 初等因子之并 (重数相加). 根据 Smith 标准型,
这归结为计算 diag(d1(λ), . . . , dn(λ)) 的初等因子. 假设

di =
m∏
j=1

p
kij

j

其中 qj 是不同的首一不可约多项式. 我们断言所有 kij ̸= 0 的 p
kij

j 正是初等

因子. 对每个 j, 令
k′1j ≤ k′2j ≤ . . .

是 k1j , k2j , . . . 的重排. 那么不难计算第 i 个行列式因子

Di =
m∏
j=1

p
k′
1j+...+k′

ij

j

于是初等因子恰相同.
To sum up, the elementary factors of characteristic matrix of Jordan

norm form diag(J1, . . . , Js) is the collection (with multiplicities) of (λ− λi)
ri

where Ji is Jordan block belonging to λi of size ri.
I 翻译: 总结起来, Jordan 标准型 diag(J1, . . . , Js) 的初等因子是所有 (λ −
λi)

ri(带重数), 其中 Ji 是属于 λi 的 ri 阶 Jordan 块.
To show the existence of Jordan cardinal form, it suffices to note that

the product of the elementary factors of λI −A is precisely the characteristic
polynomial. So there exists one Jordan cardinal form J such that λI − A

gets equivalent to λI − J . Thus A is similar to J . Now that the criterion of
similarity is given, it is also easy to deduce the uniqueness.
I 翻译: 为了证明 Jordan 标准型的存在性, 只需要注意到 λI − A 的初等因

子的乘积正是特征多项式. 所以总存在一个 Jordan 标准型 J 使得 λI −A 和

λI − J 相抵. 于是 A 和 J 相似. 既然相似的判据已经给出了, 那么亦易得到
唯一性.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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2.3 Remarks

In the above demonstration, I intensionally avoid using Euclidean algo-
rithm and the concept of elementary matrices for the sake of generation in
principle ideal rings where invertible matrix need not to be products of ele-
mentary matrices. As a result, Cauchy-Binet formula is used in depict the
determinant factors rather than elementary matrix.
I 翻译: 评注. 在上面的论证中, 我有意地避免使用欧式算法和初等矩阵, 为
的是将其推广至主理想整环, 其上的可逆矩阵未必是初等矩阵的乘积. 于是行
列式因子是用 Cauchy-Binet 描述的, 而不是初等矩阵.

The proof of the fact that the equivalence of characteristic matrix is
equivalent to the similarity of matrix is a little different from popular one,
because I think my proof is more easy to be understand. The proof is due to
myself.
I 翻译: 特征矩阵相抵和相似等价的证明和流行的证明不太一样, 因为我认为
我的证明更容易理解. 证明是我自己给出的.

Standing over a higher point view, we can view V = Cn by a C[λ]-module
through X ·v = Av. To compute the structure, we use the standard resolution

0 → C[λ]⊗ V
λ⊗I−1⊗A→ C[λ]⊗ V

·→ V → 0

In language of matrix, the first map is λI −A.
I翻译: 更高观点地看,我们可将 V = Cn 视作一个 C[X]-模,通过 X ·v = Av.
为了计算结构, 我们使用了标准预解

0 → C[λ]⊗ V
λ⊗I−1⊗A→ C[λ]⊗ V

·→ V → 0

用矩阵的语言说, 第一个映射是 λI −A.
The condition that P (λ)(λI−A)Q(λ) = λI−B with P (λ), Q(λ) invertible

can illustrated in the following diagram

0 // C[λ]⊗ V
λI−A //

Q−1(λ)

��

C[λ]⊗ V //

P (λ)

��

V //

��

0

0 // C[λ]⊗ V
λI−B // C[λ]⊗ V // V // 0

14



Which by snake lemma, the two structures of C[λ]-module are isomorphic.
I 翻译: 条件 P (λ)(λI −A)Q(λ) = λI −B 其中 P (λ), Q(λ) 可逆可以从下交

换图中读出

0 // C[λ]⊗ V
λI−A //

Q−1(λ)

��

C[λ]⊗ V //

P (λ)

��

V //

��

0

0 // C[λ]⊗ V
λI−B // C[λ]⊗ V // V // 0

根据蛇形引理, 两个 C[λ]-模结构是同构的.
The criterion of similarity is the most powerful conclusion we got above

which can be used to deduce other cardinal form over other fields.
I 翻译: 相似判据是上面我们得到的结论中最有用的结论, 这可以用来得到别
的域上的标准型.

3 Method II, basis choice
I 翻译: 方法二, 找基

The second method is classic and thought to be of more intuition. We
will make suitable choice of basis to satisfy the geometrical version of Jordan
cardinal form. The main steps are

1. Primary decomposition, that is, root subspace decomposition.

2. Cyclic decomposition, where it reduces to the nilpotent case.

To simplify the proof, we will use the language of quotient space.
I 翻译: 第二种方法是经典的且被认为具有更多直觉. 我们要找恰当的基来满
足几何版本的 Jordan 标准型. 主要步骤如下

1. 准素分解, 即, 根子空间分解.

2. 循环分解, 这里约化到幂零情况.

为了简化证明, 我们将会使用商空间的语言.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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3.1 Primary Decomposition

Now, fix an n-dimensional C-space V , and a linear transformation A over
it. Assume the characteristic polynomial of A is

f(λ) = (λ− λ1)
n1 . . . (λ− λm)nm

where λi’s are pairwise distinct. Let the root subspace belonging to λi be

Vλi = Vi = {x ∈ V : (A− λiI)nix = 0} = ker(A− λi)
ni

We will show first V = V1 ⊕ . . .⊕ Vm.
I 翻译: 现在固定一个 n 维 C-线性空间 V , 和上面的线性变换 A. 假设 A 的
特征多项式是

f(λ) = (λ− λ1)
n1 . . . (λ− λm)nm

其中 λi 两两不同. 令属于 λi 的根子空间为

Vλi = Vi = {x ∈ V : (A− λiI)nix = 0} = ker(A− λi)
ni

我们要首先 V = V1 ⊕ . . .⊕ Vm.
Denote fi(λ) = f(λ)/(λ − λi)

ni . Since λi’s are pairwise different, there
exists gi’s such that

g1f1 + . . .+ gmfm = 1

So for any v ∈ V , we have

g1(A)f1(A)v + . . .+ gm(A)fm(A)v = v

Note that
(A− λi)

ni [gi(A)fi(A)v] = gi(A)f(A)v = 0

by Hamilton-Cayley theorem, therefore, V = V1 + . . .+ Vm.
I 翻译: 记 fi(λ) = f(λ)/(λ− λi)

ni .. 因此 λi 两两不同, 存在 gi 使得

g1f1 + . . .+ gmfm = 1

16



所以对任意 v ∈ V , 有

g1(A)f1(A)v + . . .+ gm(A)fm(A)v = v

注意到根据 Hamilton-Cayley 定理

(A− λi)
ni [gi(A)fi(A)v] = gi(A)f(A)v = 0

所以 V = V1 + . . .+ Vm.
For any vi ∈ Vi, note that

gj(A)fj(A)vi =

vi i = j

0 i ̸= j

Therefore, if 0 = v1 + . . .+ vm with vi ∈ Vi, then

vj = gj(A)fj(A)(v1 + . . .+ vm) = 0

Thus V = V1⊕ . . .⊕Vm. Actually, gj(A)fj(A) is the projection from V to Vi.
I 翻译: 对任意 vi ∈ Vi, 注意到

gj(A)fj(A)vi =

vi i = j

0 i ̸= j

所以, 若 0 = v1 + . . .+ vm 其中 vi ∈ Vi, 那么

vj = gj(A)fj(A)(v1 + . . .+ vm) = 0

于是 V = V1 ⊕ . . .⊕ Vm. 实际上, gj(A)fj(A) 是 V 到 Vi 的投影.
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3.2 Cyclic Decomposition

Then, we will work in each Vi and with the restriction of A over it. To
simplify the notation, without loss of generality, assume V = Vi, and replace
A by A− λI in which case A is nilpotent.
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I 翻译: 下面, 我们要在每个 Vi 上工作, 处理 A 在其上的限制. 为了简化记
号, 不失一般性假设 V = Vi, 用 A− λI 替代 A, 这样 A 就幂零了.

Writing V i = {v ∈ V : Aiv = 0} = kerAi, we have the following filtered
chain

0 = V 0 ⊆ V 1 ⊆ . . . ⊆ V n = V

We will work in the so-called subquotient

V 1 V 2/V 1 . . . V n/V n−1

Abuse of notation, write

A : V i+1/V i −→ V i/V i−1 v + V i 7−→ Av + V i−1

These are injective for i ≥ 1.
I 翻译: 记 V i = {v ∈ V : Aiv = 0}, 我们有如下滤链

0 = V 0 ⊆ V 1 ⊆ . . . ⊆ V n = V

我们将要在所谓的子商

V 1 V 2/V 1 . . . V n/V n−1

中工作. 滥用记号写

A : V i+1/V i −→ V i/V i−1 v + V i 7−→ Av + V i−1

这在 i ≥ 1 时是单射.
So we have the following filtered chain of V 1

An−1(V n/V n−1) ⊆ . . . ⊆ A(V 2/V 1) ⊆ V 1

Pick a basis of An−1(V n/V n−1), v11, . . . , vs11, and expand it to a basis of
An−2(V n−1/V n−2) to v11, . . . , vs21. Proceed this procedure, we get a basis of
V 1, v11, . . . , vs1, such that for any k

An−k(V n−k+1/V n−k) = span(v11, . . . , vsk1)

18



Let vij ∈ V such that

Aj−1(vij + V j−1) = vi1 that is Aj−1vij = vi1

These vij are exactly basis desired.
I 翻译: 于是我们又获得一个 V 1 的滤链

An−1(V n/V n−1) ⊆ . . . ⊆ A(V 2/V 1) ⊆ V 1

选取An−1(V n/V n−1)的一组基 v11, . . . , vs11,并将其扩充为An−2(V n−1/V n−2)

的一组基 v11, . . . , vs21. 以此类推, 我们可以得到一组基 v11, . . . , vs1, 使得对
任意 k,

An−k(V n−k+1/V n−k) = span(v11, . . . , vsk1)

令 vij ∈ V 使得

Aj−1(vij + V j−1) = vi1 即 Aj−1vij = vi1

这些 vij 正是欲求的基底.
Last but no mean least, we turn to the part of uniqueness. We can find

that the type Jordan cardinal form of each eigenvalue is completely decided
by

dimV 1 ≥ dimV 2/V 1 ≥ . . . ≥ dimV n/V n−1

I 翻译: 最后, 我们来看唯一性. 我们可以发现每个特征值的 Jordan 标准型
完全由

dimV 1 ≥ dimV 2/V 1 ≥ . . . ≥ dimV n/V n−1

决定.

3.3 Remarks

This proof is direct and intuitive. The defect is also obvious, that the
proof cannot get any information without the assumption of C being basis
field.
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I 翻译: 这个证明是直接和符合直觉的. 缺点也是显然的, 证明不能得到任何
C 不是基域以外的信息.

The primary decomposition can also be demonstrated by induction using
the famous exercise that for relative prime polynomial f, g if f(A)g(A) = 0,
then the space is the direct sum of ker f(A) and g(A).
I 翻译: 准素分解也可用归纳法证明, 只需利用著名的习题 —对互素的多项
式 f, g, 如果 f(A)g(A) = 0, 那么空间是 ker f(A) 与 g(A) 的直和.

The cyclic decomposition actually decompose the space into the direct
sum of C[λ]/(λ−λ0)

n which is known as cyclic module. In my proof, exploiting
the language of quotient space, it involves anything but complicated change
of basis.
I 翻译: 循环分解实际上将空间分解为循环模 C[λ]/(λ− λ0)

n 的直和. 在我的
证明中, 利用商空间的语言, 这回避了复杂的基变换过程.

It is typical to use Young diagram to illustrate the structure of cyclic
decomposition. Follow the notation above, to get a Young diagram, bullets,
•’s, will be drawn at first dimV 1 rows in the first column, first dimV 2/V 1

rows in the second column, …, and first dimV n/V n−1 rows in the n-th column.
For example,



dimV 1 = 6 dimV 5/V 4 = 2

dimV 2/V 1 = 5 dimV 6/V 5 = 2

dimV 3/V 2 = 4 dimV 7/V 6 = 1

dimV 4/V 3 = 4 the other = 0

• • • • • • •
• • • • • •
• • • •
• • • •
• •
•

We can read the following information from Young diagram

• The total number of bullets of first k columns is dimV k. In particular,
the total number of bullets is so-called algebraic multiplicity, the number
of first column is so-called geometrical multiplicity.

• Each row corresponds to a Jordan block. The number of bullets coin-
cides the size of Jordan block.
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I 翻译: 使用 Young 图来展示循环分解是典型的. 记号承上, 为了得到 Young
图, 子弹 • 被画在第一列的前 dimV 1 行, 第二列的前 dimV 2/V 1 行, …, 第 n

列的 dimV n/V n−1 行. 例如,



dimV 1 = 6 dimV 5/V 4 = 2

dimV 2/V 1 = 5 dimV 6/V 5 = 2

dimV 3/V 2 = 4 dimV 7/V 6 = 1

dimV 4/V 3 = 4 the other = 0

• • • • • • •
• • • • • •
• • • •
• • • •
• •
•

我们可以从 Young 图中读出如下信息

• 前 k 列的子弹总数是 dimV k. 特别地, 总数就是所谓的代数重数, 第一
列的数目就是所谓的几何重数.

• 每一行都对应一个 Jordan 块. 子弹的数论正是 Jordan 块的大小.

Following the proof above, we can proof the following conclusion. Given
an A-invariant subspace W of V , if the matrix of A over W is a Jordan block
under certain basis of W , then this basis can be expended to a basis of V

such that the matrix of A over V is a Jordan norm form under it. Note that
‘Jordan block’ above cannot be changed to ‘Jordan form’.
I 翻译: 根据上面的证明, 我们可以证明如下结论. 对于 V 的 A-不变子空间
W , 如果 A 在 W 某组基下的矩阵是 Jordan 块, 那么这组基可以扩充成 V 的

一组基使得 A 在这组基下是 Jordan 标准型. 注意到上面的 “Jordan 块” 不
能换成 “Jordan 型”.

4 Method III, matrix trick
I 翻译: 方法三, 打洞

The last method seems to be terrible and tricky, but actually not. We
will use language of matrix only to deduce Jordan cardinal form.
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I 翻译: 最后的方法似乎是可怕的和技巧十足的, 但其实不然. 我们将要只用
矩阵的语言来推到 Jordan 标准型.

For any complex matrix A. Assume Av1 = λv1 for some v1 ∈ Cn \ {0}
and λ ∈ C. We can expand {v1} to a basis {v1, . . . , vn} of Cn, then

A(v1, . . . , vn) = (v1, . . . , vn)

(
λ ∗

A0

)

So A is similar to
(
λ ∗

A0

)
. By induction, we can assume that A0 is in form

of Jordan norm form. Assume more that

A0 =

(
A1

A2

)
Where A1 arranges Jordan block belonging to λ, and A2 arranges the others.
I 翻译: 对任何复矩阵 A. 假设 Av1 = λv1 对某个 v1 ∈ Cn \ {0} 和 λ ∈ C.
我们将 {v1} 扩充成 Cn 的一组基 {v1, . . . , vn}, 那么

A(v1, . . . , vn) = (v1, . . . , vn)

(
λ ∗

A0

)

所以 A 相似于

(
λ ∗

A0

)
. 根据归纳法, 可以假设 A0 是 Jordan 标准型. 进一

步假设

A0 =

(
A1

A2

)
其中 A1 排列着属于 λ 的 Jordan 块, A2 排列着其他.

4.1 The existence

Using the following trick
1 x

. . .
1

. . .




λ 0 a ∗

. . .
µ ∗

. . .




1 −x

. . .
1

. . .

=

λ 0 a+ µx− λx ∗

. . .
µ ∗

. . .


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we can eliminate all the entries over A2 in the first row.
I 翻译: 利用如下技巧
1 x

. . .
1

. . .




λ 0 a ∗

. . .
µ ∗

. . .




1 −x

. . .
1

. . .

=

λ 0 a+ µx− λx ∗

. . .
µ ∗

. . .


我们可以消掉所有第一行 A2 上方的位置.

Using the following trick
1 x

. . .
1

. . .




λ 0 a b

. . .
λ 1

. . .




1 −x

. . .
1

. . .

=

λ 0 a b+ x

. . .
λ 1

. . .


we can eliminate all the entries over A1 except the first column of each Jordan
block.
I 翻译: 利用技巧

1 x

. . .
1

. . .




λ 0 a b

. . .
λ 1

. . .




1 −x

. . .
1

. . .

=

λ 0 a b+ x

. . .
λ 1

. . .


我们可以消去第一行除了每个 Jordan 块第一列 A1 上方的位置.

Using the following trick
1

I xI

. . .
I



λ ae1 0 be1

J △
J ′

J



1

I −xI

. . .
I

=

λ ae1 0 (b− xa)e1

J △
J ′

J


we can eliminate all the entries at the first column of each Jordan block and

the first row except at most one entry. Where e1 = (1, 0, . . . , 0),
(
J △

J ′

)
is

a Jordan block bigger than J .
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I 翻译: 利用技巧
1

I xI

. . .
I



λ ae1 0 be1

J △
J ′

J



1

I −xI

. . .
I

=

λ ae1 0 (b− xa)e1

J △
J ′

J


我们可以将第一行每个 Jordan 块第一列上方的位置都消到剩至多一个. 其中

e1 = (1, 0, . . . , 0),
(
J △

J ′

)
是比 J 大的 Jordan 块.

Last step is (
1/a

1

)(
λ a

λ

)(
a

1

)
=

(
λ 1

λ

)

The proof is complete.
I 翻译: 最后一步是(

1/a

1

)(
λ a

λ

)(
a

1

)
=

(
λ 1

λ

)

所证欲明.

4.2 The uniqueness

Finally, we turn to uniqueness. Let

sλk =

(The number of Jordan block appearing in Jor-
dan norm form of A belonging to λ of size k

)
Direct computation gives that for k ≥ 1,

n− rank(A− λI)k = sλ1 + 2sλ2 + . . .+ (k − 1)(sλk−1) + k(sλk + . . .+ sλn)

This shows the uniqueness.
I 翻译: 最后我们转向唯一性. 令

sλk =

(
A 的 Jordan 标准型中属于 λ 的 k 阶 Jordan
块的数量

)
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直接的计算给出对于 k ≥ 1,

n− rank(A− λI)k = sλ1 + 2sλ2 + . . .+ (k − 1)(sλk−1) + k(sλk + . . .+ sλn)

这就证明了唯一性.

4.3 Remarks

Actually, the proof above is essentially using induction on Cn/Cv. If
suitable basis of Cn/Cv is given, we will choose the suitable lift of them in V .
I 翻译: 实际上, 上述证明本质上对 Cn/Cv 上使用了归纳法. 如果 Cn/Cv 恰
当的基选好了, 我们要做的就是选择他们恰当的提升.

The case of different eigenvalues is easy, as if Av = λv, (A−µI)w = u+νv

we can always select suitable ν such that (A−µ)(w+νv) = u provided λ ̸= µ.
I 翻译: 不同特征值的情况是容易的, 因为如果 Av = λv, (A−µI)w = u+ νv

我们总能找到恰当的 ν 使得 (A− µI)(w + νv) = u 只要 λ ̸= µ.
In the case of a single eigenvalue. By lifting of the ‘deepest’ vector the

problem reduces to the lift of eigenvectors. Some of the eigenvectors of Cn/Cv
may not lift to a eigenvectors. Using the vector such that (A − λI)kx = v

have solutions for as many k’s as possible. Using the most ‘profound’ vector
to change the basis, this phenomenon occurs only on at most one eigenvector.
I 翻译: 在单个特征值的情况下. 通过提升 “最深的” 向量, 问题转化到提升
特征向量上. 某些 Cn/Cv 的特征向量未必能提升为特征向量. 通过使用最
“深” 的向量来换基, 这一现象只发生在至多一个特征向量上.

5 References
I recommend linear algebra of李尚志 to learn Method I and II mentioned

above.
I 翻译: 我推荐李尚志的线性代数来学习这里的方法一和方法二.
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