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Runs and The Runs Theorem Preliminaries

Basic Definitions

?ﬁ% 2% jj*AﬁIKEE’Jﬁ? ﬁ““é% A S PHITERBE N
ﬁ””’“’“ 9 |s|, EXEH e MIKEEN 0.

:—‘—» /f/v
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Runs and The Runs Theorem Preliminaries

Basic Definitions

FHE: 2 S N—MHRNAETFFRE, —A S FRIGRER N
ppiE A s, B e KN 0,

HIJ%"{\ FHE. BE: NTFERE s=ayz 2,y 2 DHFN s 11—

NI SN ):Wo XT? sWI—MATH © # x# s, WK z& s —

ARSI Wﬂfi AT sli] BaTFHH s K i DTAR

(1 <i<ls)), H s[i...f] RARZE ¢ NFRERE § AR R E /IR R

T A<i<j<|s]), EX sli..j]=¢ (z>])o

= ST
N
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Runs and The Runs Theorem Preliminaries

Basic Definitions

FHE: LS N -PMERKAFFRE —4 S« PRITREIRN
TR WA R s KIKEERRAN [o, EXEH e BIKEN 0.

B FHB. B XN TFMHE s=ayz oy, 2 50BN s 1—
MR TH L JaHR. T s W—DK o 5 o# s, WK 22 s B—
AMTEREHTSE, SRR, WATH sl BARFFEE s 058 « DMERF
(1 <i<|s]), M sli...g] TR i DFRFAEE §AFRF RN 45 R
T (1<i<j<|s]), EX s[li.j] =€ (i>j)

Period: FATFRELL p 2 PR s M) period, HHACUN TAEE
1<i<|s|—p» s[i] = s[i+ p] BRI
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Runs and The Runs Theorem Preliminaries

Basic Definitions

FHE: LS N -PMERKAFFRE —4 S« PRITREIRN
TR WA R s KIKEERRAN [o, EXEH e BIKEN 0.

B FHB. B XN TFMHE s=ayz oy, 2 50BN s 1—
TG T Jade MT s M—DATH o 5 o# s WK 2 2 s H—
AMTEREHTSE, SRR, WATH sl BARFFEE s 058 « DMERF
(1 <i<|s]), M sli...g] TR i DFRFAEE §AFRF RN 45 R
T (1<i<j<|s]), EX s[li.j] =€ (i>j)

Period: FATFRELL p 2 PR s M) period, HHACUN TAEE
1<i<|s|—p» s[i] = s[i+ p] BRI

Beg(I): X TXIEES I, X Beg(l) o I HFTA X 8] 46 v
RIS .
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Runs and The Runs Theorem Runs and Lyndon Words

Runs

EX 1 (Runs): 2558 wKEN n, =JTH r= (4,4, p) B
NFFFE w — run, 2 HALY wli...j] S/ period p i &
2p < |wli...fll, FFEHZFAWEFATT LR A G, B i=1 80
wli—1] # wli+p—1], HH j=n 2 wj+1] # w[j— p+1]. L %
BRRA r FREL
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Runs and The Runs Theorem Runs and Lyndon Words

Runs

EX 1 (Runs): 27458 w KA n, =J0H r= (4,4, p) K
NFFFE w l— run, 4 HAY w(i...j] SN period p i 2
2p < |wli...fll, FFEHZFAWEFATT LR A G, B i=1 80
wli—1] # wli+p—1], FFH j=n s wlj+1] # wfj—p+1]. %% ==
WeRRA r IR E

—LXF Runs IS : RATH Runs(w) KEKR w FHAR run
FIRRIEE S p(n) BARKEN n MFFEPEZEAT run NG
o(n) RaKERN n WFFRHE T ran K EON BORME -
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Runs and Lyndon Words

Runs

EX 1 (Runs): 2558 wKEN n, =JTH r= (4,4, p) B
NFFEE w —A run, 2 HALY wli...j] &/ period p i &
2p < |wli...fll, FFEHZFAWEFATT LR A G, B i=1 80
wli—1] # wli+p—1], FFH j=n s wlj+1] # wfj—p+1]. %% ==
BN r IFEEL.

—LXF Runs IS : RATH Runs(w) KEKR w FHAR run
FIRRIEE S p(n) BARKEN n MFFEPEZEAT run NG
o(n) XARKERN n TR RITA run P36 E0R 85 KA

FHF: BRI < RER A D EWEFRR, HLUIE X 2«
FRTHITFRR <.
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Runs and The Runs Theorem Runs and Lyndon Words

Lyndon Words

EX 2 (Lyndon Word): JEFF/FH we S« HKA—DMRT <
) Lyndon Word, 4 HAY w< u X T wAEEK— A4 54 u #RAK

LI

_\L.O

"https://loj.ac/problem/129
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Runs and The Runs Theorem Runs and Lyndon Words

Lyndon Words

EX 2 (Lyndon Word): JEFF/FH we S« HKA—DMRT <
) Lyndon Word, 4 HAY w< u X T wAEEK— A4 54 u #RAK

Y

Mo

H Lyndon Word fJE X, f£&—> Lyndon Word w #A g8 B A 1L
fA/NT |w] B period, FMFTLLFH — < w B G o MAFEE, 5
TE SAFF o

"https://loj.ac/problem/129
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Runs and The Runs Theorem Runs and Lyndon Words

Lyndon Words

EX 2 (Lyndon Word): EFF/HH we Xx A —NKRT <
) Lyndon Word, 4 HAY w< u X T wAEEK— A4 54 u #RAK

_\L.O

i Lyndon Word f5E X, fE&— Lyndon Word w #iAfE R AL

fAl/NTF |w| B period, FMALLFH— < w G v AFE, 5
TE AT

513 3: 4 w=v"a, HF u N—4 Lyndon Word, « N u fj—
NIRRT, & NIEBE, HH ae X a# wf|d| +1]. &
w[|v'| +1] < a» 4 wZ—A Lyndon Word; I, Bl a < w[|v/| + 1],

WA u RATAT— AL w = ub/ a NETE I FFFH 1K Lyndon Word
ﬁ‘fjé}b’( .

"https://loj.ac/problem/129

G2k VR VA O\ N SN IO/Al The Runs Theorem and Lyndon Tree January 25, 2019 5/33



Runs and The Runs Theorem Runs and Lyndon Words

Lyndon Words

EX 2 (Lyndon Word): JEFF/FH we S« HKA—DMRT <
] Lyndon Word, X HANY w < u X1 wALEM— MG 5% u #RAK
Mo

H Lyndon Word fJE X, f£&—> Lyndon Word w #A g8 B A 1L
fI/NT |w| B period, fSWTATLARE—A < w KM G o FIfEE, 5
& AT o

513 3: 4 w=v"a, HF u N—4 Lyndon Word, « N u fj—
NATLUAZ A HTEE, ko NIEERE, JFH ae X, a# wl|u|+ 1] &
w[|v'| +1] < a» 4 wZ—A Lyndon Word; I, Bl a < w[|v/| + 1],
WA u RATAT— AL w = ub/ a NETE I FFFH 1K Lyndon Word
e

12 3 HWHHEF R A Lyndon 2. IERH LLE R AR, AHIGIE
BHA L5 Lyndon 7l &H%.

"https://loj.ac/problem/129
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Runs and The Runs Theorem Runs and Lyndon Words

Lyndon Roots

EX 4 (Lyndon Root): % r= (i,j,p) 27/ we I f—4
run, KEN p BIXE X = [iy...jn] #FEN r KT < [ Lyndon Root, 24
BANY i <y <y <4 FFH wlin...n] 22— KT < 1 Lyndon Word.
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Runs and The Runs Theorem Runs and Lyndon Words

Lyndon Roots

EX 4 (Lyndon Root): % r= (i,j,p) 27/ we I f—4
run, KN p BIXIE X = [iy...a] #FN r %T < B Lyndon Root, 24
BANY i <y <y <4 FFH wlin...n] 22— KT < 1 Lyndon Word.

S, MTAEEM—H r 1 <, r BFAEZRD—A Lyndon Root.
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Runs and The Runs Theorem The Runs Theorem

The Runs Theorem

BOHRI, Nt FHFELNEE N TFHFERAGEEEES
— run, 7B NHEMEEH, RAIAFREEZRFFR. D <o, <1 AW
FMRE Y EREFRR, BIXNTFAER a,beX, Ha<obe b<ia
HLAEE X O ERTFIFRR <o, <10 X TF L€{0,1}, 2 0=1—1,
WTFAEBETFE we X+, & w=u$, HF $¢%, 2 MFRTR, W
EXNTERE e, H$<0a a<i$.

7L NS LSS VA NI I ISNIISTOVAN The Runs Theorem and Lyndon Tree January 25, 2019 7/33



Runs and The Runs Theorem The Runs Theorem

The Runs Theorem

BHRW, D FHFELEE N PR AES
—A run, £ RIS, ROIAFEHETFRH. L <o, <1 AW
MHRE S EREFRER, BINTER a,beX, Ha<obe b<ia
AR S S EFIFER <o <10 HF CE {01}, & T=1— 0.
MTAERTRHR we Bx, & w=u$, HP§¢%, B MEEKFER, W
RXMTHER e, A$<0a a<q$s

The Runs Theorem: p(n) < n,o(n) < 3n— 3.
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Runs and The Runs Theorem The Runs Theorem

Proof

EMX 5: SMTERKEAN n MR w KEP—AMIE
i(1<i<|w), & b(i)=[i.j, Hh j=maz{f |0]i..f] B—DKRT
<¢ #J Lyndon Word}.
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Runs and The Runs Theorem The Runs Theorem

Proof

EX 5: WTAERKEN n TS w KHEH— M E
i< i<|ul), & (i) = [i.g], HF j=maz{f |@fi..f] R—DKT
<¢ #J Lyndon Word}.

513 6: X TEBEKEN n MFHFE w KHEF— M8
i(1<i<|w), BHME A€ {0,1}, #HL (i) = [i.d], H
lg(3) = [i...7] (7> 4)o
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Runs and The Runs Theorem The Runs Theorem

Proof

EX 5: WTFERKEN 0 NFFE o LHp—MMrE
i< i<|ul), & (i) = [i.g], HF j=maz{f |@fi..f] R—DKT
<¢ #J Lyndon Word}.

513 6: XM TAEBKEN n WFERFE w LHF—MIE
i(1<i<|w), BHME A€ {0,1}, #HL (i) = [i.d], H
lg(3) = [i...7] (> 14)o

JEBR: A k= max{K |@[K) # @i, K > i}, & e {0,1} i
wlk] <¢ w[d], HSIFR 3, (5 = [i...d, B (5 = [i...d] (G > k> i)
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Runs and The Runs Theorem The Runs Theorem

Proof

SIFB 7: & r=(i,j,p) NKEN n BFEFE w PAEER— run,
WMo, AHAE—A {01} WL @i+ 1] < wlj+1—plo BT r
KT <¢ 1) Lyndon Root A = [ix...5n] #B5 (i) M5
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Runs and The Runs Theorem The Runs Theorem

Proof

SIFB 7: & r=(i,j,p) NKEN n BFEFE w PAEER— run,
Ha, AHAE—A e {0,1} e alj+ 1] <¢ wlj+1—ple I r i
KT <y I Lyndon Root X = [ix...5a] #BE l(iy) HHEE.

IERR: B o BSE S w4 1) # w1 — pl, B BAXE A
e {0, 1} iR i+ 1) <g ali+1—ple & X=[ir..qn] A r KT <,
J—~/ Lyndon Root, HIS|¥8 3, [ir...ja] = l(ix)-
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The Runs Theorem

Proof

SIFB 7: & r=(i,j,p) NKEN n BFEFE w PAEER— run,
W, HHEAE— e {0,1} W2 o+ 1] <¢ wi+1—ple BTl rH)
KT <y I Lyndon Root X = [ix...5a] #BE l(iy) HHEE.

IERR: B o BSE S w4 1) # w1 — pl, B BAXE A
Ce{0,1} R wi+1]) < wfj+1—ple 2 X=T]ir..n] N r KT <,
J—~/ Lyndon Root, HIS|¥8 3, [ir...ja] = l(ix)-

XT R w TAERK—D run r= (4,5,p), 2
B, = {\=[ix.h]|]A A r BIKT <, B—> Lyndon Root H. iy # i},
Hrpre {01} W2 aj+1) <@+ 1—pl. B B, RARITEH r KT
<¢ #J Lyndon Root #HIHESE, HERREITRAE @ ITIHE)
Lyndon Root (WIREAEEMTE). A |Beg(By)| =|B,| > e, — 1] > 1,
Hr e, 9 r B
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Runs and The Runs Theorem The Runs Theorem

Proof

5138 8: XM TFERH w KM ANAFER run 7,7/, Beg(B,) N Beg(B,)

o

o
H¥
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and The Runs Theorem The Runs Theorem

Proof

5138 8: X TFRH w M ANAFER run 7,7/, Beg(B,) N Beg(By)
NZE

xi

IIEEH: 8 ARV, BBAFLE i € Beg(B,) N Beg(By), FFH
A= [Zj)\] € B, N = [Z])\/] € Byo /%'\ le {0, 1} %E A= lg(i); BT
ANEN, AN =105(). H3EB 6, N M XN PHHRE NN [i..d. &A1
AR AR N = [, WA Gy > i HT wli.jyv] A=
Lyndon Word, 1 wli] # wljx]. B B, fl B & XL, rH o FIFFIEAL
BIBNT i, REWE wli— 1] =wli] (i r AT, JEH

wli— 1] = wiiy] CH 7 BRIAM . BEIERAS 2] 7 —X 7 E R4,

R AN AL
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Runs and The Runs Theorem

The Runs Theorem

Proof

3138 8 KM, EEMN—A run r 7 AR T — NP BIHEZ A7
BEEA Beg(B,). HH, BT 1¢ Beg(B,) XTAEREMN—A r L,

ﬁ ZTGR’U/I’LS (w) ‘B | ZreRuns (w) ‘B@g( )‘ < ’w‘ — 1. '[H:’ ﬁ,ﬂ‘]ﬂu‘
WEBA LN e B

IS BRI

(O DFSNES{OVAN The Runs Theorem and Lyndon Tree January 25, 2019 11/33



Runs and The Runs Theorem

The Runs Theorem

Proof

3138 8 KM, EEMN—A run r 7 AR T — NP BIHEZ A7
BEEA Beg(B,). HH, BT 1¢ Beg(B,) XTAEREMN—A r L,

ﬁ ZTGR’U/I’LS (w) ‘B | ZreRuns (w) ‘B@g( )‘ < ’w‘ — 1. '[H:’ ﬁ,ﬂ‘]ﬂu‘
WEBA LN e B

EHE 9: p(n) < no

IS BRI
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Runs and The Runs Theorem The Runs Theorem

Proof

5138 8 £, AFEM—A run r AT IR T — ADNPIPIA S AR R A7
BEEA Beg(B,). HH, BT 1¢ Beg(B,) XTAEREMN—A r L,
ﬁ ZTGR’U/I’LS (w) ‘B | ZreRuns (w) ‘Beg( )‘ < ‘w‘ — 1o DA, ﬁ,ﬂ‘]ﬂu

UER G T e B

EE 9: p(n) < no

HERR: FEKERN n MFRH w, HTXNTAERE re Runs(w), A
|B,|>1, 5|3 8, A |Runs(w)| < > re Runs(w) | Brl £ n—1.

EIE 10: o(n) <3n—3.
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Runs and The Runs Theorem The Runs Theorem

Proof

5138 8 KM, (EEM— run r o] UK T — NI A 47
BEEA Beg(B,). HH, BT 1¢ Beg(B,) XTAEREMN—A r L,
ﬁ ZTGR’U/I’LS (w) ‘B | ZreRuns (w) ‘Beg( )‘ < ‘w‘ — 1, '[H:’ ﬁ'ﬂ‘]ﬂu
TERR AN E B .

EE 9: p(n) < no

HERR: FEKERN n MFRH w, HTXNTAERE re Runs(w), A
|B,|>1, 5|3 8, A |Runs(w)| < > re Runs(w) | Brl £ n—1.

EIH 10: o(n) < 3n— 3,

WERR: FEKERN n MFERE w, 2 e FTon r I BHTXT
{EE r€ Runs(w), H |B,| > |e,—1] >e.—2, HEE S, A
ZrGRuns(w)(eT - 2) < ZreRuns (w) Le”’ J < ZreRuns(u)) |BT| <n-—1. 2
5138 9 H1 |Runs(w)| < n—1, A[1F > w) €r < 3n— 3¢

r€ Runs(

7L NS LSS VA NI I ISNIISTOVAN The Runs Theorem and Lyndon Tree January 25, 2019 11/33



Runs and The Runs Theorem The Runs Theorem

Proof

5138 8 KM, (EEM— run r o] UK T — NI A 47
BAEA Beg(By). HH. BT 1¢ Beg(B,) M TALME— 1 r BIKT,
ﬁ ZTGR’U/I’LS (w) ‘B | ZreRuns (w) ‘Beg( )‘ < ‘w‘ — 1, JH:’ ﬁiﬂ‘]ﬁﬂﬂ\
WEIN T 5 B

EE 9: p(n) < no

HERR: FEKERN n MFRH w, HTXNTAERE re Runs(w), A
|B,|>1, 5|3 8, A |Runs(w)| < > re Runs(w) | Brl £ n—1.

EIH 10: o(n) < 3n— 3,

WEBR: HEKEN n FFERE w, 2 e Fon r IFEEL. BITXT
{EE r€ Runs(w), H |B,| > |e,—1] >e.—2, HEE S, A
ZrGRuns(w)(eT - 2) < ZTGRuns (w) Le”’ J < ZTERU'IZS(U}) |BT| <n-—1. é:é.:
45138 9 F1 |Runs(w)| < n—1, —IHZ w) €r < 31— 30

Zit, The Runs Theorem iF A 5 B

r€ Runs(
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

SIFE 7 XKW, B4 run HEDEE N5 (i) MK Lyndon
Root. % FREIFIEFH T A E I(4).
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

SIFE 7 XKW, B4 run HEDEE N5 (i) MK Lyndon
Root. # N RMEEF L T HAN ().

518 11: X TFAEEMPA Lyndon Word w, v, H w< v, B4 w
&—~ Lyndon Word.
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

SIFE 7 XKW, B4 run HEDEE N5 (i) MK Lyndon
Root. # FRMEIREH THEM L(i).

518 11: X TFAEEMPA Lyndon Word w, v, H w< v, B4 w
&—~ Lyndon Word.

SIE8 12: EETRFH w # AT DL A il i — I F R A B A
Lyndon Word JF51 fi...frs XANF IR AXAFHF B B Lyndon 43
. BA f; #2 fio..frn WK Lyndon i,
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Sl The algorithm

How to compute Lyndon Roots

5138 7 KW, A run RSO DY (i) 5P Lyndon
Root. % FRMFEEFE THAER L(i).

518 11: X TFAEEMPA Lyndon Word w, v, H w< v, B4 w
&—~ Lyndon Word.

5138 12: [EEFFTH w #AT LAY 7 fif B — () F 8 F A _EFH
Lyndon Word J¥4 fi...fn» XANFFHIFRAIX AN T4 5 B Lyndon 43
. BA f; #2 fio..frn WK Lyndon i,

BORERE: WAL T4 5 F8A G 8459 Lyndon 77 f#
fioefme BRIV II—DNFHF ¢ B, & ¢ 29— Lyndon word ffi A
FRRANHSL, W72 R AAEAR R A Lyndon Word wu, v i &
uw<v, WH uwFl v BN w, BEFIHEFHFAEFANIE. HE]
I8 11 FN538 12 nfAnSvkIERTE. FEE A TRELER N E S Lyndon
I3 AT Sk B H 1) - e /N RITT
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The algorithm

How to compute Lyndon Roots

T Lyndon S AURFRM L, FEEAHAEPAS Lyndon & 77 HTK
/NIRRT LB BB IR R G RN R BRI E
IMTEA A 25 (A UEH LCP SEB L /ST 8 KN, (B —E
FEEE B 7 IRATAARRS . IX A 4 B T SCEE R Lyndon tree )
AJfi. 51FE 13 Ui T E M IERTE.

E LS N A O\ N SN IOV/AW The Runs Theorem an d Lyndon Tree January 25, 2019 13/33




How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

5138 13: X T/E&E Lyndon # u, Lyndon 73# fi...fn, u<fi 4
H{x% uflfm < fl...fmo
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

5138 13: X /L& Lyndon & u, Lyndon 7% fi...fr u<fi 4
HAY Uflfm < fl...fmo

WEBA: Bo=f, v = ufifn, = fifne w0 FDNAMRN
FRH RN TET min(|ul, [v]), IBA o BFIRDAKRRE u, v BIER/D
KEME . FATTH A FESR=MIEN: w2 o FAEITHR v 2 o
A HTR . w5 v 5.
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

5|38 13: X T4EE Lyndon # u, Lyndon 77# fi...fmr u<fi 4
HAY Uflfm < fl...fmo

WERR: W v=fi, " = ufi...f, V = fiofimo A7 u, v B —NAAHE
FRH RN TET min(|ul, [v]), IBA o BFIRDAKRRE u, v BIER/D
KEME . FATTH A FESR=MIEN: w2 o FAEITHR v 2 o
PR ETER . v 5 v M5

B ou A v RS, B4 uw<ve HT v & Lyndon #, FrblFH
o[l o] = Jul]] < ofju] + 1...]v]], A o <o
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

5138 13: X T{LE Lyndon # u, Lyndon 73f# fi...fm» u<fi 3
HAY Uflfm < fl...fmo

WERR: W v=fi, ¥ = ufi...fn,V = fioofimo 5 u, v B NAFFET
FRH RN TET min(|ul, [v]), IBA o BFIRDAKRRE u, v BIER/D
KEMFE FATFE R FEE =FEN: w2 o FIEEITE. v 2 u
PR ETER . v 5 v M5

B ou A v RS, B4 uw<ve HT v & Lyndon #, FrblFH
o[l o] = Jul]] < ofju] + 1...]v]], A o <o

oA u I, B4 uw>ve W u,fi,..., fn N Lyndon 73
FrbA w2 o BI85 Lyndon AiZK. HSIEE 3 Al1§, « > .
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

5|38 13: X T4EE Lyndon # u, Lyndon 77# fi...fmr u<fi 4
HAY Uflfm < fl...fmo

WEBA: Bo=f, v = ufifn, = fifne w0 FDNAMRN
FRH RN TET min(|ul, [v]), IBA o BFIRDAKRRE u, v BIER/D
KEMFE FATFE R FEE =FEN: w2 o FIEEITE. v 2 u
PR ETER . v 5 v M5

7 ou e v BRI, A uw< ve BT v 72 Lyndon &, FTLLH
o[l o] = Jul]] < ofju] + 1...]v]], A o <o

oA u I, B4 uw>ve W u,fi,..., fn N Lyndon 73
FTbL w & o BEK Lyndon BIZ%. HISIEE 3 AJ#5, o > o,

ZE BT, uw< v H[HAY W < V.

LU AN 2L S VA O\ N ISNISIOVAl The Runs Theorem and Lyndon Tree January 25, 2019 14 /33
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

Algorithm 1: Computing /;() in linear time for all i.

Input: String w of length n

1 S « new stack with element (n + 1,n + 1);
2 for i =n downto 1 do
3 J
4 while S.size() > 1 do
5 (v, ju)  S.top() ;
6 if not w[i..j] <¢ wliy..j»] then exit while loop ;
7 J s
8 S.pop();
9 S.push((i,4));
10 Le() < [i..j];
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

Algorithm 1: Computing /;() in linear time for all i.

Input: String w of length n
1 S « new stack with element (n + 1,n + 1);
2 for i =n downto 1 do
3 J i
4 while S.size() > 1 do
5 (v, ju)  S.top() ;
6 if not w[i..j] <¢ wliy..j»] then exit while loop ;
7 T Jvs
8 S.pop();
9 S.push((i,4));
10 Le() < [i..j];

EAEIER O(n) BB TEE AR H TS24 Lyndon 7%,
TR T L(i)e
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute Lyndon Roots

Algorithm 1: Computing /;() in linear time for all i.

Input: String w of length n

1 S « new stack with element (n + 1,n + 1);
2 for i =n downto 1 do
3 J i
4 while S.size() > 1 do
5 (v, ju)  S.top() ;
6 if not w[i..j] <¢ wliy..j»] then exit while loop ;
7 I v
8 S.pop();
9 S.push((i,4));
10 Le() < [i..j];

EAEIER O(n) BB TEE AR H TS24 Lyndon 7%,
TR T L(i)e
A LR IBRATT L brge i (2 1SA H2H 1) ik
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute runs

Mt i, B (i) = (Lo AT BIREERKK 0, b 15
wl.l+h =1 =wr+1l.r+ 4], wl—b.l-1]=wr—lb.r—1. #&
h+bk>2(r—1+1), WARMNHKE T —4 run, B
(I—byr+hL—1,r—14+1),
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute runs

B i B (i) = (L] FRATDHIRBEAIT 0, b B
wl.l+h =1 =wr+1l.r+ 4], wl—b.l-1]=wr—lb.r—1. #&
h+bk>2(r—1+1), WARMNHKE T —4 run, B
(I—byr+hL—1,r—14+1),

KBS A T AT )5 >R LCP.
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute runs

Mt i, B (i) = (Lo AT BIREERKK 0, b 15
wl.l+h =1 =wr+1l.r+ 4], wl—b.l-1]=wr—lb.r—1. #&
h+bk>2(r—1+1), WARMNHKE T —4 run, B
(I—byr+hL—1,r—14+1),

RS S T AHT AR SR LCP.

TER AT EA 0, Bl i e 25 .
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute runs

EIR 14: W n ATHHRRE. UESFIETTUH O(n) KN 2R %
JEH P runs.
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How to compute runs and Lyndon Tree [RENICRENFeIad bel

How to compute runs

EIR 14: W n ATHHRRE. UESFIETTUH O(n) KN 2R %
JEH T runs.

NS (SA-IS) Mg )a 8, JfF B IZEwsL 2 O(1)
WA H) RMQ SER SR LCP Wi, BN SHRRIA] i 2 2k .
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The algorithm

How to compute runs

EIE 14: W n NTFFREKE. DLEEETUH O(n) BB E 44
JEHRHFTE ) runs.

fEFZMESRE (SA-IS) il 3, JF HATR &R O(1)
WA ) RMQ B3k kSR LCP in), #EANRERI A5 2 264 o

i/ O(nlogn) MEEMIEFEEH, IHHAEH O(nlogn) FiibHE
O(1) WP RMQ Hi%, BANFEIERTHEE] O(nlogn).
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The algorithm

How to compute runs

EIE 14: W n NTFFREKE. DLEEETUH O(n) BB E 44
JEHRHFTE ) runs.

R ZIERVE (SA-IS) Wit a4, I HAF AL R O(1)
WA ) RMQ B3k kSR LCP in), #EANRERI A5 2 264 o

i/ O(nlogn) MEEMIEFEEH, IHHAEH O(nlogn) FiibHE
O(1) #iA i) RMQ 5%, BEAFIREAgE] O(nlogn).

fE S 75 G O(n) BUALHE O(log n) WK —7) + Ma
FESHL LCP, AL R3] O(nlogn).
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The algorithm

How to compute runs

EIE 14: W n NTFFREKE. DLEEETUH O(n) BB E 44
JEHRHFTE ) runs.

R ZIERVE (SA-IS) Wit a4, I HAF AL R O(1)
WA ) RMQ B3k kSR LCP in), #EANRERI A5 2 264 o

i/ O(nlogn) MEEMIEFEEH, IHHAEH O(nlogn) FiibHE
O(1) #iA i) RMQ 5%, BEAFIREAgE] O(nlogn).

fE S 75 G O(n) BUALHE O(log n) WK —7) + Ma
FESHL LCP, AL R3] O(nlogn).
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How to compute runs and Lyndon Tree [REUStsleIsl BECIY

Lyndon Tree

EX 15: —4 Lyndon # w(|w| > 2) BIbrELl 52— F 7 X
(u,v), 2 v wFHTRNITHEHR, HFH =10, FTE M
v —Es& Lyndon H . X{EZ Ja MG 7L LA H .
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How to compute runs and Lyndon Tree [REUStsleIsl BECIY

Lyndon Tree

EX 15: —4 Lyndon & w( ) BIARER 73 e — AN Xt
(u,v), W v w T IFRNOHE S, HH w= . & ufl
—3E & Lyndon &, LEZFE’JT’JLE%EPTuﬁﬁ
EX 16: Lyndon Tree &M, &7 56N —4 Lyndon & .
MRAT XS B E w, HESR w2 —4 Lyndon & . BN SHE LRI
FILF X R FRE R w F o R TEANTT RO R IR 8 AR EE R 7 (u, ) o
X R PR R KA 1o XA Ltreey(w) KK
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How to compute runs and Lyndon Tree [REUStsleIsl BECIY

Lyndon Tree

aababaababhb

Figure: A Lyndon Tree for the Lyndon Word aababaababb
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How to compute runs and Lyndon Tree [REUStsleIsl BECIY

Lyndon Tree

BT RO B AT R AR SR A w BT wli e [i..g] BFK
NN SO R XA . FRATH lea([i...j]) REFEROE @ BIRLE j 2
[ BT 75 fUH) LCA, Bl A~ 354H % .
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How to compute runs and Lyndon Tree [REUStsleIsl BECIY

Lyndon Tree

BT RN AT R AR AR SR R w B — ST E wlig]e [4...5] BEFR
XA ST R FIX ] FRATTA lea([i...f]) RFRRAE i BINE j 2
(]R3~ S LCA, BP A 4G

A S ISA BUHWE R RW . #iE 155 2 FitH5 Lyndon root
PIEEVE e AR o ] DA 24 B 1] PN #4) i .

SN 7S SV T SV O\ N SN @VAN The Runs Theorem and Lyndon Tree January 25, 2019 20/33



How to compute runs and Lyndon Tree [REUStsleIsl BECIY

Lyndon Tree

MR A& w— T wli.j] & Lyndon 5, HTAT A
a = lca([i...j]) = [ia, ja)r R i=tia <F< jno £ wahE i(i> 1) FF
WE K Lyndon i, AT o —E2— MG JLTF IR,
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How to compute runs and Lyndon Tree

Lyndon Tree

Lyndon Tree

MR A& w— T wli.j] & Lyndon 5, HTAT A
a = lca([i...J]) = [fasja)s R i=in <F< jao £ wEME i(i>1) I
IRHIER IS Lyndon Hr, AT R o — 52— AL R

w WAEE— run MIFTA Lyndon root #EAE L Treey(w) 5%
LTree;(w) FHIA LTI i I X HEK 0 501 H5IE 7 E.
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Applications of The Runs Theorem Two-Period Queries

Weak Periodicity Lemma

SIFE: & —ANE (S| H pg AN, Hp+q<|S, M ged(p, q)
W2 S .
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Applications of The Runs Theorem Two-Period Queries

Weak Periodicity Lemma

SIEE: A |9 H pg MAE, H p+q¢<|S, W ged(p, q)
R S BIE

WERR: & p<q Hi>ph Slij=98li—p=8li—p+q; 4
i< p it S =S[i+q=05S[i+q—pl. FILATLIEE ¢—p thiE S HE
W MRIEIREEAHBRTE, ged(p, @) & S BRI,
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Applications of The Runs Theorem Two-Period Queries

Weak Periodicity Lemma

SIE: &M S A pg WA, Hp+q<|S, W ged(p, q)
Wt S B JE .

WERR: Bi% p<qo Hi>ph S[ij=S[i—p =Si—p+4q; 4
i< p it S =S[i+q=05S[i+q—pl. FILATLIEE ¢—p thiE S HE
Mo RIFIEEARIE, ged(p, q) 2 S W,

Periodicity Lemma: % —"N 8 |S| f p,g WA, H
p+q—ged(p,q) <[5, W ged(p, g) B S KA.
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Applications of The Runs Theorem Two-Period Queries

Weak Periodicity Lemma

SIE: S A pg WA, Hop+q<|[S, W ged(p, q)
Wt S B JE .

WERR: & p<q Hi>ph Slij=98li—p=8li—p+q; 4
i< p it S =S[i+q=05S[i+q—pl. FILATLIEE ¢—p thiE S HE
o MRAEIREAHRRTE, gcd(p, ) & S HIJE .

Periodicity Lemma: % —"N 8 |S| f p,g WA, H
p+q—ged(p, q) <15, M ged(p, ) AL S HIHIA.

PLR# Weak Periodicity Lemma 554 WPL.

7L NS LSS VA NI I ISNIISTOVAN The Runs Theorem and Lyndon Tree January 25, 2019 22 /33



Applications of The Runs Theorem Two-Period Queries

Two-Period Queries

EJRE: Bk BEA ), SRR AR S RS T HOR S A AR
K —F R, SR SR B 0
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Applications of The Runs Theorem Two-Period Queries

Two-Period Queries

B Vot BRSSP A RS S AT R A AN
KR —F R, SR SR e 3

EX: exrun(i,j) N ¢ <i,7 >jp<(—i+1)/2 K—1
run(?,7,p). WR¥E WPL, @R exrun FFEN—EME—,
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Two-Period Queries

Two-Period Queries

o). BT EESE Y, SCRFEE AR S MEAN TR ES A A
I EE— 2 S, an SR SR /N A

EX: exrun(iyj) MR ¢ <if >j4p<(j—i+1)/2 B—A
run(?,7,p). WR¥E WPL, @R exrun FFEN—EME—,

M5 RPE L E S X Sfi.g] MERBEN THE ezrun(i, j).
BAVAIEE LTreeg(S) F1 LTreey(S). HikN: &
ap = leag ([i.. ((H—j)/ﬂ]) = leay ([i...[(i45)/2]]), FEHBrEdIms
JLTFX R run 42 /WE%@F
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Applications of The Runs Theorem Two-Period Queries

Two-Period Queries

R exrun(i,j) =r=(7,7,p), WAHT p<(j—i+1)/2, —EH
— Lyndon root A = [iy..ja] B& [(j—i+1)/2] TNMIE. W
Lyndon Tree 14, X/ Lyndon root 7£ LTrees(S) HFAENHEATT A
A LT .
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Applications of The Runs Theorem Two-Period Queries

Two-Period Queries

R exrun(i,j) =r=(7,7,p), WAHT p<(j—i+1)/2, —EH
— Lyndon root A = [iy..ja] B& [(j—i+1)/2] TNMIE. W
Lyndon Tree 14, X/ Lyndon root 7£ LTrees(S) HFAENHEATT A
A LT .

EIBATE a BIKEE > p, HERFEE [(j— i+ 1)/2] ENME
B, UL a £\ BHLSE. B LT B = [is.js] £ A T B 2 A
e, B A A B #OR A LT, ATRAMRE] i < ig < iye
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Applications of The Runs Theorem Two-Period Queries

Two-Period Queries

R exrun(i,j) =r=(7,7,p), WAHT p<(j—i+1)/2, —EH
— Lyndon root A = [iy..ja] B& [(j—i+1)/2] TNMIE. W
Lyndon Tree 14, X/ Lyndon root 7£ LTrees(S) HFAENHEATT A
A L+ H .

ERATH af FKE > p, HERSEQS [(G— i+ 1)/2] ZAME
&, Bk a 2 XS HERAILT 8= [ig..js) # X W B2 A
e, B A A B #OR A LT, ATRAMRE] i < ig < iye

i jg < W Slig...js) B p, 5B Lyndon Word FJE. #

g > j FTRAURIL Sliy...j5) <¢ Slig...js), [FIFE5E & Lyndon Word )&

IR JE R A FRATT I S IR
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Applications of The Runs Theorem Two-Period Queries

Two-Period Queries

HE: B Period Queries 5 2 2| —Fh Y (3R A T 5B 7 L)
BHES5#) (Dictionary of Basic Factors), ‘B0 UMEE] O(]S|log|S|) Hikh
H, RBXEH O )o XA MR T R BRI EL, 1R
2017 Fe WM AL E IR IZH.
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Applications of The Runs Theorem Two-Period Queries

Two-Period Queries

RE: B Period Queries 75 2 I —Fp iy i A4+ 55 7 BT
BHES5#) (Dictionary of Basic Factors), ‘B0 UMEE] O(]S|log|S|) Hikh
B, ®XEM Oog|S]). X—HHRAEMET G SEH NS EE, 17F

2017 FFa R AL E IR PR,

Fi5k, BT Lyndon Tree FlJ5 38040 F R /R S5 AR, 4R
Lyndon Tree 1] AV NAEY 5 S804 . IR S5 G 5 S0P i i S 45 L 4
W45, AL Two-Period Queries AT — @R _RROHE (. #
.

LU AN 2L S VA O\ N ISNISIOVAl The Runs Theorem and Lyndon Tree January 25, 2019 25/33
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Applications of The Runs Theorem Primitive Squares

ARy (fajfl) 2

I 2 : 9"%*"% S, RATERI A TIMEA RN RE &=
AR S HENE p A2 1S IEREL AR S ATEM R

PRUR: AHBRIE B HE Y A EL
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Applications of The Runs Theorem Primitive Squares

ARy (fajfl) 2

BIRR: 45— S, RILERID NE T MEA ST 8. 45—
AER S HERNE p 2 |S| IR EEL WFR S NTESRER. [S] < 10°

0% E ST OB R s f(4) 2o S[1...4 BRI U7 R
MAH i) = 3220 f5) - [Slie. JRAFIRE] o AL BRI Al DR ) b
MHRTRIEA S, ZRADBHER AW O(|S]%) 1. T iifeiss?

PRUR: AHBRIE B HE Y A EL

L N7 L VS VA O\ N SNSIOV/A The Runs Theorem and Lyndon Tree January 25, 2019 26 /33




Primitive Squares

ARy (fajfl) 2

BEE: 4 A S, RILERIS AL TMER R TR,
A S BN p R (S| IR, TURK S (R, |8 < 10°

ks BT DA M. () Fm S[L..q MRS T REL
WAH ) = S0 f) - [Sli JRATIRER]. A3 B AR ATl B i
AR ARRE, XAEHI R R B 0(SP) 1. Wit

Mok, W TEMERRE, BT LR N, SRR
BAEBON: (i, p) T SIL..4) MRSy, BRGNS MR p
BT, XK, RAOVEEREA BF T A — N ERERR s 3
FE LB EER S A, N T B R AR R RERH F A
FU KRRk . XAMEREATLL O(1) HEAT, BRICIRAT R 3 o Bk
M.

PRUE: BRI 1 A I BN EL
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Primitive Squares

ARy (fajfl) 2

IE) R - Q/\E#/\$ S, KITEXID AHETMEH BT R H—
ANERS E/NEIA p i |S) MEEEL FR S AR E . |S] < 100

HOR: B ool DB R R IEAE: f(4) Ron S[L...q BRI T7 AL
MAH i) = 3220 f5) - [Slie. JRAFIRE] o AL BRI Al DR ) b
ARG RAEN G, XAMBHEMEREWE O(|S1%) M. TR

B, RTEAERE, B UR RSN E & JATHER
BN i p) 25 S[L.q BRI, EALE— kI AT p
M7 B XA, AT AT IO — AR 3§
JEUHIIEIA s — NI N TANEE VL FRATTIER ST R IE PR R ) dR
FARANK IR —2 o XA ATLL O(1) #47, PIIRATR & 250K

EX: A8 S WE/NEIAN |S|/2 MFR S N—A primitive square.
ERHT WPL, XA G [l

PRUE: BRI 1 A I BN EL
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Applications of The Runs Theorem Primitive Squares

AR (R

SIFE: AAETH S, T2 SS & TT Mg, H 2|5 > 1], W
|T) — | S| & S HIJEH.

15| i P RN

SIF8: FHIETH u, 0, w WE uu A& vv FIRTE, ov & ww FHETE,
H wu J& primitive square, W |u| + |v] < |w

o
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Applications of The Runs Theorem Primitive Squares

AR (R

SI3B: AR E S, TWiL SS 2 TT WIS, H 2/ > (1], W
|T) — | S| & S HIJEH.

15| 2 e ] [ R AN HE

SIF8: FHIETH u, 0, w WE uu A& vv FIRTE, ov & ww FHETE,
H wu & primitive square, W |u| + |v| < |w|o

MWERR: 5 |w| > 2[v] > |u| + o] WMEUETE . BRI |w| < 2|, I
B [ul + [v] > [w], W |w] — o] Z& u Ao K.
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Applications of The Runs Theorem Primitive Squares

AR (R

SI3B: AR E S, TWiL SS 2 TT WIS, H 2/ > (1], W
|T) — | S| & S HIJEH.

15| 2 e ] [ R AN HE

SIF8: FHIETH u, 0, w WE uu A& vv FIRTE, ov & ww FHETE,
H wu J& primitive square, W |u| + |v| < |w

SERR: 45 [ul > 200 > Ju] + of WEESE. PR o] < 20, I

o

P ol + [of > Jul, W Juf = [of £ o A1 v (ORI,
5 20ul < |vf, W
HIE 7 T -

w — |v] < |uf & wu KA, M primitive square
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Applications of The Runs Theorem Primitive Squares

AR (R

WERR: EE 2wl > |o] BIEDL. RS [u] FO |w] — |o] #52 o [,
HT u A2, EWE WPL AR AT o L, Bl
|u| + |w| > 2]v

o
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Applications of The Runs Theorem Primitive Squares

AR (R

WEBR: ZHEE 2|u| > || GO BERS o] A |w| — |o] #52 v B,
BT o AN2AME, BWRE WPL ANRefEHAE o B B, Wik
lu| + |w| > 2|v]o

L w=vs, U= 8583 V= WSy = 515350 Mot LIAAIHEL,
52| < |s1|e FHEH s3s0, EARAM [so]e BT [s1] /2 w KAWL, W15
s3s9 42 u MHISR, XEME |ss| HRACMEE. K IE WPL,
r=ged(|s2|,|ss]) R ERIE. T |so| A RN Z v B, Fiknrg
r & u B,
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Applications of The Runs Theorem Primitive Squares

AR (R

WEBR: ZHEE 2|u| > || GO BERS o] A |w| — |o] #52 v B,
BT o AN2AME, BWRE WPL ANRefEHAE o B B, Wik
lu| + |w| > 2|v

L w=vs, U= 8583 V= WSy = 515350 Mot LIAAIHEL,
52| < |s1|e FHEH s3s0, EARAM [so]e BT [s1] /2 w KAWL, W15
s3s9 42 u MHISR, XEME |ss| HRACMEE. K IE WPL,
r=ged(|s2|,|ss]) R ERIE. T |so| A RN Z v B, Fiknrg
r & u B,

HEZEE u=s1s3. BERIAA |s1| B v, T r< s3], W
WPL, o = ged(r,|s1|) 2 u BE B 2810 |s1] A |s3| #A o BIF5EL,
XX wu HE R o, FPE. O

o
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Applications of The Runs Theorem Primitive Squares

AR (R

WEBR: ZHEE 2|u| > || GO BERS o] A |w| — |o] #52 v B,
BT o AN2AME, BWRE WPL ANRefEHAE o B B, Wik
lu| + |w| > 2|v

L w=vs, U= 8583 V= WSy = 515350 Mot LIAAIHEL,
52| < |s1|e FHEH s3s0, EARAM [so]e BT [s1] /2 w KAWL, W15
s3s9 42 u MHISR, XEME |ss| HRACMEE. K IE WPL,
r=ged(|s2|,|ss]) R ERIE. T |so| A RN Z v B, Fiknrg
r & u .

HEZEE u=s1s3. BERIAA |s1| B v, T r< s3], W
WPL, o = ged(r,|s1]) B2 w P SR |s1] AT |s3| #A2 o/ PIAEEL,
XX wu HE R o, FPE. O

SIERRF — AN BRI, — AN S primitive square FINMECA
i O(]S]1og |9]) -

o

G2k VR VA O\ N SN IO/Al The Runs Theorem and Lyndon Tree January 25, 2019 28 /33




Applications of The Runs Theorem Primitive Squares

BT ARG, R R a8 2 Wi 4Rt BT A Y primitive
squares. HIT4HE4 primitive square — & J& T1A1F—/NFIE 1Y F # %) B
f] run )—564r, ATREREEN run, FEXSEAS run & 7HIAT,
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Applications of The Runs Theorem Primitive Squares
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Applications of The Runs Theorem Primitive Squares

[S=IBAMENL2018] ERERRIS it
R

ity S XK
Cetl 25k

et 16k

870606 Coell 37k

B46TH6 Ol 540

100 1000200 C11 57k

100 sTieNe  Cll 38k

100 sk Cell 2240

100 6288k o 3.6k

100 1065k Ceell 231

#0714 2420, [SEIIAMEL01S) SBERS L L 336

" PARIN, primitive square fl run &% PIMHIET, K& — kg
KR FH—A EHREEGE LS HE—NAET Lyndon Word 1T
AT BT B o T B B R AR FAAE T AR 52 % B AR FH B T4/ o
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