
�. �Ä¢Ý
A =

[
3 0
4 5

]
.

(1) ¦��Ý
PÚé����ê�þn�Ý
B÷vA = PB.
(2) ¦��Ý
QÚ�½é¡Ý
C÷vA = QC.

).

P =
1

5

[
3 −4
4 3

]
, B =

[
5 4
0 3

]
, Q =

1√
5

[
2 −1
1 2

]
, C =

√
5

[
2 1
1 2

]
.

�. �V´k��ESÈ�m, T ∈ L(V ). y²:
(1) XJT + T ∗�½, KT�_;
(2) XJT + T ∗��½, KKer(T ) = Ker(T ∗).

y². 5¿�é?¿α ∈ Ker(T )k

〈(T + T ∗)α, α〉 = 〈Tα, α〉+ 〈T ∗α, α〉 = 〈Tα, α〉+ 〈α, Tα〉 = 0.

XJT+T ∗�½,ùíÑα = 0,=3(1)�^�ekKer(T ) = {0},l
T�_. XJT+T ∗�
�½, KþªíÑ(T + T ∗)α = 0, l
T ∗α = 0, =α ∈ Ker(T ∗). ù`²3(2)�^�e
kKer(T ) ⊂ Ker(T ∗). ^T ∗O�T , =�����¹'X. �

n. �Ä¢�5�mRn×nþ�é¡V�5¼êf(A,B) = tr(AB). ée�n�^�, ©O¦÷
vT^��f�mW ⊂ Rn×n��ê����.
(1) f |W�½;
(2) f |WK½;
(3) f |W = 0.

). �Y�: (1) n(n+1)
2

; (2) n(n−1)
2

; (3) n(n−1)
2

. e¡y². �W1ÚW2©O�Rn×n¥�é¡

Ú�é¡Ý
�¤�f�m. KdimW1 =
n(n+1)

2
, dimW2 =

n(n−1)
2

. 5¿�

• f |W1�½: �A ∈ W1 r {0}, KA�qu,��"¢é�Ý
D, l


f(A,A) = tr(A2) = tr(D2) > 0.

• f |W2K½: �A ∈ W2 r {0}, KA(3Cþ)�qu,��"XJé�Ý
D, l


f(A,A) = tr(A2) = tr(D2) < 0.

ef�mW ⊂ Rn×n��ê�un(n+1)
2

, KW ∩W2 6= {0}, l
f |WØ�½. ù`²(1)��Y

�n(n+1)
2

. aq�í�`²(2)��Y�n(n−1)
2

. �
?Ø(3), PW3�Rn×n¥�î�þn�Ý


�¤�f�m. KdimW3 =
n(n−1)

2
, ¿�f |W3 = 0. ef�mW ⊂ Rn×n��ê�un(n−1)

2
,

KW ∩W1 6= {0}, l
f |W 6= 0. Ïd(3)��Y�n(n−1)
2

. �

1



o. �A ∈ Rn×n. b�An+1�qu��Ý
. y²An�qu��Ý
.

y². �{�. Ø��An+1��. PB =
∑n

k=0(A
k)tAk. KAtBA = B. 5¿�B�½, l


�3�_Ý
P¦�B = P tP . (Üå5�(PAP−1)t(PAP−1) = In, =PAP
−1��, Ï

dPAnP−1��. �
�{�. ^�íÑA�_,¿�An+13Cþ�é�z. ÏL�ÄJordanIO.,��A3Cþ
�é�z, ¿�A��þ���u1�Eê. ÏL�ÄA�A�õ�ª�¢Ïª©), �
�A�qudiag(Ip,−Iq, D1, . . . , Dr), Ù¥Dk = diag(eiθk , e−iθk). 5¿�Dk�quRk :=[
cos θk − sin θk
sin θk cos θk

]
. ÏdA3Cþ�qu��Ý
diag(Ip,−Iq, R1, . . . , Rr), l
3Rþ��

quT��Ý
. �

Ê. �V´n�¢�5�m, f´Vþ�V�5¼ê. y²�3V�kSÄ{α1, . . . , αn}÷v
i, j ∈ {1, . . . , n}, i− j ≥ 2 =⇒ f(αi, αj) = 0.

y². Ún. �T ∈ L(V ). K�3T�ØCf�mS�{0} = W0 ⊂ W1 ⊂ · · · ⊂ Wk = V÷
v1 ≤ dimWj/Wj−1 ≤ 2. �
Ún�y². én = dimV8B. �n ≤ 2�w,. �n ≥ 3. ·�äó�3V�1�½2�T -
ØCf�mW . �V�kSÄB, ¿PA = [T ]B. ÀA�EÝ
, §�3A��ÚA��þ,
=�3a, b ∈ RÚØ��"�X, Y ∈ Rn×1÷vA(X + iY ) = (a+ ib)(X + iY ), �Ò´

AX = aX − bY, AY = bX + aY.

�α, β ∈ V÷v[α]B = X, [β]B = Y . Kα, βØ��", ¿�

Tα = aα− bβ, Tβ = bα + aβ.

ùíÑW := span{α, β}´1�½2�T -ØCf�m, l
y²
äó. éTV/WA^8Bb�
=�Ún.
5¿�ÚníÑ: XJV´n�¢SÈ�m, T ∈ L(V ), K�3kSIO��ÄB¦�

i, j ∈ {1, . . . , n}, i− j ≥ 2 =⇒ [T ]B�(i, j)-��u0.

¯¢þ, �B = {α1, . . . , αn}¦�{α1, . . . , αdimWj
}´Wj�Ä=÷v�¦. ù?�ÚíÑ: ?

¿A ∈ Rn×n���qu,��i− j ≥ 2�(i, j)-��0�Ý
, l
ÜÓuù��Ý
. éu
�K, �½f3kSÄ{α1, . . . , αn}e�Ý
�(i, j)-��f(αi, αj), Kf3¤kkSÄe�Ý

�¤��ÜÓ�da, Ïd�3kSÄ¦f�Ý
�(i, j)-��i− j ≥ 2��u0. �

8. �A,B,C ∈ Cn×n´�½HermiteÝ
. b�ABC´HermiteÝ
. y²ABC�½.

y². PD = ABC, A1 =
√
BA
√
B, C1 =

√
BC
√
B, D1 =

√
BD
√
B. KA1, C1, D1´

HermiteÝ
, A1, C1�½, ¿�D1 = A1C1. ùíÑ(
√
A1)

−1D1(
√
A1)

−1 =
√
A1C1(

√
A1)

−1

´HermiteÝ
¿�A����ê, l
�½. ù?�ÚíÑD1�½, l
D�½. �

2


