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�. (1) �MÚN´õ�ª�êQ[x]�n�. y²M ∩ N�´Q[x]�n�.
(2) �ÄQ[x]�n�

Mk = {f ∈ Q[x] | f(k) = f(k + 1) = 0}, k = 1, 2, 3.

¦n�(M1 ∩M2) + (M2 ∩M3)�Ä�Xê´1 �)¤�.

). (1) w,M ∩ N´Q[x]�f�m. �f ∈ M ∩ N, g ∈ Q[x]. duMÚN´n�, df ∈ MÚ
f ∈ N©OíÑfg ∈ MÚfg ∈ N, lfg ∈ M ∩ N. ÏdM ∩ N´n�.

(2) N´wÑ,

M1 = ((x− 1)(x− 2)), M2 = ((x− 2)(x− 3)), M3 = ((x− 3)(x− 4)).

?

M1 ∩M2 = ((x− 1)(x− 2)(x− 3)), M2 ∩M3 = ((x− 2)(x− 3)(x− 4)).

Ïd

(M1 ∩M2) + (M2 ∩M3) = ((x− 2)(x− 3)),

=¤¦�)¤��(x− 2)(x− 3). �

n. �V�¤klk��F7�R�N��¤�¢�5�m. ½ÂT ∈ L(V )�

T (f)(x) = 2f(x)− f(x+ 1), ∀f ∈ V, x ∈ F7.

¦det(T ).

). éi ∈ {1, . . . , 7}, �fi ∈ V�fi(j̄) = δij, j ∈ {1, . . . , 7}. N´�y, B = {f1, . . . , f7}´V�
kSÄ. du

T (fi)(j̄) = 2fi(j̄)− fi(j + 1) = 2fi(j̄)− fi−1(j̄) = (2fi − fi−1)(j̄), j ∈ {1, . . . , 7}

(ùp�½f0 = f7), =

T (fi) = 2fi − fi−1,

¤±

[T ]B = A :=



2 −1 0 0 0 0 0
0 2 −1 0 0 0 0
0 0 2 −1 0 0 0
0 0 0 2 −1 0 0
0 0 0 0 2 −1 0
0 0 0 0 0 2 −1
−1 0 0 0 0 0 2


.
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Ïd

det(T ) = det(A) =

∣∣∣∣∣∣∣∣∣∣∣∣∣∣

2 −1 0 0 0 0 0
4 0 −1 0 0 0 0
8 0 0 −1 0 0 0
16 0 0 0 −1 0 0
32 0 0 0 0 −1 0
64 0 0 0 0 0 −1
127 0 0 0 0 0 0

∣∣∣∣∣∣∣∣∣∣∣∣∣∣
= 127.

�

o. �V´�Fþ�k���5�m, W´V�f�m, T ∈ L(V ). y²T (W ) ⊂ W�¿©7�^
�´T t(W 0) ⊂ W 0.

y². ky²:
Ún1. �V´�Fþ�k���5�m, W´V�f�m, T ∈ L(V ). K

(T t)−1(W 0) = T (W )0.

Ún1�y². �I5¿�éf ∈ V ∗k

f ∈ (T t)−1(W 0)⇐⇒ f ◦ T ∈ W 0 ⇐⇒ f(T (W )) = {0} ⇐⇒ f ∈ T (W )0.

�K�y²:

T (W ) ⊂ W ⇐⇒ T (W )0 ⊃ W 0 ⇐⇒ (T t)−1(W 0) ⊃ W 0 ⇐⇒ T t(W 0) ⊂ W 0.

�

Ê. �V´�Fþ�k���5�m, r´��ê. y²éuα1, . . . , αr ∈ VÚf1, . . . , fr ∈ V ∗, ±e
ü�Øä�d:

(1) �3�"�þβ ∈ V¦�
r∑

i=1

fi(β)αi = 0.

(2) �3�"¼êg ∈ V ∗¦�
r∑

i=1

g(αi)fi = 0.

y². �ÄN�T ∈ L(V ), T (β) :=
∑r

i=1 fi(β)αi. Kég ∈ V ∗k

(T tg)(β) = g(Tβ) =
r∑

i=1

g(αi)fi(β), ∀β ∈ V,

=T tg =
∑r

i=1 g(αi)fi. Ïd

(1)⇐⇒ TØü⇐⇒ rank(T ) < dimV ⇐⇒ rank(T t) < dimV ∗ ⇐⇒ T tØü⇐⇒ (2).

�

8. �Ä3× 3EÝ
�8Ü

M = {A ∈ C3×3 | (Ars)
4 = 1,∀r, s ∈ {1, 2, 3}},

Ù¥Ars�A�(r, s)-�. ¦8ÜR ∩ {det(A) | A ∈M}.
). ¤¦8Ü�{0,±2,±4}. ky²:
äó. XJA ∈M¿�det(A) ∈ R, Kdet(A)´ýé��u6�óê.
äó�y². é?¿A ∈ C3×3, det(A)�e¡6�ê�Ú:

A11A22A33, A12A23A31, A13A21A32, −A11A23A32, −A13A22A31, −A12A21A33.
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�gPù6�ê�t1, . . . , t6. �A ∈M. KArs ∈ {±1,±i}, ltk ∈ {±1,±i}. Ïd
| det(A)| = |t1 + · · ·+ t6| ≤ |t1|+ · · ·+ |t6| = 6.

XJ�Ò¤á, K¤ktk��, =�3z ∈ {±1,±i}÷v
A11A22A33 = A12A23A31 = A13A21A32 = z,

A11A23A32 = A13A22A31 = A12A21A33 = −z.
ùíÑA�¤kÝ
��ÈQ�uz3q�u−z3, gñ. Ïd| det(A)| < 6. XJdet(A) ∈ R, K
�±�t1, . . . , t6¥kp�i, p�−i, m�1, n�−1, Ù¥2p+m+ n = 6. u´

det(A) = m− n = m+ (2p+m− 6) = 2m+ 2p− 6

�óê. ùÒy²
äó.
ù�äóíÑ

R ∩ {det(A) | A ∈M} ⊂ {0,±2,±4}.
�I2`²M¥Ý
�1�ª�±��{0,±2,±4}¥�z�ê. ·�Þ~Xe:

— éA =

1 1 1
1 1 1
1 1 1

 ∈Mkdet(A) = 0.

— éA1 =

1 1 1
1 i 1
1 1 −i

 ∈ Mkdet(A1) = 2. �A′1�rA1�1�1¦þ−1���Ý
,

KA′1 ∈M¿�det(A′1) = −2.

— éA2 =

1 1 1
1 −1 1
1 1 −1

 ∈ Mkdet(A2) = 4. �A′2�rA2�1�1¦þ−1���Ý
,

KA′2 ∈M¿�det(A′2) = −4. �

Ô. ��ên > k > m > 0, V´�Fþ�n��5�m, W´V�m�f�m, T ∈ L(V )÷v

dim(T (W ) +W ) = k.

¦dim(T t(W 0) +W 0).

). ·�^ü«�{y²

dim(T t(W 0) +W 0) = n+ k − 2m. (1)

y²�. ky²:
Ún2. �V´�Fþ�k���5�m, W´V�f�m, T ∈ L(V ). K

dim(T (W ) +W ) + dim(W ∩ T−1(W )) = 2 dimW. (2)

Ún2�y². �Ä÷N�

W → T (W ), α 7→ T (α)

Ú
W ∩ T−1(W )→ T (W ) ∩W, α 7→ T (α).

§��Øþ�Ker(T ) ∩W . Ïd

dimW − dimT (W )

= dim(W ∩ T−1(W ))− dim(T (W ) ∩W )

= dim(W ∩ T−1(W )) + dim(T (W ) +W )− dimT (W )− dimW.
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�n=�(2)ª.
(1)ª�y²: dÚn2Ú1oKy²¥�Ún1, k

dim(T t(W 0) +W 0) = 2 dimW 0 − dim(W 0 ∩ (T t)−1(W 0))

= 2 dimW 0 − dim(W 0 ∩ T (W )0)

= 2 dimW 0 − dim(W + T (W ))0

= 2(n−m)− (n− k) = n+ k − 2m.

y²�. �ÄΦ = QTJ ∈ L(W,V/W ), Ù¥J : W → V�¹\N�, Q : V → V/W�ûN�.
K

Im(Φ) = Q(T (W )) = (T (W ) +W )/W.

5¿�
Im(Qt) = Ker(Q)0 = W 0, Ker(J t) = Im(J)0 = W 0,

l
Im(Φt) = J t(T t(W 0)) = J t(T t(W 0) +W 0) ∼= (T t(W 0) +W 0)/W 0.

ddim Im(Φ) = dim Im(Φt)�

dim(T (W ) +W )− dimW = dim(T t(W 0) +W 0)− dimW 0.

dd=�(1)ª. �
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