
�. �ÄQ4¥��þ

α1 = (1, 1, 1, 1), α2 = (1, 2, 3, 4), α3 = (1, 4, 9, 16),

β1 = (−1,−1, 1, 9), β2 = (−4,−5,−4, 1).

¦8Ü
{c ∈ Q | β1 + cβ2 ∈ span{α1, α2, α3}}.

). éÝ
A =

α1

α2

α3

�Ð�1C�, ��1{z�FÝ
R =

1 0 0 1
0 1 0 −3
0 0 1 3

. u´

span{α1, α2, α3} = row(A) = row(R)

= {(x1, x2, x3, x4) ∈ Q4 | x4 = x1 − 3x2 + 3x3}.

Ïd,

β1 + cβ2 = (−1− 4c,−1− 5c, 1− 4c, 9 + c) ∈ span{α1, α2, α3}

⇐⇒ 9 + c = (−1− 4c)− 3(−1− 5c) + 3(1− 4c)

⇐⇒ c = −2,

=¤¦8Ü�{−2}. �

�. �ÄR3¥��þα = (1, 1, 0), β = (0, 1, 1). ¦8Ü

{γ ∈ R3 |�3Ø�_Ý
A ∈ R3×3¦�αA = β, βA = γ, γA = α}.

). b��3Ø�_Ý
A ∈ R3×3¦�αA = β, βA = γ, γA = α. K

αβ
γ

A =

βγ
α

. X

J{α, β, γ}�5Ã', KÝ


αβ
γ

Ú
βγ
α

þ�_, u´A =

αβ
γ

−1 βγ
α

��_, gñ. Ï

d{α, β, γ}�5�'. duα�β�5Ã', ¤±γ���L«�α�β��5|Ü

γ = aα + bβ.

3dªü>Ó�m¦AÚA2, ©O��α = aβ + bγÚβ = aγ + bα. ùü��5'X¥γ�
Xê�½�", =ab 6= 0. u´

γ = b−1α− b−1aβ = −a−1bα + a−1β.

duγL«�α�β��5|Ü��ª��, ¤±a = b−1 = −a−1b. dd´�a = b = −1,
=

γ = −α− β = (−1,−2,−1).
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,��¡, éuγ = (−1,−2,−1), N´�yA =

β0
γ

÷vαA = β, βA = γ, γA = α. Ïd

¤¦8Ü�{(−1,−2,−1)}. �

n. y²éuC9�f�mV , ±eü�Øä�d:
(1) dimV ≥ 5,
(2) éC9�?¿5�f�mWkV ∩W 6= {0}.
y². “(1)=⇒(2)” �dimW = 5, K

dim(V ∩W ) = dimV + dimW − dim(V +W ) ≥ 5 + 5− 9 = 1.

ÏdV ∩W 6= {0}.
“(2)=⇒(1)” b�dimV = k ≤ 4. �V�Ä{α1, . . . , αk}, ¿*¿�C9�Ä{α1, . . . , α9}.
�W = span{α5, . . . , α9}, KdimW = 5¿�V ∩W = {0}, gñ. �

o. �V´�Fþ�k���5�m, dimV = n ≥ 1, {α1, . . . , αn}´V�Ä. éuf1, . . . , fn ∈
V ∗, �ÄÝ
A ∈ F n×n, Ù(i, j)-��fi(αj). y²{f1, . . . , fn}´V ∗�Ä�¿©7�^�
´A�_.

y². �A�1�þ©O�ξ1, . . . , ξn, =ξi = (fi(α1), . . . , fi(αn)). dudimV ∗ = n, ¤±

{f1, . . . , fn}´Ä⇐⇒ {f1, . . . , fn}�5Ã'⇐⇒ {ξ1, . . . , ξn}�5Ã'⇐⇒ A�_. �

Ê. �V´�Fþ�10��5�m, U ∈ L(V ). �ÄL(V )�f8

M = {T ∈ L(V ) | TU = 0}.

(1) �yM´L(V )�f�m.
(2) b��3V�kSÄB¦�[U ]B�(i, j)-��(iF − jF )2. ¦dimM .

). (1) w,0 ∈M . ÏdM 6= ∅. 25¿�é?¿T1, T2 ∈MÚc ∈ Fk

(cT1 + T2)U = cT1U + T2U = 0,

lcT1 + T2 ∈M . ÏdM´f�m.
(2) PA = [U ]B, k = rank(A) = rank(U). �Im(U)�kSÄ{α1, . . . , αk}, ¿*¿�V�
kSÄB′ = {α1, . . . , α10}. KN�Φ : L(V )→ F 10×10, T 7→ [T ]B′´�5Ó�. N´wÑ,

T ∈M ⇐⇒ T (Im(U)) = {0}
⇐⇒ T (α1) = · · · = T (αk) = 0

⇐⇒ [T ]B′ [α1]B′ = · · · = [T ]B′ [αk]B′ = 0

⇐⇒ [T ]B′�ck��0.

ù`²
Φ(M) = {B ∈ F 10×10 | B�ck��0}.
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Ïd
dimM = dim Φ(M) = 10(10− k).

�
¦k = rank(A), PA�1i1�ξi. N´�y, é1 ≤ i ≤ 7k

ξi − 3ξi+1 + 3ξi+2 − ξi+3 = 0.

Ïdrow(A) = span{ξ1, ξ2, ξ3}. �charF 6= 2�, N´�y{ξ1, ξ2, ξ3}�5Ã', ¤±k = 3.
�charF = 2�, kξ1 = ξ3 �{ξ1, ξ2}�5Ã', ¤±k = 2. nþ, k

dimM = 10(10− k) =

70, charF 6= 2;

80, charF = 2. �

8. �V�d¤klk��F5�k��F3�N��¤�F3-�5�m, Ù¥��þ\{ÚXþ
¦{½Â�:

(f + g)(x) = f(x) + g(x), (cf)(x) = cf(x), ∀f, g ∈ V, x ∈ F5, c ∈ F3.

¦V�1�f�m��ê.

). N´wÑV ∼= F5
3. ÏdV�1�f�m�Ý
�3F3¥��"1 × 51{z�FÝ


��éA. éu1 ≤ j ≤ 5, Ì�31j��ù«Ý
��ê�35−j�. Ïd, ¤kù«Ý

��ê�81 + 27 + 9 + 3 + 1 = 121�. �

Ô. ¦�����êk, ÷vé?¿A ∈ R9×9, XJA4 = 0, K�3B ∈ R9×kÚC ∈ Rk×9¦
�A = BC.

). ¤¦k = 6. ky²k = 6÷v�¦, =é?¿A ∈ R9×9, XJA4 = 0, K�3B ∈ R9×6

ÚC ∈ R6×9¦�A = BC. �dky²:
Ún. �A ∈ F n×n. (1) eAk = 0, Kdim Ker(A) ≥ n/k. (2) e��êm < n, ¿

�rank(A) ≤ m, K�3B ∈ Rn×mÚC ∈ Rm×n ¦�A = BC.
Ún�y². (1)éP,Q ∈ F n×n,�ÄLQ3Ker(PQ)þ���LQ|Ker(PQ) ∈ L(Ker(PQ), F n×1).
K

Ker(LQ|Ker(PQ)) = Ker(Q), Im(LQ|Ker(PQ)) ⊂ Ker(P ).

l

dim Ker(PQ) = dim Ker(LQ|Ker(PQ)) + dim Im(LQ|Ker(PQ))

≤ dim Ker(Q) + dim Ker(P ).

dd8B�dim Ker(Ak) ≤ k dim Ker(A). l(1)¤á.
(2) dudim Im(LA) = rank(A) ≤ m, ¤±�±�F n×1��¹Im(LA)�m�f�mV .
�E´F n×1�IOÄ, ¿�½V�kSÄB. ½ÂT ∈ L(F n×1, V )ÚU ∈ L(V, F n×1)�

T (X) = AX, U(Y ) = Y.

KLA = U ◦ T . �B = [U ]B,E, C = [T ]E,B. K

A = [LA]E = [U ◦ T ]E = [U ]B,E[T ]E,B = BC.

ùÒy²
Ún.
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éu�K¥�Ý
A, dÚn�dim Ker(A) ≥ 3. Ïdrank(A) ≤ 6. 2dÚn=��
3B ∈ R9×6ÚC ∈ R6×9¦�A = BC.
�e5y²: XJk ≤ 5, K�3A ∈ R9×9, ÷vA4 = 0, �Ø�3B ∈ R9×kÚC ∈

Rk×9¦�A = BC. �A¦�Ù(1, 2), (2, 3), (3, 4), (5, 6), (6, 7), (7, 8)-Ý
��1, Ù¦Ý

��0. KA4 = 0, ¿�rank(A) = 6. �´éuB ∈ R9×kÚC ∈ Rk×9ok

rank(BC) = dim Im(LB ◦ LC) ≤ dim Im(LB) = rank(B) ≤ k ≤ 5.

ÏdØ�3B ∈ R9×kÚC ∈ Rk×9¦�A = BC. �
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